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Introduction 



This thesis is a presentation of the research I have done during the last three years in colla- 
boration with Driss Essouabri, Bruno lochum and Andrzej Sitarz. 

Noncommutative geometry is a vast field of mathematics which aims at extending classical 
geometry in a noncommutative setting. Specifically, using functional analysis, operator algebras, 
spectral theory and spin geometry, noncommutative geometry extends for instance concepts of 
locally compact topological space, and spin Riemannian manifold. 

The interest for this mathematical field goes beyond the purely mathematical. There are 
profound physical motivations behind the concepts of noncommutative geometry, which suggest 
that it can be a used to describe the basic elements of physics such as spacetime and quantum 
fields. More specifically, noncommutative geometry appears, as a mathematical framework, well- 
suited to a geometric formulation of quantum concepts. 

One may consider that noncommutative geometry was born with the following theorem of 
Gelfand-Naimark: any commutative C*-algebra is isomorphic to the C*-algebra of continuous 
functions on a compact space, namely the space of characters of the algebra. Since all the topo- 
logical information of a space is contained in the set of continuous functions on the space, we can 
see that the notion of C*-algebra is a generalization of the notion of compact topological space. 

Prom this fundamental result, it has been possible to go beyond purely topological concepts 
and construct a full noncommutative Riemannian differential geometry, with its own version 
of differential and integral calculus, fiber bundles, measures, spin manifolds, etc... This colossal 
work has been pioneered and essentially done by Alain Connes [26-30]. 

Noncommutative geometry makes us change our point of view: it is not the set of points (the 
topological space) that is fundamental, but the set of functions (defined on the set of points). 
While equivalent in the commutative world, these two points of view are unequivalent in the 
noncommutative world. 

Noncommutativity and this change of point of view are two crucial characteristics of the 
fundamental structure of quantum physics. Indeed, in quantum physics, observables do not always 
commute, contrarily to the case of classical physics. Moreover, f{x), namely the evaluation of 
an observable / at a point x, is not defined. However, the notion of observable still exists and 
.x(/) has a meaning, provided that x is a state, a noncommutative equivalent of the notion of 
character of an algebra that can evaluate the observables /. 

This striking similarity between noncommutative geometry and quantum theory is very im- 
portant and constitutes a source of the development of noncommutative geometry and its ap- 
plications in physics. In fact, any C*-algebra (commutative or not) is isomorphic to a closed 
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subalgebra of the algebra of bounded operators on a Hilbert space. This shows that noncommu- 
tative geometry is well suited to the formalism of quantum physics. 

Noncommutative geometry provides new mathematical notions that can be used to extend 
the fundamental aspect of noncommutativity of observables to spacetime itself. The two theories 
of fundamental interactions, namely quantum field theory (standard model) for the strong and 
electroweak interactions and general relativity for the gravitational interaction, are not based on 
the same mathematical formalism. The first one is based on a quantum point of view, while the 
latter one is classical. Moreover, spacetime itself is not considered the same way by these two 
theories. In quantum field theory, spacetime is fixed (Minkowskian flat spacetime) while in general 
relativity, spacetime is dynamical and gravitational effects are consequences of the curvature of 
the spacetime metric. These fundamental differences are not problematic if we study a physical 
phenomenon for which gravitational interaction can be neglected or inversely for which quantum 
effects can be neglected. Indeed, both theories are very powerful in their respective domain of 
application. 

However, for the study of phenomena that manifestly involve all known interactions (compact 
objects, black holes, big-bang), it is necessary to make these theories compatible, and to reunite 
them under a unique coherent mathematical formalism. The main idea that has been conside- 
red by theoretical physicists is to develop a generalization of quantum field theory in order to 
incorporate gravitation, or in other words, to quantize gravity. 

The pursuit of this goal has been realized through various approaches. One of these approaches 
is string theory, which is based on an increase in the number of dimensions, certain dimensions 
being compactified, and another approach is loop quantum gravity, which uses a spin foam 
structure for spacetime without using a background spacetime metric, contrarily to string theory. 
None of these theories have been confirmed by experiments yet, and theoretical predictions are 
difficult to obtain. 

The approach suggested by noncommutative geometry is based on a noncommutative gene- 
ralization of the Lorentzian manifold which represents spacetime. By introducing noncommuta- 
tivity at the spacetime level, this approach allows to apprehend the impossibility of spacetime 
continuity, as suggested by quantum mechanics, and the intrinsic limit associated to Planck 

length Ip = « 10-33 cm. Actually, this approach successfully unified, at the classical level, 
the three interactions of the standard model with gravitation, and provided a geometric inter- 
pretation of the Higgs mechanism in particle physics. The fundamental object at the interface 
between noncommutative geometry and quantum field theory is the notion of spectral triple, 
which is a noncommutative generalization of the notion of spin Riemannian manifold, the star- 
ting point for the construction of physical theories. By considering an "almost commutative" 
spectral triple, that is to say the product of a commutative spectral triple (a compact Rie- 
mannian spin manifold, describing the "continuous" spacetime), by a zero dimensional spectral 
triple (based on a matricial algebra), it is possible to simultaneously recover the standard model 
and general relativity. The fundamental ingredient in this unifying theory is the Chamseddine- 
Connes spectral action S = Tr$(P/A), which is an action functional defined on the preceding 
almost commutative spectral triple and which is defined through the spectrum of the Dirac ope- 
rator V associated to this spectral triple, where $ is a cut-off function and A is a mass scale 
parameter. Specifically, the spectral action unifies the electroweak, strong and gravitational in- 
teractions [17,21-25,33,37,86,87,131,136], and corresponds to the number of eigenvalues of the 
Dirac operator that are less or equal to a given mass scale A. By proceeding to a fluctuation 
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of the metric, that is to say, a generahzed gauge transformation associated to the unitary ele- 
ments of the spectral triple algebra, it is possible, by expanding the spectral action in powers 
of A, to recover the standard model Lagrangian, coupled to the Einstein-Hilbert gravitational 
Lagrangian. 

Another very important question associated to applications in physics of noncommutative 
geometry concepts concerns the renormalization in quantum field theory. Renormalization is a 
fundamental mathematical process that extracts physical information (finite numerical quanti- 
ties) from mathematical expressions corresponding to infinite quantities. It has been shown [35,95] 
that the combinatorics of the perturbative renormalization in quantum field theory are related 
to the theory of Hopf algebras, which are the noncommutative Lie groups of symmetry in the 
language of noncommutative geometry. Moreover, Dixmier trace and Wodzicki residue, which 
are related to renormalization, have been extended by Connes [28,29] in the noncommutative 
setting of spectral triples. Thus, we expect that conceptual aspects of renormalization can be 
incorporated in a noncommutative formalism of quantum field theory. 

In this thesis, we discussed certain mathematical issues related to the computation of the 
spectral action on some fundamental noncommutative spectral triples, such as the noncommu- 
tative torus and the quantum 3-sphere SUg{2). We also studied the question of existence of 
tadpoles (linear terms in the potential A of the fluctuation of the metric in the spectral action) 
in the case of commutative Riemannian geometries, and the construction of a symbolic global 
pseudodifferential calculus allowing a generalization of the Weyl-Moyal product on a Schwartz 
space of rapidly decaying sections on a cotangent bundle of a manifold with linearization. 

This text is divided into 5 chapters. 

The first and second chapters present the work done in collaboration with Driss Essouabri, 
Bruno lochum and Andrzej Sitarz in the paper Spectral action on noncommutative torus [53]. 

The first chapter is a review of definitions and properties about spectral triples, pseudodif- 
ferential calculus and spectral action. We establish in section 1.3 some results about residues of 
zeta functions Cda that will be used subsequently in chapter 2, 3. We also see some properties 
about linear terms in spectral actions (tadpoles) which will be used in chapter 4. 

We compute, in the second chapter, the spectral action on noncommutative torus through 
heat kernel expansion and residues of Hurwitz-Epstein zeta functions. The computation is based 
on expansions of terms f iDyil"*^, Cda{^)j noncommutative integrals of certain pseudodifferen- 
tial operators. We applied these results to the n-noncommutative torus (C°°(7@ ), 7^, I?) , which 
is a simple spectral triple. The full spectral action obtained on the noncommutative torus is, in 
dimension 4, 

S{Va,^,A) = 87r2$4A^ - ^ $(0)r(F^^F'"^) + 0(A-2), 

which shows that a new noncommutative Yang-Mills term t{Fh„F'^''^), where F^i, := (^^j(^j,) — 
Su{A.n) — replaces the standard one. For the computation, we had to investigate holo- 

morphic continuation of certain series of zeta functions. In particular, we saw that a Diophantine 
constraint on the Q matrix of deformation naturally appears as crucial in the computation of the 
spectral action, when the reality operator J is taken into account. In other words, a Diophantine 
condition on O appears when the perturbation D ^ D + A + eJAJ~^ is considered, but is not 
needed for a perturbation of the type D ^ D + A, where A is a selfadjoint one form. 

The third chapter presents the work done in collaboration with Bruno lochum and Andrzej 
Sitarz in the paper Spectral action on SUq{2) [82]. The spectral triple based on the SUq(2) 
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quantum group can be seen as g-deformed noncommutative 3-sphere [48]. We compute the full 
spectral action on SUq{2) by taking into account the real structure J. The dimension spectrum of 
SUq{2) being a finite set, there is only a finite number of terms in the spectral action expansion. 
Moreover, it appears that tadpoles exist on SUq{2). We show that the action depends on q and 
the limit q ^ 1 does not exist automatically. When it exists, such limit does not lead to the 
associated action on the commutative sphere §'^. On SUq{2), we show that the sign F of the 
Dirac operator has very special properties: first, it commutes modulo OP^^ with the algebra, 
and second, it can be seen as a selfadjoint one-form, giving terms which are independent of q in 
the spectral action. In order to obtain the spectral action, we used the previous pseudodifferential 
calculus defined in chapter 1 and a Poincare-Birkhoff-Witt decomposition of 1-forms. It appears 
that a very special multiplicative behavior of noncommutative integrals with the real structure 
J holds on SUq{2): indeed, we show in section 2.4.6 that 



where A and B are (5-1-forms (linear combinations of terms of the form a[|P|,6] with a,b E A). 
These results prove that the spectral action on SUq(2) is completely determined by the terms 



where A is a (5-1-form. We then tackle the precise computation of these noncommutative integrals. 
In order to realize these computations, we establish a differential calculus up to some ideal TZ in 
pseudodifferential operators. 

The fourth chapter presents the work done in collaboration with Bruno lochum in the paper 
Tadpoles and commutative spectral triples [83]. In quantum field theory, a tadpole is a one-loop 
Feynman diagram with one external line, giving a contribution to the vacuum expectation value 
of the field. In the setting of noncommutative geometry, these diagrams are represented by linear 
terms in the Chamseddine-Connes spectral action. We show in this chapter that there are no 
tadpoles of any order in the spectral action of compact spin manifolds without boundary, and no 
tadpoles of order less that 5 on manifolds with boundary with chiral boundary condition. Using 
pseudodifferential techniques and Wodzicki residue, we track zero terms in spectral actions of 
compact spin manifolds. We expect that most of these results can be extended to manifolds with 
boundary under very general boundary conditions. 

The fifth chapter presents a work [101] about global pseudodifferential calculus on manifold 
with linearization. In [59], Gayral et al. have established a remarkable link between deformation 
quantization and Connes' noncommutative geometry. It has been proven that Moyal planes are 
(noncompact) spectral triples. The Moyal product is a star-product defined on the Schwartz space 
5(M^") and yields a Prechet pre-C*-algebra structure on that space. The noncompact spectral 
triple described in [59] was built on this algebra. 

We propose in this chapter the construction of a global pseudodifferential calculus that allows 
to extend the construction of the Moyal product to more general spaces, the main goal being the 
construction of new noncommutative spectral triples based on deformation quantization star- 
products. Specifically, the Moyal product that we obtain is defined on the Schwartz space of 
rapidly decaying functions on the cotangent bundle of a manifold. It corresponds to the transfer 
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in the symbol space of the kernel convolution product through a quantization isomorphism. 
We consider the case of manifolds M with linearization in the sense of Bokobza-Haggiag [9], 
such that the associated (abstract) exponential map provides global difFeomorphisms of M with 
M" at any point. Cartan-Hadamard manifolds are special cases of such manifolds. The abstract 
exponential map encodes a notion of infinity on the manifold that allows, modulo some hypothesis 
of 5cr-bounded geometry, to define the Schwartz space of rapidly decaying functions, globally 
defined Fourier transformation and classes of symbols with uniform and decaying control over 
the X variable. Given a Unearization on the manifold with some properties of control at infinity, 
we construct symbol maps and A-quantization, explicit Moyal star-product on the cotangent 
bundle, and classes of pseudodifferential operators. We show that these classes are stable under 
composition, and that the A-quantization map gives an algebra isomorphism (which depends 
on the linearization) between symbols and pseudodifferential operators. We study L^-continuity 
and give some examples. We show in particular that the hyperbolic 2-space H has a Si-bounded 
geometry, allowing the construction of a global symbol calculus of pseudodifferential operators, 
and an intrinsic Moyal product on (S(H). 

A summary in French of this thesis is given in appendix. 
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Chapitre 1 

Spectral action on spectral triples 



1.1 Introduction 

The spectral action introduced by Chamseddine-Connes [21] plays an important role in non- 
commutative geometry. More precisely, given a spectral triple {A^TL^V) where A is an algebra 
acting on the Hilbert space Ti. and P is a Dirac-like operator (see [28,68]), they proposed a 
physical action depending only on the spectrum of the covariant Dirac operator 

VA'-V + A + eJAJ-^ (1.1) 

where A is a one-form represented on 7^, so has the decomposition 

A = Y,a^[V,bi], (1.2) 

i 

with fflj, bi G yl, J is a real structure on the triple corresponding to charge conjugation and 
e G { 1, — 1 } depending on the dimension of this triple and comes from the commutation relation 

JV = eVJ. (1.3) 

In this chapter, we revisit the notions of pseudodifferential operators on spectral triples, 
zeta functions, noncommutative integral, dimension spectrum and spectral action. The reality 
operator J is incorporated and we pay a particular attention to kernels of operators which can 
play a role in the constant (scale invariant) term of the spectral action. 

1.2 Noncommutative integration on a simple spectral triple 

1.2.1 Pseudodifferential operators on spectral triples 

Noncommutative geometry, with its notion of spectral triple, provides a minimal data which 
allows to start doing quantum field theory. 

Definition 1.2.1. A triplet (^4, Ti, V) is called a spectral triple if .4 is a unital *-algebra faithfully 
represented as bounded operators on the Hilbert space 7Y, and P is a selfadjoint operator with 
compact resolvent such that all commutators [D, a] are bounded for a ^ A. 

A spectral triple is finitely summable, with dimension n, if the resolvent set of V has charac- 
teristic values Xj = 0{j^^/^) when j oo. 

A spectral triple is said regular if A and [D, A] are in nifceNDom^*^ where S{T) := [\V\,T]. 
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If n is even, we shall suppose that there is a Z/2-grading x (the chirality operator) which 
commutes with any element of A and anticommutes with D. In this formalism, D plays the role 
of the Dirac operator in classical Riemannian spin geometry. In other words, T>^^ will represent 
the (Euclidean) fermion propagator. In order to have a charge conjugation in our theory, one 
adds a real structure, which brings an antiunitary operator J which commutes or anticommutes 
with v. In this setting, the gauge bosons will be seen as inner fluctuation of the Dirac operator 
X>^X>A-='D + A + eJAJ-^, where A is a selfadjoint 1-form, which is an operator of the form 
X^cii [T^, bi], where Oj and bi are in A. 

The notion of real structure on a finite summable spectral triple is related to real K-homology, 
and is defined by: 

Definition 1.2.2. A real structure J on a finitely summable spectral triple (AjHjV) of dimen- 
sion n is an antilinear isometry J such that JD = sDJ, = e', Jx = £"xJ (even case), where 
£,£',£:" G {—1,1} and satisfy the following table 



n mod 8 


1 2 3 4 5 6 7 


= ±1 

JD = ±DJ 

Jx = ±xJ 


+ + -- -- + + 
+ - + + + - + + 
+ - + - 



Moreover, any element of JAJ ^ commutes with any element of [P,^]. 

A spectral triple {A, H, T>) endowed with a real structure J is called a real spectral triple. 

Remark that the notion of spectral triple can actually be extended to the framework of von 
Neumann algebras [6]. 

For a given 1-form ^ on a spectral triple {A,'H,V), we will have to compare here the kernels 
of V and Va- Note first that they are finite dimensional: 

Lemma 1.2.3. Let (AjTi-jV) be a spectral triple with a reality operator J and chirality x- If 
A G Q}p is a one-form, the fluctuated Dirac operator 

Va:=V + A + eJAJ-^ 

is an operator with compact resolvent, and in particular its kernel KerP^ is a finite dimensional 
space. This space is invariant by J and x- 

Proof. Let T be a bounded operator and let z be in the resolvent set of P -|- T and z' be in the 
resolvent set of V. Then 

{V + T- z)-^ = {V- z'y^ [l-{T + z' - z){V + T- z)-^]. 

Since (P — z')~^ is compact by hypothesis and since the term in bracket is bounded, V + T has 
compact resolvent. Applying this to T = A + eJAJ~^, Da has a finite dimensional kernel (see 
for instance [91, Theorem 6.29]). 

Since according to the dimension, = ±1, J commutes or anticommutes with x, X commutes 
with the elements in the algebra A and Dx = — (see [30] or [68, p. 405]), we get DaX = ~X^A 
and DaJ = ±JDa which gives the result. □ 



1.2. Noncommutative integration on a simple spectral triple 
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We now set {A, V, H, J) a given real regular spectral triple of dimension n and A a selfadjoint 
one-form. We denote 

Pq the projection on KerV, Pa the projection on KerP^, 
D :=V + Po,Da -Va + Pa. 

Pq and Pa are thus finite-rank selfadjoint bounded operators. Remark that D and Da are 
selfadjoint invertible operators with compact inverses. 

Remark 1.2 A. Since we only need to compute the residues and the value at of the C,d, Cda 
functions, it is not necessary to define the operators 'D~^ or 'P>~^ and the associated zeta functions. 
However, we can remark that all the work presented here could be done using the process of Higson 
in [79] which proves that we can add any smoothing operator to P or Va such that the result 
is invertible without changing anything to the computation of residues (see also [37], where this 
question is considered). 

Define for any a G M 

OP° := {T : i ^ Ft{T) e C°°{R,B{n))}, 

where Pt(r) := e^*l^l Te"'*!^! = e**l^l T e"^*!^! since \D\ = \V\ + Pq. Define 

5{T) := [\D\,T], 
V(r) := [V^,T], 
as{T) := \D\'T\D\-', s e C. 

It has been shown in [38] that OP° = np>o Dom((5P). In particular, OP° is a subalgebra of ^(7^) 
(while elements of OP" are not necessarily bounded for a > 0) and A C OP^, JAJ~^ C OP^ , 
[V,A\ C OPO. Note that Pq € 0P-~ and 6{0P^) C OP°. 

For any t > 0, and are in OP* and for any a G M,i:)" and \D\'^ are in OP°. By 
hypothesis, G jC^^'°°\H) so for any a > n, OP'"' C 

Lemma 1.2.5. [38] 

(i) For any T G OP° and s G C, as{T) G 0P°. 

(ii) For any a,/3 G M, OP'^OP'^ C OP"+^. 
(Hi) Ifa</3, OP'^ C OP^. 

(iv) For any a, 5{OP°') C OP". 

(v) For any a andT e OP°', V{T) G OP°'+^. 

Proof (i) We have \D\T\D\-^ = T + 5iT)\D\-^ and \D\-^T\D\ = T - \D\-^5iT). A recur- 
rence proves that for any keN, \D\''T\D\-'' = J2g=Q H) (5«(r)|D|-9 and we get \D\-''T\D\'' = 

Ej=o(-i)ni) \DrS^{T). 

As a conseqTience, since T, \D\^'^ and S'^{T) are in OP'' for any g G N, for any k £ 
\D\''T\D\-'' G OP°. Let us fix p G No and define Fp{s) := dP{\D\'T\D\-') for s G C. Since for 
A; G Z, Pp(/c) is bounded, a complex interpolation proves that Fp{s) is bounded, which gives 
\D\'T\D\-' G OP°. 
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(ii) Let T G OP" and T' G OP^ . Thus, r|Z)|-", T'\D\-I^ are in OP°. By (i) we get 
\D\^T\D\-'^\D\-I^ G OPO, so T'\D\-^\DfT\D\-^~'^ G OP°. Thus, r'r|P>|-("+^) G 0P°. 
(m) For T G 0P°, |P>|°-^ and r|P)|-" are in OP^, thus T\D\~f^ = T\D\-'^\Df~f^ G 0P°. 

[iv) follows from <5(OpO) C OpO. 

(v) Since V(r) = 5{T)\D\ + |L'|(5(r) - [Pq, T], the result follows from (ii), (iu) and the fact that 
Po is in OP"°°. □ 

Remark 1.2.6. Any operator in OP" , where a G M, extends as a continuous linear operator 
from Dom |P)|"+^ to Dom \D\ where the Dom \D\°' spaces have their natural norms (see [38, 79]). 

We now introduce a definition of pseudodifferential operators in a slightly different way than 
in [29, 38, 79] which in particular pays attention to the reality operator J and the kernel of V 
and allows V and to be pseudodifferential operators. It is more in the spirit of [22]. 

Definition 1.2.7. Let us define ^{A) as the polynomial algebra generated by JAJ~^, V 
and \V\. 

A pseudodifferential operator is an operator T such that there exists d £ Z such that for any 
iV G N, there exist p G No, P G V{A) and R G OP"^ {p, P and R may depend on A^) such that 
PD-'^f G OP'^ and 

T = PD-^P + R. 

Define ^'(.4.) as the set of pseudodifferential operators and ^{A)'' := ^'(^4) n OP''. 

Note that if ^ is a 1-form, A and JAJ~^ are in ^{A) and moreover ^{A) C Up^ngOP^. 
Since |P| G 'D{A) by construction and Pq is a pseudodifferential operator, for any p £ Z, \D\P is 
a pseudodifferential operator (in OP^). Let us remark also that ^{A) C '^{A) C U^g^OP^. 

Lemma 1.2.8. [29,38] The set of all pseudodifferential operators ^{A) is an algebra. Moreover, 
ifTe ^{Af and T G "ifiAf , then TT' G ^(^)'^+'^'. 

Proof. The non-trivial part of the proof is the stability under the product of operators. Let 
r,T' G ^'(^). There exist d,d' £Z such that for any iV G N, > + there exist P,P' in 
V{A), p,p' G No, P G OP-^-'^', R' G OP-^-'^ such that T = PD'^p + R, T' = P'D~^p' + R', 
PD-^P G OP"' and P'D-^P' G OP'^' . 

Thus, TT' = PD-'^PP'D-'^P' + RP'D-'^p' + PD-'^pR' + RR' . 

We also have RP'D'^p' G OP-^-'^'+'^' = OP-^ and similarly, PD-^pR' G OP^^. Since 
RR' G OP'^^, we get 

TT' ~ PD-^PP'D-^P' mod OP'^. 

If p = 0, then TT' ~ QP>-2p' mod OP"^ where Q = PP' e V{A) and QD^^p' ^ oP"'+'^'. 
Suppose p 7^ 0. A recurrence proves that for any g G Nq, 

9 

D-2p' ^ ^(-1)'=V'=(P')I)"^^'"^ + {-iy+^D-^V'^+\P')D-^i-^ mod OP-°° . 

A;=0 

By Lemma fl.2.51 (v). the remainder is in OP ~^ P ^ since P' G OP^'+'^P' . Another recurrence 
gives for any q G No, 

9 

D-'^PP' ^ ^ (_l)|fc|iVl'^li(P')P)-2|^li-2p mod OP'^'+^^'-^-^-^P. 
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Thus, with qn = N + d + d' -1, 

In 

TT' ^ {-l)\^\^py\''\^{P')D-'^\^\^-'^^+P'^ mod OP-^. 

The last sum can be written QnD~^^^ where rjv := PQn + ip + p')- Since Qat € ^(•^) and 
Qiv-D"^''^ e OP<^+'^', the result follows. □ 

It is convenient to also introduce 

Definition 1.2.9. Let Pi (-4) be the algebra generated by A, JAJ~^ and P, and ^'i(^) be the 
set of pseudodifferential operators constructed as before with Pi (.4) instead of P(.4). Note that 
*i(^) is subalgebra of ^{A). 

Remark that ^i(.A) does not necessarily contain operators such as \D\^ where A; G Z is odd. 
This algebra is similar to the one defined in [22]. 

1.2.2 Zeta functions, noncommutative integral and spectral action 

For any operator B and if X is either D or Da, we define 

C|(s) ■.= Tr{B\Xr), 
Cx{s) :=Tr(|X|-). 

The dimension spectrum Sd{A,'H,V) of a spectral triple has been defined in [29,38]. It is 
extended here to pay attention to the operator J and to our definition of pseudodifferential 
operator. 

Definition 1.2.10. The spectrum dimension of the spectral triple is the subset Sd{A,'H,'D) of 

all poles of the functions ■ s ^ Tr (PlL*]^*) where P is any pseudodifferential operator in 
OP^. The spectral triple {A,'H,'D) is simple when these poles are all simple. 

Remark 1.2.11. // Sp{A,T-L,V) denotes the set of all poles of the functions s i— > Tr (P|D|'~'^) 
where P is any pseudodifferential operator, then, Sd{A,'H,'D) C Sp{A,'H,'D) . 

When Sp{A,H,'D) = Z, Sd{A,'H,'D) = {n—k : G No }.• indeed, if P is a pseudodifferential 
operator in OP^, and q is such that q > n, P|D|~'' is in OP~^^^^ so is trace-class for s in 
a neighborhood of q; as a consequence, q cannot be a pole of s ^ Tr(P|Z)|~*). 

Remark 1.2.12. Sp{A,T-C,'D) is also the set of poles of functions s i— > Tr (P|Z)|~'^~^p) where 
peNo andB e V{A). 

Introducing the notation (recall that V(r) = [P^,T]) for an operator T, 

e(T) := V{T)D-^, 

we get from [22, (2.44)] the following expansion for T € OP^ 

N 

a,(r)~^5(z,r)£'-(r) modOP-^-^+'' (1.4) 

r=0 
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where g{z,r) := ^(|) • • • (| — (r — 1)) = with the convention g{z,0) := 1. 
We define the noncommutative integral by 



/r := Res Cnis) = Res Tr (T\D\ 

J s=0 s=0 



The noncommutative integral plays the role of the Wodzicki residue in a spectral triple setting. 

Proposition 1.2.13. [38] If the spectral triple is simple, f is a trace on "^(A). 

Proof. Let P G 0P^\ Q G OP^^ G ^(^). With [Q,\D\-'] = {Q - fT_,(Q)) \D\-' and the 
equivalence Q — cf-s{Q) ~ ~ Z^^i ^) mod op^^^i+'^a^ gg^^ 

N 

P[Q,\D\~'] ^ -Y,9{-s,r)Pe'^{Q)\D\-' mod OP-^-^+^i+^^-KC^) 
which gives, if we choose N = n + ki + k2, 

n+ki+k2 

Res Tr {P[Q, \D\-']) = - ^ Res 5(-s,r) Tr {Pe'\Q)\D\-') . 

^ r=l ^ 

By hypothesis s i-^ Tr (^Pe^ {Q)\D\^^^ has only simple poles. Thus, since s = is a zero of the 
analytic function s ^ g{—s,r) for any r > 1, we have Res g{—s,r) Tr (Pe^ {Q)\D\~^) = 0, which 

entails that Res Tr {P[Q, \D\-'']) = and thus 



j PQ = %s Tr [P\D\''Q) . 



When s G C with 3?(s) > 2max(A:i + n + 1,A;2), the operator Pl^*] ^'^^ is trace-class while 
ig bounded, so Tr {P\D\-'Q) = Tr (|Z)|-^/2QP|D|-V2) = Tr (fT_,/2(QP)|I)|"") . Thus, 
using (|1.4p again. 



n+ki+k2 



Res Tt{P\D\-'Q) = I QP + ^ Res 5(-s/2, r) Tr (e''( Wl^l"") • 

As before, for any r > 1, Res g{—s/2,r)TT (^e^ {QP)\D\^^) = since g{0,r) = and the spectral 
triple is simple. Finally, 

Res Tr {P\D\-'Q) = j QP- 

which yields the result. □ 

On a spectral triple {A,'H,V)^ the role of the action is played by the "spectral action" as 
introduced by A. Chamseddine and A. Connes: 

5(P^,^>,A) :=TV($(P^/A)) (1.5) 
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where $ is any even positive cut-off function which could be replaced by a step function up 
to some mathematical difficulties investigated in [54] and A fixes the mass scale. This means 
that S counts the spectral values of {VaI less than the mass scale A (note that the resolvent set 
of Va is compact since, by assumption, the same is true for V, see Lemma [1.2.31 below). The 
Chamseddine-Connes spectral action principle asserts that (see [37, p. 197]) the spectral action 
is the fundamental action functional S that can be used both at the classical level to compare 
different geometric spaces and at the quantum level in the functional integral formulation, after 
Wick rotation to Euclidean signature. In other words, the functional S{'Da, ^, A) which is related 
to the spectrum of the Dirac operator P, contains all physical information of the (geometrized) 
quantum field theory associated to the triple {AjTijV). It is therefore crucial to be able to 
compute it on some fundamental examples. This spectral action is known on few examples: 
[17,22,24,37,53,60-62,69,93]. We will study the case of the noncommutative torus in chapter 
2, and the case of SUq{2) in chapter 3. We shall investigate in chapter 4 some questions about 
tadpoles, which are the linear terms in A in the spectral action. In the case of a spectral triple 
with simple dimension spectrum, we have (see for instance [37, Theorem 1.145]) 

s{Va,^A)= E ^kh'j\DA\-'' + mQDA^) + o{K-'), (1.6) 

0<k£Sd+ 

where = ^ Jq°° $(i) dt and Sd'^ is the strictly positive part of the spectrum dimension 

of {AjTijV). Thus, the main problem is the computation of the J|L>yi|~'^, Cda(O) terms. We 
consider this question in the following section. 

1.3 Residues of (da for a spectral triple with simple dimension 
spectrum 

We fix a regular real spectral triple (AjTi-jV, J) of dimension n and a self-adjoint 1-form A. 
Recall that 

Va:='D + A where A:= A + eJAJ''^, 
Da := Va + Pa 

where Pa is the projection on KerP^. Remark that A e P(^) n 0P° and Va G V{A) D OP^. 
We denote 

Va := Pa - Po- 
As the following lemma shows, Va is a smoothing operator: 

Lemma 1.3.1. (i) nfc>i Dom(pA)'' Q nfc>i Dom iDj'^. 
(ii) KeiVA C nfc>i"Dom|L>|'^'. 
{Hi) For any a, (3 eR, \D\'^Pa\D\'^ is bounded, 
(iv) Pa G 0P~°°. 

Proof (i) Let us define for any peN.Rp := {VaY - VP, so Rp G OPP'^ and Rp{Bom \D\p) C 
Dom|D| (see Remark 11.2.61) . 

Let us fix A; G N, A; > 2. Since DobiVa = DomP = Dom \D\, we have 

Dom(pA)'' = {0 G Dom|L>| : {V^ + Rj) 4> e Bom \D\ , \fj l<j<k-l}. 
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Let (j) G Dom(Dyi)*''. We prove by recurrence that for any j G { 1, • • • , A; — 1 }, € Dom iDp"*"^: 
We have G Dom \D\ and (V+Ri) (f) G Dom \D\. Thus, since Ri(f) £ Dom \D\,'D4> G Dom ll^l, 

which proves that (p G Dom \ D\'^. Hence, case j = 1 is done. 

Suppose now that (/) G Bom\D\^+^ foraj G {I,-- - ,k-2}. Since {V^+^+Rj+i) (f> G Bom\D\, 

and -Rj+i (p G Dom we get V^^^ G Dom \D\, which proves that (j) G Dom iDp^^. 
Finally, if we set j = A; — 1, we get (p G Dom \D\'', so Dom(PA)^ ^ Dom l-D]'^. 

(ii) follows from KerP^ C HfcM Dom(I?yi)^ and (i). 

(iii) Let us first check that is bounded. We define Dq as the operator with domain 
Dom Do = IniP^ H Dom |-D|" and such that Dq (p = |-D|" (p- Since DomL'o is finite dimensional, 
Do extends as a bounded operator on Ti with finite rank. We have 

sup |||D|"P4</)|| < sup |||D|"(/.|| = ll-Doll < oo 

(/)GDom|D|"P_A, ||0||<1 0gDomDo, |19!'||<1 

so is bounded. We can remark that by (ii), DomDo = ImP^ and Dom|D|"P4 = Ti. 

Let us prove now that Pa\D\°' is bounded: Let (p G Dom Pa\D\°' = Dom|D|". By (ii), we 
have lmP4 C Dom \D\°' so we get 

iii^Ai^^r^ii < sup i<v,i^r'^>i< sup i<|Drv,</)>i 

< sup |||D|>||||</.|| = ||Do||||0||. 

?/)GlmPA, ||t/'||<l 

{iv) For any G No and t G M, 6''{Pa)\D\^ is a linear combination of terms of the form 
|D|^Pa|-C|", so the result follows from (iii). □ 

Remark 1.3.2. We will see later on the noncommutative torus example how important is the 
difference between Va and V + A. In particular, the inclusion KerP C Ker2? + A is not satisfied 
since A does not preserve KerP contrarily to A. 

The coefficient of the nonconstant term [k > 0) in the expansion (II. 6|) of the spectral 
action S{'Da, ^,-^) is equal to the residue of C-Da('^) k. We will see in this section how we can 
compute these residues in term of noncommutative integral of certain operators. 

Define for any operator T, p G N, s G C, 

Kp{T,s) :=(-fr / a.str{T)---a^st,{T)dt 
Jo<ti<--<tp<i 

with dt := dti ■ ■ ■ dtp. 

Remark that if T G OP", then a,{T) G 0P° for z G C and Kp{T, s) G OP'^p. 
Let us define 

X :=V\-V'^ = AV + VA + A^, 
Xv:=X + Va, 

thus X G Vi{A) n OP^ and by Lemma [LMl 

~ X mod OP~°°. (1.7) 
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We will use 

Y := log{D\) - Iog(Z?2) 

which makes sense since D\ = 'D\ + Pa is invertible for any A. 
By definition of Xy, we get 

Y = \og{D^ + Xv)-\og{D^). 

Remark that most of the results that we will present here are based on the fact that Da — D is 
a pseudodifferential operator of order 0. 

Lemma 1.3.3. [22] 

(i) Y is a pseudodifferential operator in OP^^ with the following expansion for any N £ N 
N N-p 

p=l fci,--- ,kp=0 

(a) For any N £ N and s £ C, 

N 

\Da\-' ^\D\-' + Y,Kp{Y,s)\D\-' mod OP-^-^-^W. (1.8) 
p=i 

Proof, (i) We follow [22, Lemma 2.2]. By functional calculus, Y = 1(A) dA, where 

N 

/(A) ^ ^(-1)P+^ {{D^ + Xy^XyfiD^ + A)-i mod OP-^-^. 
p=i 

By dLIl), {{D^ + Xy^XvY ~ {{D^ + \)-^Xy mod OP"^ and we get 

N 

j(A) ^ ^(-l)*'+i ((D^ + A)-1X)^(Z)2 + A)-i mod OP-^-^. 
p=i 

We set Ap{X) := ((D^ + X)-^xy\D^ + A)"! and L := {D^ + A)-^ G OP-^ for a fixed A. Since 
[D'^ + X,X] ~ V(X) mod OP~°° , a recurrence proves that if T is an operator in OP*", then, for 

Ai(r) = LTL ~ ^{-lfV^{T)L^+^ mod OP''-^-^. 

k=0 

With ^p(X) = LXj4p_i(X), another recurrence gives, for any q S No, 
<? 

y4p(X) ~ ^ {-iy\^V''^{XV^p-^---XV^'{X)---))L\''\^+P+'^ modOP-5-P-3, 
which entails that 

N N-p 

^(A) ~ J^(-l)^+^ (_l)|fc|iV'=f(XV'=f-n---^V'=H^)---))^'''''"*"^^^ mod OP-^-3. 

p=l fci,---,fcp=0 
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With /g°°(Z)2 + A)-(l'^'li+P+i)(iA = jkiT^D-^'-^''\^^^\ we get the result provided we control the 
remainders. Such a control is given in [22, (2.27)]. 

(ii) We have \Da\~' = e^-^'/^^^e'^ IDI'" where B := {-s/2)log{D^). Following [22, Theorem 
2.4], we get 

oo 

\DAr = \Dr +Y.Kp{Y,s)\Dr ■ (i-q) 

p=i 

and each Kp{Y, s) is in OP-P. □ 
Corollary 1.3.4. For any peN andn,--- ,rp e Nq, e''^{Y) ■ ■■e''p{Y) G *i(^). 
Proof. If for any g e N and k = {ki, - ■ ■ ,kq) £ N^, 

r^(x) := ■■xv'^ix) •••)), 

then, r^(X) G OPl'=li+5. For any G N, 

N N-q 

Y^Yl rJW^"'^'''''"''^ modOP-^-\ (1.10) 

9=1 /ci,- - ,A;g=0 

Note that the T^{X) are in Pi(^), which, with pTTO]) proves that Y and thus e''{Y) = 
V^(y)L»-2^, are also in ^i(^). □ 

We remark, as in [32], that the fluctuations leave invariant the first term of the spectral action 
(|1.6p . This is a generalization of the fact that in the commutative case, the noncommutative 
integral J where n is the dimension of the manifold, only depends on the principal symbol 

of the Dirac operator V and this symbol is stable by adding a gauge potential like in V + A. 
Note however that the symmetrized gauge potential A + eJAJ~^ is always zero in this case for 
any self adjoint one-form A. 

Lemma 1.3.5. // the spectral triple is simple, 

Cd,(0) - Cd(0) = Y.^-^f (AD-'y. (1.11) 

q=l 



Proof. Since the spectral triple is simple, equation p.Op entails that 

Cd^(O) - Cd(0) = TV(i^i(y, s)\D\-%^^ . 

Thus, with (|1.4p . we get C-Da(O) ~ Cd(0) = —\jY. Replacing A by A, the same proof as in [22] 
gives 

n=l 
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Lemma 1.3.6. For any k G Nq, 

k k—p 

Res Cd^(s)= Res Cd(s) + V V Res his,r,p) Tt {e^-^ (Y) ■■■ e"-^ {Y)\DD , 

s=n—k s=n—k '—^ '—^ s=n—k 

p=l ri,--- ,rp=0 

where 

h{s,r,p) := {-s/2y / g{-sti,ri) ■ ■ ■ g{-stp,rp) dt . 

Jo<ti<---<tp<i 

Proof. By Lemma [133] (n) , \Da\~' ~ \D\-' + J2p=i Kp{Y, s)\D\-' mod Op-e^+i)-^^, where 
the convention ^0 = is used. Thus, we get for s in a neighborhood of n — A;, 

k 

\Da\~' - \D\-' -Y,Kp{Y,s)\D\-' e OP-^'^+i)-^^ C C\n) 
p=i 

which gives 

k 

Res Cda(5)= Res Cd(s) + V Res Tt {Kp{Y, s)\D\~') . (1.12) 

s=n—k s=n—k ' s=n—k 

p=l 

Let US fix 1 < p < A; and iV G N. By ([Ll| we get 



e^i(y) modOP-^-p-^ 

(1.13) 

If we now take N = k — p, we get for s in a neighborhood of n — A: 

k—p 

Kp{Y,s)\D\-' - Yl h{s,r,p)e''iY)---e''^{Y)\D\-' GOP-''-^-^'-'^ ^C\n) 

SO (I1.12P gives the result. □ 

Our operators IDa]'^ are pseudodifferential operators: 
Lemma 1.3.7. For any k£Z, |L>a|^ G ^''(A). 

Proof. Using (I1.13p . we see that Kp{Y, s) is a pseudodifferential operator in OP~p, so p.Sp proves 
that li^Al'^ is a pseudodifferential operator in OP^. □ 

The following result is quite important since it shows that one can use / for D or Da' 

Proposition 1.3.8. // the spectral triple is simple, Res Tr (^P\Da\~^) = f P for any pseudodif- 
ferential operator P. In particular, for any /c G Nq 

-f\DA\-^''-'^= Res Cd^{s). 

J s=n—k 
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Proof. Suppose P G OP'' with A; G Z and let us fix ]5 > 1. With (11.131) . we see that for any 

N en, 

N 

PKp{Y,s)\D\-' ^ J2 h{s,r,p)Pe''{Y)---e'''{Y)\D\-' mod OP-^-P-^+''-^^'\ 
Thus if we take N = n — p + k, we get 

n—p+k 

Res Tt {PKp{Y,s)\D\-') = ^ Res h{s,r,p) Tr {Pe'''{Y) ■■■ e''p{Y)\D\-'). 

Since s = is a zero of the analytic function s ^ h{s,r,p) and s i-^ Tr Pe^^{Y) ■ ■ ■ e^p{Y)\D\~^ 
has only simple poles by hypothesis, we see that Res h{s,r,p) Tr (Pe'^^{Y) ■ ■ ■ e^''{Y)\D\~^) = 

3 = 

and 

Res Tr {PKp{Y, s)\D\-') = 0. (1.14) 
Using dLll), P\Da\-' ~ P\D\-' + J2l=iPKp{Y,s)\D\~' mod op-"-i-»(^) and thus, 

/k+n 
P + ^ Res TT{PKp{Y,s)\D\-'). (1.15) 
p=i 

The result now follows from (I1.14h and (ll.lSp . To get the last equality, one uses the pseudodif- 
ferential operator □ 

Proposition 1.3.9. // the spectral triple is simple, then 

j\DA\-''=j\D\-^. (1.16) 

Proof. Lemma 11.3.61 and previous proposition for /c = 0. □ 
Lemma 1.3.10. // the spectral triple is simple, 



-1 



{ii) -^idaI"^""^^ = -^|Dr("-2) + ii^(-y"x|L>r" + f^x2|L>|-2-"). 

Proof (i) By (fLSD . 

Res Cd^(s) -Cd(s) = Res {-s /2) Tr (Y\D\-') = Res Tr (Y\D\-^''-^'^\D\-') 

s=n—l s=n—l \ / z 

where for the last equality we use the simple dimension spectrum hypothesis. Lemma 11.3.31 (i) 
yields Y ~ XD""^ mod OP-^ and y|L»|-("-i) ~ X|Z)|-"-i mod OP-"^^ C £i(7^). Thus, 



Res Tr (Y\D\-^''-'^'^\D\-') = Res Tr (X\D\-''-'^\D\-') = J- X\D\ 



-n-l 
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(ii) Lemma fl. 3. 61 (ii) gives 

1 

s=n—2 " ^ ^ ' s=n—2 " ^ ' s=n—2 



Res Cd^(s)= Res Cd(s) + Res h{s,r,l) Tr (e'' {Y)\D\-') + his,0,2) Ti (Y^\D\-') . 

=n—2 s=n—2 s=n—2 ^ — ' 

r=0 

We have h{s, 0,1) = -f, h{s, 1,1) = i(f)2 and h{s, 0,2) = i(f)2. Using again Lemma [1X3] (i) , 

Y ~ XD-^ - ^V{X)D~'^ - \X'^D~'^ mod OP'^. 

Thus, 

^Res^ Tr [Y\D\-'') = j X\D\~'' - ^ j {V{X) + X^)\D\~^-'' . 
Moreover, using j^\/{X)\D\^^ = for any A; > since / is a trace. 

Res Tr (e{Y)\D\-') = Res Tr (V{X)D-'^\D\-') = -[ V{X)\D\-^-'' = 0. 

s=n— 2 s=n— 2 J 

Similarly, since Y ~ XI^-^ mod OP-^ and Y^ ~ X^D"^ mod OP'^, we get 
Res Tr(y2|i^r")= Res Tr (X^D-^\D\-') = -f X'^\D\-^-''. 

s=n—2 s=n—2 J 

Thus, 

Res Cd.(s) = Res Cd(s)+(-^)(/ - i /(V(X) + 

s=n—2 s=n— 2 J J 

+ -^V(X)|D|-2-" + l(!iz:2)2^^2|^|-2-n_ 

Finally, 

Res Cd,(s) = Res Cd(s) + (-^)( / X\D\-^-\i X^\D\'^--) + \{n^)^ 1 X^\D\'^~- 

and the result follows from Proposition II. 3. 81 □ 

Corollary 1.3.11. // the spectral triple is simple and satisfies \D\^^"^'^^ = A'D\D\~"- = 
fVA\D\-'' = 0, then 

j\DA\-^^-^^ = ^^^{jAVAV\D\'^'^ + ^jA^\D\-''). 

Proof. By previous lemma, 

Res^ Cda (s) = ^ ( - ^ ^^I-DI"" + f ^( AVAV + VAVA + AV'^A + VA^V)\D\-''-'^) . 

Since V(A) G OP^, the trace property of / yields the result. □ 
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1.4 Noncommutative integrals and tadpoles 

Let {AjVjTi, J) be a real regular spectral triple of dimension d. Recall that a one-form A is 
a finite sum of operators like ai['D,a2] where G A. The set of one-forms is denoted by Q]~i{A). 

Lemma 1.4.1. Let (AjVjTi) be a spectral triple and X £ "^(A). Then 



X. 



If the spectral triple is real, then, for X £ ^'(-4.), JXJ ^ £ "^{A) and 



Proof. The first result follows from (for s large enough, so the operators are traceable) 



Tt:{X*\V\-') = Tr {{\V\-')Xy) = T^{\V\~^X) = Tr(X|P|-^"). 
The second result is due to the anti-linearity of J, Tr( jyj^^) = Tr(y), and J\V\ = J, so 



Tv[X\V\-') = Ty{JX\V\-'J-^) = Tr(JXJ-i|P|-^"). □ 
Corollary 1.4.2. For any one-form A = A* , and for k, I £N, 

Ja^v-'^gR, j (av-^)'" eR, jA^\v\-^eM., jx^^\^'^^^^ jA^v\v\~^eR. 

In [37], is introduced the following 

Definition 1.4.3. In {A, 7i, V), the tadpole Tadx)+A(^) of order k, for k £ {d — I : / G N} is 
the term linear in A = A* £ Q^, in the A'^ term of (|1.6|1 (considered as an infinite series) where 
Va = V + A. 

If moreover, the triple {A, Ti, V, J) is real, the tadpole Tadp^^(A;) is the term linear in A, 
in the A'' term of ([LSI) where 'Da = 'D + A. 

Proposition 1.4.4. Let {A, 7i, V) he a spectral triple of dimension d with simple dimension 
spectrum. Then 

Tadv+A{d-k) = -{d-k)jAV\V\~^'^-''^-^, Vk ^ d, (1.17) 
Tadv+AiO) = - j AV'\ (1.18) 
Moreover, if the triple is real, Tad^^^ = 2Tadx>+A- 

Proof. By Lemma fl. 3. 61 and Proposition 11.3.81 we have the following formula, for any /c G N, 

/„ k k-p 

^ / Res h{s,r,p) TT{e''HY)---e''^{Y)\V\-'), 

f s — d — fc 

p=lri,-,rp=0 
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where 

h{s, r,p) := {-s/2f / g{-sti,ri) ■ ■ ■ g{-stp, rp) dt, 

Jo<ti<-<tp<i 

£''(T) := V{T)V~^'\ V(T) := 
g{z,r) := (^/^) with g{z,0) := 1, 

N N-g 

Y^Yl Yl r^(X)p-2(|fc|i+9) mod OP-^-i for any N e N*, 

q=l fci, -- ,ki,=0 

X := AV + VA + , A := A + eJAJ-^ , 

r'(^) ■= ^'tiXr ^^'" {xv"^-- (• • • xv^i (x)-..)),yqeN*,k = {h,--. ,k,)e n". 

As a consequence, for k n, only the terms with p = 1 contribute to the linear part: 

» fc-i 

T- = * 

We check that for any N £W, 

N-l 

UnAiY) ~ + ^^)^"^^'+^^ mod 0P~^-\ 

1=0 

Since r'i(2p + VA) = ^^^V^AV + VA) = ■^^{V'(l), P}, we get, assuming the dimension 
spectrum to be simple 



k-l 

' s=d-k 



Ta.d^^j{d-k) = Res h{s,r,p) {e' {UnA{Y))\V 

r=0 

k—1 k—l—T 

(-1)' 

s=d—k 



= Yh{d-k,r,l) (^^Re_s^Tr(e^({V'(^),P})|P|--W)) 

r=0 1=0 ^ 

= 2YHd-k,r,i)'Y ^-irri v''+'(I)p|p|-('^-'=+2(-+0)-2 

r=0 (=0 

= -{d-k)jAV\V\-^'^-''^-^, 

because in the last sum, only the case r + / = remains, so r = / = 0. 
Formula p.lSjl is a direct application of (ILlljl . 

The link between Tad^,^^ and Tadp+A follows from JV = eVJ and Lemma 11.4.11 □ 

Corollary 1.4.5. In a real spectral triple {A,H,V), if A = A* ^ Q,]~,{A) is such that A = 0, 
then TadD+A{k) = for any k £ Z, k < d. 

Remark 1.4.6. Note that A = for all A = A* £ Q,]-,, when A is commutative and JaJ~^ = a* , 
for all a £ A, see (|4.10p . so one can only use Va = V + A. 
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But we can have A commutative and JaJ ^ ^ a* [33, 94]-' 
Let ^1 = C © C represented on Hi = with, for some complex number m / 0, 



vri(a) 



bi 











hi 











62 





m 


m 


fh 








m 





b 



for a = 


--{bi, 


62) 



































-1 

















^ 





-1 ) 




^ 


1 


/ 



:= m , Yi := -1 , Ji := 1 o cc 



where cc is the complex conjugation. Then (Ai, 7ii, Vi) is a commutative real spectral triple of 
dimension d = with non zero one-forms and such that Ji7ri(a) J]~^ = 7ri(a*) only if a = (61, 61). 

Take a commutative geometry (^2 = C°°{M), Ti = L'^{M,S), V2, X2, J2) defined in \4-3.1\ 
where d = dimM is even, and then the tensor product of the two spectral triples, namely A = 
Ai ® A2, H = Hi H2, P = Pi X2 + 1 © T)2, X = Xi ^ X2 and J is either Xi-h ^ -h when 
d G {2,6} mod 8 or Ji J2 in other cases, see [33, 140J- 

Then {A, H,T>) is a real commutative triple of dimension d such that A ^ Q for some 
self adjoint one- forms A, so is not exactly like in definition \4-3.1 . 



The vanishing tadpole of order has the following equivalence (see [22]) 

j AV-^ = 0,yA£n}j{A) ^ j ab = j aa{b),ya,b£ A, (1.19) 

where a{b) := VbV^^, equivalence which can be generalized as 
Lemma 1.4.7. In a spectral triple (A, H, V), for any G N, 

j{AV-^Y = 0, G Vt\j{A), Vn G { 1, • • • , A; } ^ / aja{bj) = / H "i^J' ^"j' ^ ^■ 

Proof. Note that a[D,b]V~^ = aa{b) where a{b) := a(6) — b. 
Assuming the left hand-side, we get 

= JiAV'^)'' = j aia{bi) . . .aja{bj) . . .andi{bn) 
= j- aidi{bi) . . . aja{bj)aj+ia{bj+i) . . . aka{bk) - j- aia{bi) . . . ajbjaj+ia{bj) . . . ana(bn) 

Voj, bj G A. But the last term is zero if /(AP-I)" = for all A. By induction, we end 
up with = f aia{bi) ■ ■ ■ an-ia{bn-i) ana{bn)- Varying n between 1 and fc, we get the right 
hand-side. □ 
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Chapitre 2 

Spectral action on noncommutative 
torus 

2.1 Introduction 

In [60], the spectral action on NC-tori was only computed only for operators of the form 
V + A and computed for Va in [62]. It appears that the implementation of the real structure via 
J, does not change the spectral action, up to a coefficient, when the torus has dimension 4. Here 
we prove that this can be also directly obtained from the Chamseddine-Connes analysis of [22] 
that we follow quite closely. Let us recall that 

5(Pa,^,A)= '^>kA''j\DA\-'' + mCDA0)+O{A-') 

o<keSd+ 

where Da = Va + Pa, Pa the projection on Ker^A, = ^ ^(t) t^^^~^ dt and is the 
strictly positive part of the spectrum dimension of (^,7^,2?). 

In section 2, all previous technical points are widely used for the computation of terms in 
(|1.6p or (jl.lll) on noncommutative torus. Most of the terms are based on residues of certain zeta 
functions and series of zeta functions that are studied in section 4. We show in particular that 
the vanishing tadpole hypothesis is satisfied on the torus. 

The spectral action is obtained in section 3 and we conjecture that the noncommutative 
spectral action of Va has terms proportional to the spectral action of P + ^ on the commutative 
torus. 

Since the computation of zeta functions is crucial here, we investigate in section 4 residues 
of series and integrals. This section contains independent interesting results on the holomorphy 
of series of holomorphic functions. In particular, the necessity of a Diophantine constraint is 
naturally emphasized. 

All these results on spectral action are quite important in physics, especially in quantum field 
theory and particle physics, where one adds to the effective action some counterterms explicitly 
given by (fTTTIl . see for instance [17,21,22,24,58,60,62,66,93,135,142-144]. 
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2.2 The noncommutative torus 
2.2.1 Notations 

Let C^(Tq) be the smooth noncommutative n-torus associated to a non-zero skew-symmetric 
deformation matrix G M„(M) (see [26], [115]). This means that C°°(7^) is the algebra gene- 
rated by n unitaries Ui, i = 1, . . . ,n subject to the relations 



Ui Uj = e*®'^ Uj Ui, (2-1) 

and with Schwartz coefficients: an element a £ C°°{Tq) can be written as a = YlkeZ" '^kUk, 

where {a^} G cS(Z") with the Weyl elements defined by Uk := e'^^-^'' u\' ■ ■ ■ u^" , k G Z", 
relation (12. Ih reads 

UkUg = e-i^-^'^ Uk+g, and U^Ug = e-'^'^'^ UgUu (2.2) 



where x is the matrix restriction of to its upper triangular part. Thus unitary operators Uk 
satisfy = U-k and \Uk, Ui] = — 2z sin(iA;.G/) Uk+i- 

Let r be the trace on C°°{Tq) defined by t( XlfceZ" '^^ ^fe) "^o and Ht be the GNS 
Hilbert space obtained by completion of C°°{Tq) with respect of the norm induced by the scalar 
product (a, 6) := r(a*6). On Tir = {YlkeZ" ^kUk '■ {afcjfc G ^^(^'^)}) we consider the left and 
right regular representations of C°°{Tq) by bounded operators, that we denote respectively by 
L(.) and R{.). 

Let also (5^, // G { 1, . . . , n }, be the n (pairwise commuting) canonical derivations, defined by 

5^{Uk) ■■= ik^Uk. (2.3) 

We need to fix notations: let := C°°iT^) acting on H := Hr ® C^" with n = 2m or 
n = 2m + 1 (i.e., m = [^J is the integer part of ^), the square integrable sections of the trivial 
spin bundle over T". 

Each element of is represented on Ti. as L{a) (8> I2™ where L (resp. R) is the left (resp. 
right) multiplication. The Tomita conjugation Jo(a) := a* satisfies [Jo)*^/^] = and we define 
J := Jq ^ Co where Cq is an operator on C^™. The Dirac operator is given by 

V:=-i5f,(g)-f'', (2.4) 

where we use hermitian Dirac matrices 7. It is defined and symmetric on the dense subset of TC 
given by C°^{Tq;) ® . We still note V its selfadjoint extension. This implies 

C07" = -e7"Co, (2.5) 

and 

V Uk®ei = kfJJk (8) T'^ej, 

where (cj) is the canonical basis of C^™. Moreover, Cg = ±l2»" depending on the parity of m. 
Finally, one introduces the chirality (which in the even case is x'-= (— i)™'7^ • • • 7") and this 
yields that {Ae^TijV, J,x) satisfies all axioms of a spectral triple, see [28,68]. 
The perturbed Dirac operator VyVV* by the unitary 



Vu := (L(n) ® I2'") J(L(n) ® I2™) J^S 
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defined for every unitary u £ A, uu* = u*u = Uq, must satisfy condition (|1.3p (which is equivalent 
to H being endowed with a structure of ^e-bimodule). This yields the necessity of a symmetrized 
covariant Dirac operator: 

Va ■.= V + A + eJ AJ-^ 
since VuVV* = I?l(„)^12„ [i?,l(„*)®12™] : in fact, for a G ^e, using Jo-L(a)Jo"^ = i?(a*), we get 

eJ(L(a) 7")^"^ = -R{a*) 
and that the representation L and the anti-representation R are C-linear, commute and satisfy 

[5q,, L(a)\ = L{5aa), [5a, R{a)] = R{5aa). 
This induces some covariance property for the Dirac operator: one checks that for all k G Z", 

L{Uk) hr-iV, L{U;^) » 12^] = 1 i-kf.-f^'), (2.6) 
so with (I23|), we get Uk[V, [/*] + eJUk[V, U^]J'^ = and 

^Uk'^Vj}^ = V = I?L(C/fc)®l2m[X),L(C/*)®l2m]- (2-7) 

Moreover, we get the gauge transformation: 

VuVaV:=V^^^a) (2.8) 

where the gauged transform one-form of A is 

7„(A) := u[V, u*] + uAu\ (2.9) 

with the shorthand L{u) 12™ — > u. 

As a consequence, the spectral action is gauge invariant: 

cS(P^,$,A) =cS(P^4A),^,A). 

An arbitrary selfadjoint one-form A, can be written as 

A = L{-iAa) O t'", = -K e ^e, (2.10) 

thus 

VA = -i{5a + L{Aa)-R{Aa))®i''. (2.11) 

Defining 

Aa := L[Aiy) — R{Aiy)i 
we get V\ = -5"i"'(5ai + Aa^)[5a^ + A^^) ® I2™ - ® 7"'"' where 

with 

Faia2 '•— ^ai{Aci2) ~ Sa2{Aa-^) -\- [Aai, Aa^]. (2.12) 

In summary, 

V\ = -,5°i°2 (6a, + L{Aa,) - R{Aa,)) (6^2 + ^(^^2) " ^(^^2)) ® 



i (L(F,,„2) - ^(i^aiaa)) 55 7"^"'- (2.13) 
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2.2.2 Kernels and dimension spectrum 

We now compute the kernel of the perturbed Dirac operator: 

Proposition 2.2.1. (t) KerV = Uo(g) C^'", so dimKerP = 2™. 
(ii) For any self adjoint one-form A, KerP C KerVA- 
(in) For any unitary u G A, KerP^^^^) = Vu KerT^A- 



Proof, (i) Let = Ylkj^kj Uk^ej G KerP. Thus, = V'^tp = X^fc « f^fc <^ej which entails 

that Cfcj|/cp = for any e Z" and 1 < j < 2™. The result follows. 

(ii) Let ip G KerP. So, ip = Uq ® v with v G C^"" and from (|2.11l) . we get 

Va^ = V^l} + {A + eJAJ-^)iP = {A + eJAJ-^)^; = -i[Aa, Uo] ® 7^7; = 

since Uq is the unit of the algebra, which proves that tp S KerPy^. 

{Hi) This is a direct consequence of (|2.8p . □ 

Corollary 2.2.2. Let A be a selfadjoint one-form. Then KerD^ = KerP in the following cases: 

(i) Au := L{u) ® l2rn\P,L{u*) ® I2'"] when u is a unitary in A. 
(n)\\A\\<\. 

(Hi) The matrix ^0 has only integral coefficients. 

Proof, (i) This follows from previous result because Vu{Uo v) = Uq v for any v G C^™. 

(ii) Let ip = Ylk,j '^k,j Uk (8) ej be in KerP^ (so J^j^ j Ic^jp < 00) and <p := Y^j cqj Uq (g) ej. 
Thus ip' := ip — (p £ Ker Va since (p £ KerP C KerP^ and 

II Yl CkjkaUk^rej\\^ = \\Vi,'\\^ = \\-{A + eJAJ-')i^'\f <4\\A\\^\\^ 

Defining Xk := k^ja, = |/cap is invertible and the vectors { C/fe XkCj }o^k&",j 
are orthogonal in so 



0^keZ"-,j a O^keZ^J 



which is possible only if Ckj = 0, VA;, j that is ip' = et ip = cp £ Ker V. 

(iii) This is a consequence of the fact that the algebra is commutative, thus A + eJAJ~^ = 
0. □ 

Note that if Au := A^ + eJ A^J'^ , then by (E^]), Ay^ = for all A; G and \\AuJ = \k\, 
but for an arbitrary unitary u G ^, 7^ so / ^• 

Naturally the above result is also a direct consequence of the fact that the eigenspace of 
an isolated eigenvalue of an operator is not modified by small perturbations. However, it is 
interesting to compute the last result directly to emphasize the difficulty of the general case: 

Let tp = I]/£Z",i<j<2'" '^IJ ® ^ KerP^, so Z]ieZ",i<j<2" I'^'jP < We have to show 
that tp G Ker V that is cij = when I / 0. 
Taking the scalar product of {Uk (X" ej| with 

= Va%^=Y1 ci,j{rUi - i[Aa, Ui]) ® 7"e,-, 
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we obtain 

If Aa = Y.a,l 0'a,l Ui 7" with { c^,; }/ G 5(Z"), note that [Ui, Um] = -2isu\{\l.Qm) Ui+rn and 
{Uk,[Ac„Ui]) = a^^v{-2ism{\l' .Ql){Uk,Uv+i) = -2ia«,fe_/ sin(iA;.eO. 

Thus 

0= ^ ^^Q,,(r5fc,i -2a,,fc_, sin(iA;.G/)) {eu^ej), VA: G Z", V^, 1 < i < 2™. (2.14) 

igZ" a=l j=l 

VFe conjecture that KerP = Ker /easi for generic O 's: 

the constraints (|2.14p should imply = for all j and all Z / meaning ■0 G KerP. When 
^0 has only integer coefficients, the sin part of these constraints disappears giving the result. 
We shall use the following 

Definition 2.2.3. (i) Let (5 > 0. A vector a G R" is said to be (5— diophantine if there exists 
c > such that \q.a — m\> c \q\~^ G Z"- \ { } and Vm G Z. 

We note BV[5) the set of (^—diophantine vectors and BV := U5>o.SV(<5) the set of diophantine 
vectors. 

(ii) A matrix G A4„(M) (real n x n matrices) will be said to be diophantine if there exists 
u G such that *0(u) is a diophantine vector of M". 

Lemma 2.2.4. // is diophantine, S'p(C°°(7q'), P) = Z and all these poles are simple. 
Proof. Let B G 'D{A) and p G Nq. Suppose that B is of the form 

B = arbrV'^-^V\P--''ar-ibr^i ■ ■■V'^^VlP'aibi 

where r G N, G 6, G JAJ^^, Qi,Pi G Nq. We note =: Oj^; C// and hi =: bj^; C//. With 
the shorthand k^^^^^, := k^^ - ■ ■ k^^, and 7^1 ''^■Ji = 7/^1 • • • ^t^n , we get 

V^^VlP'a^bi Uk ®ej = Y^ ai^i,b^^i>Ui,UkUi,^ \k + h + 1[\p^ (k + h + ® 7^i''^'^ie,- 

which gives, after r iterations, 

where ai := a^ij • • • a^,;^ and 6^/ := 61 ;/ • • • 

Let usnoteF^(A;,/,/') := ni=i 1^ +^ +'^^1''^^ +^ and 7^^ — ^A^r'.M^-.^ . . . ^mI./^J, _ 
Thus, with the shorthand ~c meaning modulo a constant function towards the variable s, 

Tr {B\D\"^P~^) ~e t{U.uUi^ ■ ■ ■ Ui,UkUi> ■ ■ ■ Ui,) ^0£^ Tr(7^) . 

k 1,1' 
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Since Ui^--- Ui.Uk = U^Ui^ ■ ■ ■ Ui,e-'^i'-^^ we get 

where i?i is a real valued function. Thus, 

TV(5|I^|— ) ^^Y^ E^^^^'''''^E^^.-.^^o^^&. ^-^^''^aCf''"^ Tr(7^ 

k 1,1' 
~e/M(s)TV(7^). 

The function f^{s) can be decomposed has a linear combination of zeta function of type described 
in Theorem l2.4.16l (or. if r = 1 or all thepj are zero, in Theorem l2.4.4p . Thus, s i— > Tr (^B\D\~'^p~^^ 
has only poles in Z and each pole is simple. Finally, by linearity, we get the result. □ 

The dimension spectrum of the noncommutative torus is simple: 

Proposition 2.2.5. (i) If -^Q is diophantine, the spectrum dimension of (C°°(7q ), I?) is 
equal to the set {n — k : /cGNq} and all these poles are simple. 

(ii) Cd(o) = 0. 

Proof, (i) Lemma fTTM and Remark 11.2.111 

{ii) Cd{s) = Ekez-Ei<j<2^{Uk<S>e, , |Z)|-t/, e,) = 2-(neZ"^ + 1) = 2"^( ^n(^) + !)• 
By (I232|), we get the result. □ 

We have computed Cd(0) relatively easily but the main difficulty of the present work is 
precisely to calculate C-Da(O)- 

2.2.3 Noncommutative integral computations 

We fix a self-adjoint 1-form A on the noncommutative torus of dimension n. 

Proposition 2.2.6. // is diophantine, then the first elements of the expansion are 
given by 

j |Z)^|-" = j |Z)|-" = 2™+V"/2 r(f )-\ (2.15) 
j IDa^''' = for k odd. 

j\DAr-^ = o. 

We need few technical lemmas: 
Lemma 2.2.7. On the noncommutative torus, for any t G M, 

j AV\D\-^ =jvA\D\-'' = 0. 
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Proof. Using notations of (I2.10p . we have 

TT{AV\Dr') ~e J^^Xl^^*^ ® ^J-' -ik^,\k\~'[Aa, Uk] T^T^e,) 
~e -iTr(7-7'^) Y,[k^\knUk, [A^, Uk]) = 
since {Uk, [Aa, Uk]) = 0. Similarly 

Tt{VA\D\-') ~, Y.^Y^k^^'' ^ ""^^ \k\-'J2 a^,i 2 sin !^ {I + k)^Ui+k ^ I'^^ej) 

~e 2 Tr(7'^7")5^'Xi«°.' ^ + k)f, \k\-^Uk, U+k) = 0. □ 

Any element h in the algebra generated by A and [V, A] can be written as a linear combination 
of terms of the form ai^^ • • • a„P'' where are elements of ^ or [V, A] . Such a term can be written 
as a series b := ,iJJi-^ • • - Ui^® 7"! • • •7"« where aj^Q. are Schwartz sequences 

and when a, =: Ylii o-lUi G A, we set flj^Q,,/ = fli,; with 7" = 1. We define 

:= t( j;^ai,„„,, • • • a,,^^,i^Ui, ■ ■ ■ U^) ■ ■ ■ r")- 

By linearity, L is defined as a linear form on the whole algebra generated by A and [P,^]. 
Lemma 2.2.8. If h is an element of the algebra generated by A and [VjA], 

Tr {h\D\~') r.,L{h)Zn{s). 
In particular, Tr {h\D\~^^ has at most one pole at s = n. 
Proof. We get with h of the form '^i,ai,h ' ' ' aq,ag,lqUi^ • • • t/;, 7°^ • • • 

Tr {b\Dr) ~, Yl Vfc, E • • • • • • Ui.Uk) TV(7"i • • • ^'M^' 

~c ai,„„z, • • • a.^^^j^Ui, ■■■Ui^) Tr{r' • • • 7°^) Zn{s) = L{b) Z^is). 

I 

The results follows now from linearity of the trace. □ 

Lemma 2.2.9. If is diophantine, the function s 1-^ Tr {eJ AJ~^ A\D\~^^ extends meromor- 
phically on the whole plane with only one possible pole at s = n. Moreover, this pole is simple 
and 

Res Trie J AJ-^A\D\-') =a«oao 2"^+^"/^ r(n/2)-^ 

s=n ' 

Proof. With A = L{—iAa) 7", we get eJAJ"^ = R{iAa) ® 7", and by multiplication 
eJAJ-^A = R{Afs)L{Ac,) 7'^7". Thus, 

TT{eJAJ-'A\D\-') ~, E'([/fe,A,C/fc^^)|A:|-^T¥(7V) 

~c j;a„,za^,_ie^'=-®'|A:|-^Tr(7V) 
fceZ" I 

nm \ ^ ' \ ^ „ „a Ak.Ql 1 7,1— s 
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Theorem 12.4.41 (ii) entails that Yl'k&Z" J2i^a,iO'-i^^^'^'' 1^ * extends meromorphically on the 
whole plane C with only one possible pole at s = n. Moreover, this pole is simple and we have 

Res V' Va^^a^e*'=■®'|A;^' = a^oa^Res Zjs). 

s=n ^ — ' ^ — ' ' ' s=n 

Equation (|2.41|) now gives the result. □ 
Lemma 2.2.10. // ^© is diophantine, then for any t S M, 

-fx\Dr' = 6t,n 2™+^ ( - «-/ + ««.o «o) r(n/2)-i. 

I 

where X = AD + DA + and A =: -i J2i aa,i Ui^-^"-. 

Proof. By Lemma [2221 we get j X\D\-^ = ReSs=o Tr(l2|Z)|-s-*). Since A and eJAJ-^ com- 
mute, we have A^ = A^ + JA^J~^ + 2eJAJ-^A. Thus, 

T¥(I2|D|-*-*) = Ti{A^\D\-'-^) + TT{JA^J~^\D\~'-^) + 2TT{eJAJ-^A\D\-'-^). 

Since \D\ and J commute, we have with Lemma [2.2.81 

T¥ ~c 2L{A^) Zn{s + t) + 2Ti{e J AJ-^A\D\-'-^). 

Thus Lemma [2.2.91 entails that Tt:{A^\D\^^^'^) is holomorphic at if t / n. When t = n, 

Res Tr {A^\D\-'-') = 2™+i ( - ^ a„,i a^^ + a„,o ) 2^"^^ r(n/2)-\ (2.16) 

which gives the result. □ 
Lemma 2.2.11. 7/^0 «s diophantine, then 

j AVAV\D\-^-'' = - '^j A^\D\-"\ 

Proof. With VJ = eJV, we get 

j AVAV\D\-'^-'' = 2^^PA2?|L>|-2-" + 2jeJAJ-^VAV\D\-'^-''. 

Let us first compute fylPAPlDl^^-n^ ^Ve have, with A =: -iL{Aa) O 7" =: -i <^a,iUi 7°, 

TV (AP^P|Dr^-2-") ~, -^'^a,,,,, a,,,;, T{U^kUi,Ui,Uk) ^pllb Tr(7"'^) 

where 7°'^ := ^«2^A«2^ai^Mi . Thus, 

-l AVAV\D\-^-^ = -Ya^,,.iaa,,iRes{Y'^^)Tr{r'n- 

^ 1 u 
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We have also, with eJAJ^^ = iR{Aa) (8) 7", 
which gives 

j eJAJ-'VAV\D\-^-^ = a,2,oaai,oRes TV(7°" 

Thus, 



i -/ = (aa2,oaai,o - 5Zaa2, Res,=o Tr(7-''^). 



I k 
With El^ffe = %^^n(s + n) and C„ := Res,=o ^n(s + n) = 2^"/2r(n/2)-i we obtain 

\J-AVAV\D\-^-'' = (a„,,oa«i,o - ^ a„„_;a„,,z) ^ Tr(7"27'^7°i7^). 



Since Tr (7^2 7^7"! 7^) = 2'"(2 - n)5"2,ai^ 



Lemma r2.2.10l now proves the result. □ 
Lemma 2.2.12. // is diophantine, then for any P £ ^^liA) and g G N, g odd, 

Proof. There exist B E Vi{A) and p S No such that P = BD-'^p + R where R is in OP'''-^ . 
As a consequence, f P|Z)|-("-'') = Assume 5 = a^^^P^'-ia^-i^^-i • • • P'?iai6i 

where r e N, Oj G ^, 6i G J^J~\ G N. If we prove that = 0, then the general 

case will follow by linearity. We note =: hi =: With the shorthand 

:= ^Mi ■ ■ ■ and 7^1 = ^/^i . . . ^ we get 

P«^ai6i[/fc = ^ ai,i^ bi^v^ Ui^UkUv^ (k + h + /'i)^,,^^^ 7'^i'^«iej 
which gives, after iteration, 

1,1' 2=1 



where ai := ai,/^ • • • a^,;^ and 5;/ := 61 • • • ^j^,/;- Let's note Q^{k,l,l') := 111=1 {k + k + 
and 7/" := 7^1 ''''9,-1 . . . ^mJ.mJi ^ ti^^s, 

/■^ |^|_„_2p+, ^ T{U.kUi^ ■ ■ ■ Ui.UkUi, ■ ■ ■ Ui>) Tr(7'^) . 

^ k Ll' 
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Since Ui^--- Ui.Uk = U^Ui^ ■ ■ ■ Ui,e-'^i'-^\ we get 
where (/> is a real valued function. Thus, 

= Res e^*^'''') ^jyii.^i^,-^i' ""^"t^siiisr 

^ k 1,1' 

3 = 

We decompose Q^{k,l,l') as a sum "^^^^q Mh^^{l,l') Qh^^{k) where Qh,f_i is a homogeneous 
polynomial in (ki, ■■■ ,kn) and Mh,^{l,l') is a polynomial in ((/i)i, • • • , {lr)n, ■■■ , iK)n) ■ 

Similarly, we decompose f^{s) as Ylh=o fh,^i{s)- Theorem l2.4.4l (ii) entails that fh,^i{s) extends 
meromorphically to the whole complex plane C with only one possible pole for s+2p+n—q = n+d 
where d := deg Q^,^. In other words, if d + g — 2p / 0, fh,fiis) is holomorphic at s = 0. Suppose 
now d + q — 2p = (note that this implies that d is odd, since q is odd by hypothesis), then, by 
Theorem 12.4.41 (ii) 

Res fh,,i{s) = V Qh,fi{u)dS{u) 

where V := E^'ez e'"^^''''^ '^El/.+i^oO; 6r and Z := {1,1' : Y!i=ik = 0}. Since d is 

odd, Qh,^l{-u) = -Qh,^l{u) and j^^gn-i Qh,ti{u) dS{u) = 0. Thus, Res fh,^l{s) = in any case, 
which gives the result. □ 

As we have seen, the crucial point of the preceding lemma is the decomposition of the nume- 
rator of the series f^[s) as polynomials in k. This has been possible because we restricted our 
pseudodifferential operators to ^'i(^). 

Proof of Proposition \2.2.6\ The top element follows from Proposition 11.3.91 and according to 



f 



D\-^ = Res Trd^r^"") = 2"^ Res + n) - s^+V-/^ 



For the second equality, we get from Lemmas 12.2.81 and 11.3.61 

Res CdAs) = E E - k,r,p)-fe''iY) ■ ■ ■ e^r> ^Y)\D\-^^-''\ 

s=n—k ^ — ' ^ — ' / 
p=l ri, " ,rp=0 

Corollary [LMl and Lemma [2232] imply that ie''^{Y) ■ • • e'-f (y)|D|-("-^) = 0, which gives the 
result. 

Last equality follows from Lemma 12.2.111 and Corollary 11.3.111 □ 



2.3 The spectral action 
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Theorem 2.3.1. Consider the n-NC-torus {C°°{r^),n,V) where n £ ^ and ^9 IS a n X n 
skew- symmetric real diophantine matrix, and a self adjoint one-form A = L{—iAa) <8> 7". Then, 
the full spectral action of Va = T> + A + eJAJ~^ is 
(i) for n = 2, 

S{Va, ^, A) = 4tt $2 + 0{A-^), 

(a) for n = 4:, 

5(Pa,$,A) = 87r2$4A4-^ $(0)r(F^,F^'^) + O(A-2), 
(Hi) More generally, in 

n 

5(2?^, CD, A) = J^ci>„_fcC„_fe(>l)A"-'= + 0(A-i), 

fc=0 

Cn-2{-^) = 0, Cn-k{A) = for k odd. In particular, Co{A) = when n is odd. 

This result (for n = 4) has also been obtained in [62] using the heat kernel method. It 
is however interesting to get the result via direct computations of (|1.6p since it shows how this 
formula is efficient. As we will see, the computation of all the noncommutative integrals require a 
lot of technical steps. One of the main points, namely to isolate where the Diophantine condition 
on is assumed, is outlined here. 

Remark 2.3.2. Note that all terms must be gauge invariants, namely, according to i2.9\) . in- 
variant by Aa — > 7u(^a) = uAaU* + u5a{u*). A particular case is u = Uk where UkSaiU^) = 
-ikaUo. 

In the same way, note that there is no contradiction with the commutative case where, for 
any self adjoint one-form A, T>a = T> (so A is equivalent to 0!), since we assume in Theorem 
\2.3.1\ that G is diophantine, so A cannot be commutative. 

Conjecture 2.3.3. The constant term of the spectral action of T>a on the noncommutative n- 
torus is proportional to the constant term of the spectral action of V + A on the commutative 
n-torus. 

Remark 2.3.4. The appearance of a Diophantine condition for has been characterized in 
dimension 2 by Connes [27, Prop. 49] where in this case, e = 6i(°^ I) with 9 eM.. In fact, the 
Hochschild cohomology H{Aq,Aq*) satisfies dim {Aq, Aq*) = 2 (or 1) for j = 1 (or j = 2) 
if and only if the irrational number 6 satisfies a Diophantine condition like |i _e*27rne|-i _ Q(j^k\^ 
for some k. 

Recall that when the matrix is quite irrational (see [68, Cor. 2.12[), then the C* -algebra 
generated by Aq is simple. 

Remark 2.3.5. It is possible to generalize above theorem to the case V = —ig^y 5^ 7*^ instead 
of (12.41) when g is a positive definite constant matrix. The formulae in Theorem \2.3.1\ are still 
valid. 
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2.3.1 Computations of / 

In order to get this theorem, let us prove a few technical lemmas. 

We suppose from now on that is a skew-symmetric matrix in Mn{^)- No other hypothesis 
is assumed for 0, except when it is explicitly stated. 

When A is a selfadjoint one-form, we define for n E N , q E N, 2 < q < n and a G {— , -|-}^ 

= AVD~^, 
= eJAJ-^VD-^, 
= A"-^ ■ ■ ■ A^K 

Lemma 2.3.6. We have for any g G N, 



j{AD-^y = jiAVD-'^y = j 



A° 

o-e{+,-}9 



Proof. Since Pq € OP-°°, D'^ = VD'"^ mod OP-°° and j{AD-^Y =j{AVD-'^)i. □ 

Lemma 2.3.7. Let A he a selfadjoint one-form, n E N and q E N with 2 < q < n and a G 
{-,+}«. Then 



Proof. Let us first check that JPq = PqJ. Since VJ = eJV, we get VJPq = so JPq = 
PqJPq. Since J is an antiunitary operator, we get PqJ = PqJPq and finally, PqJ = JPq. As a 
consequence, we get JD"^ = D'^J, JVD'"^ = eVD-'^J, JA+J"^ = A" and JA'J'^ = A+. 

In summary, JA'^^J^^ = A~'^\ 

The trace property of / now gives 

j A" = j A"^ ■ ■ ■ A"' = j JA^'^J-^ ■■■JA^W^ j A-'^'i ■■■A-"^ = j ■ ^ 
Definition 2.3.8. In [22] has been introduced the vanishing tadpole hypothesis: 

AD-'^ = 0, for all A G ni{A). (2.17) 



By the following lemma, this condition is satisfied for the noncommutative torus, a fact more 
or less already known within the noncommutative community [137]. 

Lemma 2.3.9. Let n e N, A = L{-iAa) (8) 7°^ = Ui ® 7"^, A^ G Aq, {a^^i }i G 

S{'L'^), he a hermitian one-form. Then, 

(i) jAPD-1 = §{eJAJ-^)PD-i = for p > and 1 < q < n (case p = q = 1 is tadpole 
hypothesis). 

(a) If is diophantine, then j BD~'i = for 1 < q < n and any B in the algehra generated 
hyA, [V,A], JAJ-^ andJ[V,A]J-\ 
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Proof, {i) Let us compute 

j AP{eJAJ-yD-'i. 
With A = L{-iAa) <S> 7" and eJAJ'^ = R{iAa) (g) 7", we get 

AP = Li-iA^,) ■ ■ ■ L{-iAaJ ® 7"^ • • • 

and 

{eJAJ-y = R{iA^,^ )... R{iA^, , ) ® 7"i • • • 7"^' . 
We note aa,i ■= aai,h ■ ■ ■ aap,ip- Since 

L{-iAa,) ■ ■ ■ L{-iAa^)R{iA^,^) ■ ■ ■ R{iA^,^^)Uk = {-if i^' ^aa,ia^' ,v Ui,--- Ui^UkUi,^^ 

^ 1,1' ^ 

and 

we get, with 

Ui,v ■.= Ui,---Ui^UryUr^, 

9lJ,,a,a'{s, k,l,l) :=e^ ^ \l\s+^^ aa',l', 

AP{eJAJ-yD-'i\D\-'Uk ® ~e {-if / ^ 5/.,a,a'(s, K I, I') U^Ui,, 7"'"''''e,. 

1,1' 

Thus, fAP{eJAJ-yD-i = Res /(s) where 

f{s) : = Tr {AP{eJAJ-YD-i\D\-') 

{-if / Vfc e,, ^ g^,a,a' is, k, I, l')UkUi,i, C5 7"'->e,) 

~e / E ' A;,Z,r)C/M') TV(7^'°'-') 

It is straightforward to check that the series ^ iig^^a,a' [s, k, I, I') t(Ui^ii^ is absolutely summable 
if 3fi(s) > i? for a i? > 0. Thus, we can exchange the summation on k and I, V , which gives 



If we suppose now that %>' = 0, we see that. 
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which is, by Proposition l2. 4.151 analytic at 0. In particular, for p = q = 1, we see that f AD ^ = 0, 
i.e. the vanishing tadpole hypothesis is satisfied. Similarly, if we suppose p = 0, we get 

v fceZ" » 1 " 

which is holomorphic at 0. 

{ii) Adapting the proof of Lemma 12.2.121 to our setting (taking qi = 0, and adding gamma 
matrices components), we see that 

/ B = Res Y: E ^EI U.V^^^^^' '--"i^i^^f ^ 



k LI 



where is a complicated product of gamma matrices. By Theorem 12.4.41 {ii), since we 

suppose here that is diophantine, this residue is 0. □ 

Even dimensional case 

Corollary 2.3.10. Same hypothesis as in Lemma \2. 3. 91 
(i) Case n = 2: 

(ii) Case n = 4; with the shorthand 5^^^,,,^^^ := (^^i^t2'5M3M4 + ^iniJ-z^tiitu + '^AiiM4<^/i2M3J 

j A^D-'i = 5,,4 gr (^,, • • • A^,) Tr(7"^ • • • I'^'l^' ■ ■ ■ 7'^^)Vi,...,/.4 • 
Proof, (i, ii) The same computation as in Lemma [2.3.91 {i) (with p' = p = q = n) gives 

/^"I)-" = Res(-ir(j;'^fii^)T( ^c.,iUir--Ui„)TT{^"-...^^-^>^-...r-) 

* fceZ" «e(Z")" 

and the result follows from Proposition 12.4.151 □ 
We will use few notations: 

If n G N, g > 2, Z := (/i, • • • , E (Z-)-?"!, a := (ai, • • • , a,) E {1, • • • , n}^ k E Z"\{0}, 
cTE{-,+r, (a,)i<i<„E(5(Z-))", 

Iq ■= - Y, ' ■= {-i)'' CTj , aa,i ■■= aa^^lj^ . . . aaq,lq , 

(p^{k, I) := Y (^i - ^9) ^-©^i + E (^1 + • • • + lj-i)-Ql, 



gf^{s,k,l) 



i<i<g-i 2<i<g-i 

fc^l (fc+^l)At2 ■■■(^ + h + -- + lq-l)llq 
■~ \k\'' + -^\k + h\-^...\k + h + ... + lg-l\'^ ' 



with the convention ^2<j<q-i ~ ^ when g = 2, and g^{s,k,l) = whenever = — for a 
1< i < o- 1. 
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Lemma 2.3.11. Let A = L{—iAa) 7" = — i^^^g^n a^^i Ui 7° where = — ^4* G a'J'^ 
{ a-a,i }/ £ S{Z'^), with n £ N, be a hermitian one-form, and let 2 < q < n, a £ {— , +}'' ■ 
Then, JA'^ = Res f{s) where 

/(^) ■■= E E'^- ^^'^'^^"''^ 5m(s,^,0 Tr(7"n^'---7°^7'^^)- 
Proof. By definition, /A'^ = Res /(s) where 

Tr(A'"« •••A'^i|L>|-") ~c ^ Vfe^eM/tr^A'^^-.-A'^iC/fc^ei) =: /(s). 

Let r G Z" and u G C^". Since A = L{-iAa) 7", and eJylJ"^ = R{iAa) 7", we get 

With = e2^'~ C/r+z and Urlli = e~^^'~ Ur+i, we obtain, for any 1 < j < q, 

We now apply q times this formula to get 

\k\-'A''^---A'''Uk^ei = X^ ei^'-e^'') g^{s,k,l) a^^i Uk+j:^i^ ® -i'^^r" ■ ■ ■ I'^'l^'ei 

with 



baik, I) := ai k.Qh + cj2 (A; + li).Ql2 + . . . + aq{k + li + . . . + lg^i).Qlq. 



Thus, 



= E'^- E ey^^''''U,{s,k,l)a^,i5(J2h)M7''''r''---7'''7n 

feGZ" ze(Z")'j i 

= E'^- E ei^-^"''^ g^{s,k,l)a^,i Trir^j^^-.-^^^j^^) 

where in the last sum Iq is fixed to — X]i<j<g-i h thus, 

(f)^{k,l)= {aj - ag)k.eij + ^ cJj (/i + . . . + /j_i).e/j. 

i<i<g-i 2<j<g-l 

By Lemma r2. 4. 91 there exists a i? > such that for any s G C with 3f?(s) > R, the family 

^g2'^'^( :) g^(^s,k,l) «a,/)(fc_;)g(2n\{o})x(Z")'3-l 

is absolutely summable as a linear combination of families of the type considered in that lemma. 
As a consequence, we can exchange the summations on k and I, which gives the result. □ 
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In the following, we will use the shorthand 

c := 

Lemma 2.3.12. Suppose n = 4. Then, with the same hypothesis of Lemma \2.3.lR 



sin^/^^ 



(i) ii(A+)2 = i-/(A-)2 = c ^ a«,,za«„_,(r^r^-5-^-^|/|2). 
(u) - i /(A+)3 = -i /(A-)3 = 4c a„3,.z,_z, a;*/ a,,,;, 

fm; i / (A+)4 = 1 i(A-)4 = 2c 5] aa„-/.-;.-^3 ««2,/3 < < sin ^1:^%+^ sin 

Suppose ^0 diophantine. Then the crossed terms in j{Pk^ + A~)'^ vanish: if C is the 
set of all a G {—,+}'' with 2 < q < A, such that there exist i,j satisfying ai ^ crj, we have 

Proof, (i) Lemma [2.3.111 entails that = Res^^g^n —f{s,l) where 

/(^'O := E'SfWF"".' TV(7-27^27"^7'^0 and S,,; := a„„i a„,,_, . 



We will now reduce the computation of the residue of an expression involving terms like |/c + /p in 
the denominator to the computation of residues of zeta functions. To proceed, we use (|2.37|1 into 
an expression like the one appearing in f{s,l). We see that the last term on the righthandside 
yields a Zn{s) while the first one is less divergent by one power of k. If this is not enough, we 
repeat this operation for the new factor of \k + in the denominator. For f{s,l), which is 
quadratically divergent at s = 0, we have to repeat this operation three times before ending with 
a convergent result. All the remaining terms are expressible in terms of Z„ functions. We get, 
using three times (I2.37p . 

1 _ 1 _ 2k.i+\i\'^ (2fc.;+|;p)2 _ (2fc.;+|;p)3 ,^ „^ 

]FPIp ~ ffcp ^ \k\^ "jfcpjFPTp" • l^--^oj 

Let us define ^ ^ 



so that /(s,0 = /«,^(s,/)Tr(7"27M2^ai^w). Equation (12^8)1 gives 

/a,M(s, = his, I) - f2{s, I) + fsis, I) - r{s, I) 
with obvious identifications. Note that the function 



is a linear combination of functions of the type i/(s, V) satisfying the hypothesis of Corollary 
12.4.121 Thus, r{s,l) satisfies (HI) and with the previously seen equivalence relation modulo 
functions satisfying this hypothesis we get fa,^j.{s, I) ~ /i(s, /) — /2(s, + fsi^, 0- 
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Let's now compute fi{s,l). 

fi{s,i)= j;'^^^^fS^</=<i + 



Proposition 12.4. ll entails that s ^ J2kei^"' \k]=+-^ holomorphic at 0. Thus, fi{s,l) satisfies (HI), 

and /„,^(s, /) ~ -/2(s, + /3(s, 0- 

Let's now compute /2(s,0 modulo (HI). We get, using several times Proposition 12.4.11 

2lS)'j — 0,OL,l — |^|s+6 



0+ ^' ^''gfc> 5a./ + 5a./ + 0. 



Recall that ^'^^^^^ = ^Z„(s + 4). Thus, 

his, I) ~ 2l%,a^/-^Zn{s + 4) + %^Z,(s + 4). 

Finally, let us compute fz{s,l) modulo (HI) following the same principles: 



'(2H)2fc^jA;^2+(2'=0^fcMl'M2+l'l*''=Ml'=M2+l'l*''^>l'M2+(4fc0l'PfcMl'^>2+(4^0KP^ 



E' n.;j^n.p2-^i^^n,t; "■Ml^M2'^l'l "-Pj "-M2 I ' I ""Ml 'M2 ^ '■''"'^ I ' I "■Ml"-M2'^'^''"'VI''l "'Ml'-M2 „ 



In conclusion, 



UA^, ~ -i(2/m^M2 + V? ^^.^^.,)aa,lZn{s + 4) + 4rZ^' 5«,; ^ =: 5a.;.(s, 0- 



Proposition (|2.4.ip entails that Zn{s + 4) and s ^ X^fcgZ"'~^~f^sw^ extend holomorphically in 
a punctured open disk centered at 0. Thus, ga,^is,l) satisfies (H2) and we can apply Lemma 
12.4.131 to get 

- / (A+)2 = Res J2 /(^' = E ^«n^ 9aA^^ Trir'l^'l'^'in =■■ E ^«n^ 9{s, I). 

I s=0 ^ — ' ^ — ' s=0 — ' s=0 

The problem is now reduced to the computation of Res g{s, I). Recall that ReSs=o ^4(5+4) = 27r^ 
s=0 

by S2A\\\ or (lOHIl . and 

\ - ' k 



ReSs=o E ^'itl^+s'" — i^ij^lm + ^il^jm + ^im^jl) J2- 



Thus, 

R 

=0 



Res 9'a./^(s,Z) — 2 (Iq,^; 0'fii^fi2 "I" 2 1^1 ^fJ-if^2J 



48 



Chapitre 2. Spectral action on noncommutative torus 



We will use 

Xr(^Mi . . . = ^(1) ^ S^,^^,J,,^,,^ ■ ■ ■ 5^,^^^^,,^^ (2.19) 

all pairings of { l- -2j } 

where s{P) is the signature of the permutation P when P2m-i < P2m for 1 < m < n. This gives 

Tr(7"2')/^'2-|/"i-|//^i) = 2'"((5"2^'25"i'^i - 5"i"2JM2Mi _^ ^a2Mi^M2Q!i)_ (2.20) 

Thus, 

Res g{s,l) = -ca^^i {l^J^, + l\l\H^,^,)i6'''''H'''f'' - 5"i-2 5^*2^1 + ^"2 mi ^Ma^i) 

Finally, 

i/(A+)2 = i/(A-)2 = c a,„,a„,,_i (P^r^ - ^i^^l/p). 
(u) Lemma r2. 3. Ill entails that = Res^^^^ ;2)e{Z")2 fis,l) where 

fl'^ /^ \^^'rt'lQ^2 fcMl(fc+h)M2(^'+^2)M3 ~ rr^ ( a3 H3 a2 ^l2^al nl\ 

= : /„,^(s, Tr(7-37'^3^-2^^2^ai^Mi)^ 

and Sa^i := Oq,^,;^ aa2,i2 '^as-h ^2 := ^1 + h- 
We use the same technique as in {i): 

1 ^ _ 1 2fc./i+|;i|2 (2fc.;i+[;i|2)2 
|fc+«ip WF |fc|4|fc+/i|2 ) 



1^ ^ 2k.l2 + \l2\^ , (2k.l2 + \l2?f 

\k+l2\^ IfcP FF \k\*\k+l2? 



and thus. 



= 1 _ 2|:^ _ 2|Ja + i?(A;, /) (2.21) 



where the remain R{k,l) is a term of order at most —6 in k. Equation (I2.2ip gives 

/a,M(s,0 = fi(.s,l) +r{s,l) 
where r{s,l) corresponds to R{k,l). Note that the function 

r\ _ \^'iJh®^-^ V(fc+/)M2(fc+r2)M3^(fc.O ~ , 

^[S^l') — |fc|s+2 fla,/ 

is a linear combination of functions of the type i?(s, /) satisfying the hypothesis of Corollary 
(12.4.1211 . Thus, r(s,0 satisfies (HI) and /„,^(s,/) ~ /i(s,/). 
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Let us compute fi{s,l) modulo (HI) 

f n _ ^^lOh fcMl(fc+^l)M2(fe+^2)M3 ~ 'a AhSh fc^i (fc+/l)M2 (^+12)^3 {2k.h+2kl2) ~ 



E A AhBh fcMlfcM2'2M3+feMl^M3'lM2 Ah^h k^-^k^^k^,^{2k.h+2k.l2) 

ie§'^®'^ a„,,((/i^,5^,^3 + /^^3^mA«2) i^4(^ + 4) - 2(11 +3,) ^ '^^^^^^^f^) 



Since ga,^{s,l) satisfies (H2), we can apply Lemma r2.4. 131 to get 

(Zi,/2)e(Z")2 

= V Res 5a,M(^,0l^(7"^7'^^7"^7^^7"^7'^^) =: E^'" 
(h,«2)e(Z")2 i 

Recall that k ■= -h - h = By (fOHIl and (l23Q|), 

{ it TT^ 

Res ga,fj.{sj)i 6"^ ^ ^ aa,l{2{ — l\ + ^3)f2 ('^MiM2^M3i + ^^^l^J.s^^J.2^ + '^Mii'^M2At3) 
s=U 

We decompose X, in five terms: = 2™ ^ i ei'i®'^ ^^^^ (j.^ + + Tg + r4 + Tg) where 



To 
T3 



^_^oi20i3^pu^aiti. _|_ |ja2a3^aiP^M!^ _ (5"2a3^PP(^aii/^2T^^ 
(^^ot3U ^oi2p^oiip. _ ^asu ^aip^oi2p. _|_ ja3i^(^PM^ai"2 
(^_^oiioi-i^oi2p^pu _|_ ^aia3^P'^(^a2M _ (5"i"3 ^PP(^a2;^^2o ^ 
(^§Oi'-ii^^OL2p^aiu _ ^a-ip^pu ^aioi2 _|_ J"3P^aiP^a2i'-)2Q^ 



pvi 



With the shorthand p := —li — 2/3, g := 2li + /3, r := —p — q = —h + I3, we compute each Tj, 
and find 

22^2 _ ^2"* — 2)6°'^°'^p°'^ — 2™'(5°2"^q"i — 2™(5'^2a3j,cn 

22^2 _ ^aia3pa2 _ ^0203^01 _|_ ^«ia2pa3 _j_ 2"*J"2«i^a3 _j_ ^0302^ai _ |J0301^«2 _j_ ^ai02^03 

= _(^'^i'^3 2™p<^2 _ ^0103201^02 _j_ ^0103^2"^ — 2)r"^ 

32^^ _ |jai03p02 _ ^0102^03 _|_ ^0302^01 _j_ ^0302^01 _ ^0102^03 _|_ |ja30i^«2 _|_ 1^2 — 2''")5"i"2^a3 

Thus, 

Xi = 2"" e§'i-®^2 (^a3 5«i«2 + ^0250103 + ^«i5«2a3) (2.22) 
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and 

j{A+f = i2c{Si + S2 + S3), 

where Si, S2 and 53 correspond to respectively g'^3^oia2^ ^02^0103 pai^a2a3_ jjj -^g 
permute the k variables the following way: h ^ I3, I2 ^ ^i, I3 1— > h- Therefore, Is-Qli 1— > h-Qh 
and q ^ r. With a similar permutation of the a^, we see that 5i = We apply the same 
principles to prove that Si = S^ (using permutation li 1— > ^2, h ^ h, h)- Thus, 



where 54 correspond to li and ^5 to I2. We permute the k variables in ^5 the following way: 
h ^ h, h ^ h, h ^ ^3, with a similar permutation on the Since h.Qh ^ —li.Qh, we 
finally get 

(iii) Lemma [2 . 3 . 1 1 1 ent ails that = Res^^^^ i3)e(Z")^ Tr 7^^'" where 

9:= h.Qh + h.Qk + h-Qh, 

f („ J\ .- \^ ' p¥ ^Ml (fc+^l)M2 (fc+r2)M3 (fc+^3)M4 ~ 
Jt,,aKb,L) .- t ,;t|«+2|fc+;^|2|fc+72|2|fc+r3p 

• '^aijii Q"a2,^2 '^03, ^3 '^04,— ii— ^2— ^3 " 



Using (|2.37p and Corollary 12.4.121 successively, we find 

f ( Q 1\ \ ^ 'o^^ fcfji fcfi2 ^M3 ^^4 ■;xr , \ ^ 'e,^^ ^Ml ^M2 ^M3 ^M4 7^ , 



Since the function X^ytg^n'eS^ ^'^^^fJ^+i^'^'^ aa,i satisfies (H2), Lemma r2.4.13l entails that 



Therefore, with (jOOl) . we get = ^ a„,; e2^ (A + S + C), where 

A := Tr(7"^7'^^7-3^^^^"2^M2^"i^^J, 
5 := Tr(7-*7'^47"3^'^2^"2^^^^ai^^j^ 
C := Tr(7°*7'^47"3^^^^"2^M2^ai^^j^ 

Using successively {7^,7*^} = 25^'^ and 7^7/^ = 2*" I2™, we see that 
A = C = 4 Tr(7"4 7"3^a2^ai)^ 
S = -4 (Tr(7°''7"37"i7"2) +Tr(7"'*7"27"3^"i)), 
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Thus, A + B + C = 8 2™(5"4a3ja2ai _^ ^a^ai^a^ai _ 25"4a2 ^«3ai ) ^ and 

X, = ^ 2™ a„,z (5"4"3^"2ai _^ ^a4ai^«3«2 _ 25"4«2^a3ai^^ ^2.23) 

By (ITMIl . we get 

j{A+f = 2c {-2Ti + T2 + n), 



where 



Ti := ^ Oa4,z4 aa3,;3 002,^2 Oaj,/! e2^ '^o,E« '^"""^ "^"^"^ 



Zl,...,Z4 



Zl,...,/4 

73 := Yl «"4,U ««3,;3 «a2,Z2 dauh e^' -^o.E.i. 
li,...,U 

We now proceed to the following permutations of the k variables in the Ti term : h h, h ^ h, 

13 ^ U, U I3. While li is invariant, 9 is modified : 6 i— > h-Qh + /2-0^4 + ^i-0^4- With (^o.E 
in factor, we can let U be — — I2 — h, so that 61 1-^ —6. We also permute the Ui in the same 
way. Thus, 

Ti = Yl aa3,;3««4,U«a,A««2,Z2e"^' Ve.^. 

Zl,...,/4 

Therefore, 

2Ti = 2 Y aa,M ««3,/3 «a2,Z2 Oa^.z^ cos I 5o,E.«, (2-24) 

Zl,...,Z4 

The same principles are applied to T2 and T3. Namely, the permutation h ^ h, h ^ I3, h ^ h, 

14 i—> ^4 in T2 and the permutation h ^ h, h ^ h ^ h, U ^ h in ^3 (the Oi variables are 
permuted the same way) give 

T2= Y «"4,uaa3,Z3«a2,Z2aai,Zieino,j:^z, <5°4"2 5"^"S 
'^3= Y "°4,«4 aQ3,«3aa2,Z2 o-auh e'^"^ ^o,T.^h ^"^""^ 

Zi,...,Z4 

where 4> := Z1.6 ^2 + ^i-© ^3 — ^2-© ^3- Finally, we get 

^(A+)^ = Ac Y "'O'lM «a2,Z3 (hi '^o.E, ui^^^ 2 - cos f ) 
Zivi'4 

= 8c ^ a„„_z,_z2-Z3aa2,i3<< si^^- (2-25) 

Zl,...,Z3 



{iv) Suppose q = 2. By Lemma r2.3.11l we get 

/a- = Res V A,/„,^(s,/)Tr(7°2^'^2^-i^w) 
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where 

Ja,fi{t',L) .— |fc|s+2|fc_,_;|2 e Oq,,; 

and r/ := \{iJ\ — a^) G {—1, 1}- As in the proof of (i), since the presence of the phase does not 
change the fact that r{s,l) satisfies (HI), we get 

faA^J)-^ fl{s,l)-f2is,l) + f3is,l) 

where 



f_,(„ I\ — \ ^ ' ^Ml (^+0m2 k.&i ~ 



/ ;\ _ ^ fc^i(fc+0M2(^fe-'+KP) Jyk.ei- 



fceZ" 



fcgZ" 

Suppose that / = 0. Then /2(s,0) = /3(s,0) = and Proposition 12.4.11 entails that 

is holomorphic at and so is /o,^(s,0). 

Since is diophantine, Theorem 12.4.41 3 gives us the result. 
Suppose q = 3. Then Lemma [2.3.111 implies that 

-fA^ = Res UAs, I) Tr(7^3^"3 . . . ^..^«.) 

where 

f \ Jfc.e(£i;i+£2/2)^^'^2/l.e/2 feMl(fc+'l)M2(^+'l+'2)M3 ~ 

and := ^(dj — (T3) G {—1,0,1}. By hypothesis (£1,62) 7^ (0,0). There are six possibilities 
for the values of (£1,62), corresponding to the six possibilities for the values of a: (—,—,+), 
(-, +, +), (+, -, +), (+, +, -), (-, +, -), and (+, -, -). As in (ii), we see that 



' e'fe-Q('^l'i+^2'2) fc^^ {k+h)^^ (k+12)^^ 



Ele^k.e{e^l^+e2l2)k^,^{k+h)^.2i''+h)^.^{2k.h+2kX2) s ~ ^a2li.ei2 

k€l" 



With Z := {{h^h) '■ ^ih + £2^2 = 0}, Theorem 12.4.41 (iii) entails that Z^/g(2n)2\^ //i,o(s, /) 
holomorphic at 0. To conclude we need to prove that 

is holomorphic at 0. By definition, Ao- = io'ia20'3 and as a consequence, we check that 

ff(-,-,+) = -5(+,+,-), g{+,-,+) = -g{+,-,-), 9i-,+,+) = -g{-,+,-), 



IS 
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which imphes that g{a) = 0. The result follows. 

Suppose finally that q = 4. Again, Lemma r2 . 3 . 11 1 implies that 



A- = Res V ^,a(s,0 Tr(7'^V---7^^7"^) 

/G(Z")3 



where 

tj •— ^(jC |fc|»+2|fc+ii|2|fc+ii+i2|2|fc+ii+Z2+i3P ""'^ 

and Ej := ^(dj — (T4) G { — 1,0, 1}. By hypothesis {£i,S2,£3) / (0,0,0). There are fourteen possi- 
bilities for the values of {£i,£2,£3), corresponding to the fourteen possibilities for the values of 
(-,-,-,+), (-,-,+,+), (-,+,-,+), (+,-,-,+), (-,+,+,+), (+,-,+,+), (+,+,-,+), 
(+,+,+,-), (-,-,+,-), (-,+,-,-), (+,-,-,-), (-,+,+,-), (+,-,+,-) and (+,+,-,-). 
As in (ii), we see that, with the shorthand 6^ := (72/1.0/2 + (^sih + /2)-0/3, 

With Z„ := {{li,l2,h) ■ ELi ^^^^ = 0}^ Theorem (m), the series ^2i£(Z"y^\Za ffj.,a{s,l) is 
holomorphic at 0. To conclude, we need to prove that 

Y,9{<y) :=ES Tr(7'^^7°4...7'^^7°i) =0. 

Let C be the set of the fourteen values of a and C7 be the set of the seven first values of a given 
above. Lemma [2.3.71 implies 

E<7('t)=2 



^ttl ^/lO ^ 

so that 



Thus, in the following, we restrict to these seven values. Let us note F^{s) := Yl'kez^ '^'''^'^il^s+i"^"' 



g{a) = Res F^{s) Yl ^''^ <i Tti^f^^^' ■ ■ ■ j^'^')- 



s=0 

l£Z, 



Recall from that 



Res F^{s) Tr(7^*7"4 • • • 7/^17°!) = 2c(5°4"3 5"2«l + 5"4ai5«3a2 _ 2(5°4a2^a3"l) , 

As a consequence, we get, with a^^/ := a^j^/j • • • a^^^i^, 

=:2cA,(ri + r2-2r3). 

We proceed to the following change of variable in Ti: /i 1-^ /i, ^2 ^ /s, /s "-^ ^2, ^4 > /4- Thus, we 
get Q„ ^ ipa- := (T2/1.6/3 + crsih + /3)-0/2, and J2i=i ^ik ^ £ih + £3/2 + £2/3 =: u„{l)- With a 
similar permutation on the aj, we get 

Tl= e^'^^Sa,/'^j:4^^,,,0<^.lU+.3^2+.2^3,0'5"^"^<5°^"^ 
fn)4 
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We proceed to the following change of variable in T2: h I2, h ^ h, h ^ h, h ^ h- Thus, we 
get 9a 1-^ (l>a ■= (Tih-Qh + 0-3(^2 + ^3)-0^i, and Ya=i ^ih ^ £zh + £1^2 + £2^3 =: Va{l). After a 
similar permutation on the a^, we get 

Finally, we proceed to the following change of variable in T3: li I2, h ^ h, h ^ h, h ^ h- 
Thus, we get 9^ ^ -^9^, and Yl^=i ^i^i ^ (^2 — £3)^1 + (^i — £3)^2 — £3^3 ='■ Wa{l)- With a similar 
permutation on the Oj, we get 

As a consequence, we get 

where Ka{hM,h) = Xa{ei^^ + e^"^^ 5^,(o,o - e^'^" ^Y.U^ih,o ~ ""'^^^ '^«'.(0,o)- 

The computation of Ka{li,l2,h) for the seven values of a yields 

K — ++(^1, ^2, ^3) = ^h+hfi + '^/2+'3,o - ^h+hfi - ^h+l2,0^ 
K — ++(^1,^2,^3) = ^h+kifi + ^h+hfi ~ ^h+hfl - ^l2+h,0^ 

K+_++ih, I2M) = -(e^'^-®'^%,o + ei'-®'^<5,3,o - ei'-®^^5z„o - e^'^-^'^Si^fl) , 
K++.^{h,l2M) = ~{ei''-''''6i,,^ + eh'^-''''5i,,o-ei''-®^^ 



Thus, 



and 



^ Ka{h, I2, k) = H^hfi - <^Ef=i'i,o) sin 



h.Oh 
2 



^ g{a) = z4c (<5,3,o - S^s^^ sin ^ S^.^^ s^^^^S^-^^^ . 



The following change of variables: h 1-^ I2, h ^ h, h '-^ h, h '-^ h gives 
so 
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Finally, the change of variables: I2 h gives 

which entails that ^g-eCr ~ 0- '-' 
Lemma 2.3.13. Suppose n = 4 and ^0 diophantine. For any self-adjoint one-form A, 

Proof. By (II. lip and Lemma [2. 3. 61 we get 

n „ 

C...(0)-CM0) = E^ E /^^- 

By Lemma r2. 3. 121 (it;), we see that the crossed terms all vanish. Thus, with Lemma r2.3.7l we get 

n „ 

Cd, (0) - Cd(0) = 2 ^ till / {k+f. (2.26) 

9=1 

By definition, 

k k,l 

= i ^ [{aa2,k kai - aai,k /saa) - 2 ^ Oa^^k-i 0.02,1 sin(^)] Uk- 
k I 

Thus 

T(Fai«2-^"'"^) = E E [("^"a.fc - /cca) - 2 ^ a^^^k-u a«2,/' sin(^)] 

[(^02, -A: ^ai ~ flQ!i,-fe ^02) ~ 2 ^ aQ,i,-A;-r Oa2,v' sin(^^^)] . 

One checks that the term in of r(Fo^a2-^"^"^) corresponds to the term J(A+)'' given by Lemma 
12.3.121 For g = 2, this is 

2 ^ ^ Q-Qj ,i fla2,— i (^ai ^0:2 ^ai02KI )• 
/GZ*, 01, 02 

For (7 = 3, we compute the crossed terms: 

^ ^ ^ (0-02, fe ^Cfl ^01, fc ^«2 

) a^/ af2(C/fc[C/fc,,/] + [C/fc,,?7,]C/fc), 

k,k',l 

which gives the following a^-term in r(FQjQ2F°i°2) 

h 
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For g = 4, this is 

-4 ^a.,-h-i.-is «a„.3 < < Sin ^ 



sm ■ 

h 



which corresponds to the term J(A+)^. We get finally, 

n „ 

^ /(A+)5 = -|r(F,„„,F-^-^). (2.27) 

q=l 

Equations ([Oell and ^17} yield the result. □ 
Lemma 2.3.14. Suppose n = 2. Then, with the same hypothesis as in Lemma {2.3.11\ 

(t) j{A+f=j{K-f = Q. 
(a) Suppose diophantine. Then 

j K^hr =jhrK'^ = 0. 

Proof, (i) Lemma [2.3.111 entails that = Res^^g22 —f{s,l) where 

and aa,i ■= 0-01,1 (^02,-1- This time, since n = 2, it is enough to apply just once (|2.37ll to obtain 
an absolutely convergent series. Indeed, we get with (|2.37p 

Jfi,a{^''') — ^pPI 0-0,1 2-^ |fc|s+4|fc+i|2 

and the function r{s,l) := X^lgz^ ^ ^o,/ is a linear combination of functions of 

the type H{s, I) satisfying the hypothesis of Corollary 12.4.121 As a consequence, r(s, /) satisfies 
(HI) and 



Note that the function (s, 1-^ h^^ais, I) := Yl'kez'^ ^1:]^+^ satisfies (H2). Thus, Lemma [2.4.13l 



yields 

Res fis,l) = V Res Tr(7"^7'^^7"^7'^^)- 

/ez2 

By Proposition 12.4.151 we get Res ha,a{s,l) = Sn-^n.^ '^Oa,i- Therefore, 



/ A++ = -vr ^ S,,; Tr(7"2^'^^"i7^) = 



2.3. The spectral action 



57 



according to (I2.20p . 



(ii) By Lemma we obtain that /A-+ = Res Xligza Tr(7"27/^27°i7W^ 

where Ao- = — (— i)^ = 1 and 



and ry := i((Ti — 02) = —1. As in the proof of (i), since the presence of the phase does not change 
the fact that r{s,l) satisfies (HI), we get 

Since ^0 is diophantine, the functions s ^ Yli^z'2\{o} 9a,ti{s,l) are holomorphic at s = by 
Theorem 12.4.41 3. As a consequence, 

/ A-+ = Res <7a,^(s,0)Tr(7"27'^^7°i7'^i) = Res ^'^|i^S„,o Tr(Y 



Recall from Proposition 12.4.11 that ReSs=o Yl'k&i? \k\^+i ~ ^ij ^- Thus, again with (l2.2Qp . 

-^A-+ =<ovr TV(7-2 7^7-i7^) =0. □ 
Lemma 2.3.15. Suppose n = 2 and -^Q diophantine. For any self-adjoint one-form A, 

CdAo)-Cd{o) = o. 

Proof. As in Lemma 12.3.13^ we use (II. lip and Lemma 12.3.61 so the result follows from Lemma 
Odd dimensional case 

Lemma 2.3.16. Suppose n odd and ^@ diophantine. Then for any self-adjoint 1-form A and 
a G {-,+Y with 2<q<n, 

Proof. Since A'^ G ^'i(^). Lemma [2.2.121 with k = n gives the result. □ 
Corollary 2.3.17. With the same hypothesis of Lemma \2.3.16[ for any self-adjoint one-form A, 

Cd^(o)-Cd(o) = o. 

Proof. As in Lemma 12.3.131 we use (II. lip and Lemma 12.3.61 so the result follows from Lemma 
12.3.161 □ 
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2.3.2 Proof of the main result 

Proof of Theorem \2.3.1\. (i) By (II. 6|) and Proposition 12.2.61 we get 

5(P^,$,A) = 47r«>2A2 + $(0)CD^(0) + O(A~2), 

where $2 = ^ J^^{t)dt. By Lemma EXISl Cz)a(O) - Cz)(0) = and from Proposition [2231 
Cd(0) = 0, so we get the result. 

(ii) Similarly, 5(P^,$,A) = Svr^ $4 A^ + $(0) Cd^ (0) + ©(A'^) with $4 = ^f^^{t)tdt. 
Lemma EXHimpHes that Cda(O) " Cd(0) = -CT{Ff,^F>"') and by Proposition E^SJ Cda(O) = 
—CT{F^yF^^) leading to the result. 

{iii) is a direct consequence of (|1.6p . Propositions 12.2.51 12.2.61 and Corollary 12.3. 171 □ 

2.4 Holomorphic continuation and residues of series of zeta func- 
tions 

In the following, the prime in means that we omit terms with division by zero in the 
summand. (resp. is the closed ball (resp. the sphere) of with center and radius 1 

and the Lebesgue measure on 5"~^ will be noted dS. 

For any x = (rci, . . . G M" we denote by |x| = y^xf + • • • + the euclidean norm and 
:= |xi| H h \xn\. 

N = {1, 2, . . .} is the set of positive integers and No = NU{0} the set of non negative integers. 
By f{x,y) <^y g{x) uniformly in x, we mean that \ f{x,y)\ < a{y) \g{x)\ for all x and y for 
some a(y) > 0. 

2.4.1 Residues of series and integral 

In order to be able to compute later the residues of certain series, we prove here the following 

Theorem 2.4.1. Let P{X) = X]^=o ^ji-^) ^ • • • , X„] he a polynomial function where Pj 

is the homogeneous part of P of degree j. The function 

has a meromorphic continuation to the whole complex plane C. 

Moreover C^{s) is not entire if and only if Vp := {j : J^^^n-i Pj{u) dS{u) / 0} / 0. In 
that case, has only simple poles at the points j + n, j ^ Vp, with 

Res C^is) = [ Pjiu)dSiu). 

The proof of this theorem is based on the following lemmas. 

Lemma 2.4.2. For any polynomial P G C[Xi, . . . , X„] of total degree 5{P) := Y17=i degx^P and 
any a G Ng, we have 

5° (p(x)|xr") <p,„,„ (1 + |s|)'"ii|xr'^-i"ii+^(^) 

uniformly in x G verifying \x\ > 1, where a = 
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Proof. By linearity, we may assume without loss of generality that P{X) = X'^ is a monomial. 
It is easy to prove (for example by induction on |a|i) that for all a G Nq and x G R" \ {0}: 

u ) — a. l|/3|i+|^t|J /3! At! |^|<t+2(|/3|i+|m|i) • 

It follows that for all a G Ng, we have uniformly in x G verifying |x| > 1: 

5" (1 + |xr"-l"li . (2.28) 

By Leibniz formula and (|2.28|) . we have uniformly in x G verifying |x| > 1: 

5" (x^|x|-^) = ^ Q d<^{x^) a"-^ (|x|-^) 

/3<q;/3<7 

«7,a,n + |x|-^-|"ll + l^ll. □ 

Lemma 2.4.3. Let P G C[Xi, . . . ,Xn] be a polynomial of degree d. Then, the difference 

which is defined for 3^(s) > d+n, extends holomorphically on the whole complex plane C. 

Proof. We fix in the sequel a function -0 £ C°° (M" , M) verifying for all x G 

0<ip{x)<l, V'(a;) = 1 if > 1 and ^(a;) = if |x| < 1/2. 

The function /(x, s) := ■0(x) P(x) jx]""*, x G M"- and s G C, is in C°°(]R" x C) and depends 
holomorphically on s. 

Lemma 12.4.21 above shows that / is a "gauged symbol" in the terminology of [73, p. 4]. 
Thus [73, Theorem 2.1] implies that Ap(s) extends holomorphically on the whole complex plane 
C. However, to be complete, we will give here a short proof of Lemma r2. 4. 31 

It follows from the classical Euler-Maclaurin formula that for any function /i : M ^ C of class 
qN+1 verifying lim\t\^+^ h^''\t) = and f^\h^^Ht)\ dt < +co for any k = N + 1, that we 
have 

J2h{k) = [ h{t) + ^ / B^^^it) /.(^+i)(t) dt 

where B^+i is the Bernoulli function of order + 1 (it is a bounded periodic function). 

Fix m' G Z"-"^ and s G C. Applying this to the function h{t) := il){m' ,t) P{m',t) \{m',t)\~'^ 
(we use Lemma r2.4.2l to verify hypothesis), we obtain that for any iV G Nq: 

7p{m',mn) P{m',mn)\im',mn)\-^ = / ij{m' ,t) P{m' ,t) \{m' ,1)1-' dt+TlNim' ; .s) (2.29) 
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where 7^^(m';s) := y^ J^BN+i{t) ^^i^im',t) P{m' ,t) \{m' ,t)\~') dt. 
By Lemma [2X21 

BM+i{t) £^ P{m',t) \{m',t)r) | «p,„,^ (1 + 1^1)'^+' (|m'| + 

Thus X^m'GZ"-! ^^("^'i ^) converges absolutely and define a holomorphic function in the half 
plane {a = ^{s) > 5{P) +n-N}. 

Since A'^ is an arbitrary integer, by letting N ^ oo and using ()2.29p above, we conclude that: 

s ^2 ipim' ,mn) P{m' ,mn) \{m' ,mn)\~'^- ^ / ip{m' ,t) P{m' ,t) \{m' ,t)\^-'^ dt 

(?Tt',m„)GZ"~ixZ m'eZ"-i 

has a holomorphic continuation to the whole complex plane C. 
After n iterations, we obtain that 

has a holomorphic continuation to the whole C. 

To finish the proof of Lemma [2.4.31 it is enough to notice that: 

• V(0) = and VM = 1, Vm G \ {0}; 

• s 1-^ J^„ip{x) P{x) \x\~^ dx = J^xmp-i/2<\x\<i}'^^^') dx is a holomorphic 
function on C. □ 

Proof of Theorem \2.4-l\ Using the polar decomposition of the volume form dx = dpdS in 
M", we get for 5R(s) >d + n, 



I 



oo 



^dx = / ^ / P,iu) dS{u) = ^ / P,{u) dS{u). 



Lemma r2.4.3l now gives the result. □ 



2.4.2 Holomorphy of certain series 

Before stating the main result of this section, we give first in the following some preliminaries 
from Diophantine approximation theory: 

Let us recall Definition 12.2.31 Let S > 0. A vector a G M" is said to be 5— diophantine if there 
exists c > such that \q.a — m| > c \q\~^ , G \ { 0} and Vm G Z. We note BV{6) the set of 
(5— diophantine vectors and BV := Us>o^3V{6) the set of diophantine vectors. 

A matrix O G A^„(M) (real n x n matrices) will be said to be diophantine if there exists 
u G such that *0(m) is a diophantine vector of M"'. 

Remark. A classical result from Diophantine approximation asserts that for all 6 > n, the 
Lebesgue measure of \ BV{6) is zero (i.e almost any element of is (5— diophantine). 

Let 6 G M-nO^)- If its row of index i is a diophantine vector of (i.e. if G BV) then 
*0^ej) G BV and thus G is a diophantine matrix. It follows that almost any matrix of Aini^) ~ 
M" is diophantine. 

The goal of this section is to show the following 
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Theorem 2.4.4. Let P G C[Xi, • • • ,Xn] be a homogeneous polynomial of degree d and let b be 
in cS(Z" X • • • X Z") (q times, qeN). Then, 

(i) Let a e M". We define fa{s) := e^-'^-. 

L If a £ Z", then fa has a meromorphic continuation to the whole complex plane C. 
Moreover fa is not entire if and only if /^g^n-i -P('u) dS{u) ^ 0. In that case, fa has only a 
simple pole at the point d + n, with Res fa{s) = /^g^n-i P{u) dS{u). 

2. If a €z \ Z", then fa{s) extends holomorphically to the whole complex plane C. 
(a) Suppose that @ G A4„(]R) is diophantine. For any {ei)i G { — 1,0, 1}"^, the function 

extends meromorphically to the whole complex plane C with only one possible pole on s = d + n. 
Moreover, if we set Z := {I e (Z")"? : Y.i=i ^ik = 0} and V := Y.i^z ^(0; ^/*en 
1- If V Jgn-i Piu) dS{u) / 0, then s = d + n is a simple pole of g{s) and 

Res g{s) = V f P{u)dS{u). 

s=d+n J«e5"-i 
2. If V Jg„_i P{u) dS{u) = 0, then g{s) extends holomorphically to the whole complex plane 

C. 

(Hi) Suppose that Q G A4n(M) is diophantine. For any (ej)j G {—1,0, 1}'^, the function 



where Z := {I ^ (Z")"? : Yli=i ^i^i ~ 0} extends holomorphically to the whole complex plane C. 
Proof of Theorem \2.I.4\ First we remark that 

vfcGZ" |fc| 

Pik) 

rises 



li a £ then fa{s) = Yl'keZ'^^^ ■ point (i.l) follows from Theorem 12.4.11 

9(s) ■■= Eie{z-)i\z Kl)fej:^e,iM) + (E/e2 K0)E1gZ"^- Thus, the point {ii) 



easily from (iii) and Theorem 12.4.11 

So, to complete the proof, it remains to prove the items (i.2) and (Hi). 

The direct proof of {i.2) is easy but is not sufficient to deduce (iii) of which the proof is more 
delicate and requires a more precise (i.e. more effective) version of (i.2). The next lemma gives 
such crucial version, but before, let us give some notations: 

^ ■■= {jxfir^^^hw^ ■ andrGNo}. 

We set g =deg(G) =deg(P) - r G Z, the degree of G = ^xl+-^+xl+iy/^ ^ 
By convention we set deg(O) = — oo. 

Lemma 2.4.5. Let a G W^. We assume that d{a.u,I,) := inim^z \a.u — m\ > for some u G Z". 
For all G £ we define formally, 
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Then for all N G N, all G G J- and all i E {0,1}, there exist positive constants Ci := 
Ci{G, N,u), Bi := Bi{G, N,u) and Ai := Ai{G,N,u) such that s i— > Fi{G]a;s) extends holo- 
morphically to the half-plane {3?(s) > —N} and verifies in it: 

FiiG;a;s) < Ci{l + \s\f^ {d{a.u,Z)y^\ 

Remark 2.4.6. The important point here is that we obtain an explicit bound of Fi{G;a; s) 
in > —N} which depends on the vector a only through d{a.u,7,), so depends on u and 

indirectly on a (in the sequel, a will vary). In particular the constants Ci := Ci{G,N,u), Bi = 
Bi{G,N) and Ai := Ai{G,N) do not depend on the vector a but only on u. This is crucial for 
the proof of items (ii) and (Hi) of Theorem \2.4-4\ ' 



Proof of Lemma 12.4.51 for i = 1: 

Let G No be a fixed integer, and set go := n + N + 1. 
We will prove Lemma 12.4.51 by induction on g =deg(G) G Z. More precisely, in order to prove 
case i = 1, it suffices to prove that: 

Lemma [2.4.51 is true for all G G verifying deg(G) < — ^o- 

Let 5 G Z with g > —go + 1. If Lemma [2.4.51 is true for all G G ^ such that deg(G) < 

5-1, 

then it is also true for all G G .F satisfying deg(G) = g. 

• Step 1: Checking LemmaE13]for deg(G) < -go := -{n-\- N + 1). 

Let G{X) = , 2 I ^^y2 I i\r/2 ^ ^ Verifying deg(G) < —go- It is easy to see that we have 
uniformly in s = a + ir G C and in G : 

|G(fc)e^"'fe-°| ^ \P(k)\ 1 ^ 1 ^ 1 

(|fe|2_|_l)<T/2 ([fc|2_)_;^){r + <T)/2 (lfc|2 + l)(r+<T-deg(P))/2 (| |2 (a-des(G)) /2 ( [ 1 2_|_1) (ct + sq ) /2 ■ 

It follows that Fi (G; a; s) = '^j^^^in ^|^,|2^ff)s/2 s^^* converges absolutely and defines a holomor- 
phic function in the half plane {a > —N}. Therefore, we have for any s G {3f?(s) > —N}: 

\Fi{G;a;s)\ <^g Y1 (|fc|2+i)(-iv+9o)/2 Yl (|fc|2+i)(n+i)/2 '^G 1- 

Thus, Lemma [2.4.51 is true when deg(G) < — ^o- 

• Step 2: Induction. 

Now let g G Z satisfying g > —go + 1 and suppose that Lemma 12.4.51 is valid for all G G 
verifying deg(G) < g — 1. Let G £ with deg(G) = g. We will prove that G also verifies 
conclusions of Lemma 12.4.51 

There exist P G C[Xi, . . . , X„] of degree d > and r G No such that G{X) = ,^2, ^Fv\,^\r/2 
and g =deg(G) = d — r. 

Since G{k) <C (|/cp + 1)^/^ uniformly in /c G Z", we deduce that -Fi(G; a; s) converges absolutely 
in {a = 3f?(s) > n + g]. 
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Since k k + u is a bijection from Z" into Z", it follows that we also have for 5R(s) > n + g 

J^_,(r-n-^\- J^(fc) „27Tik.a _ ST P{k+u) 2-Ki{k+u).a 

riy<^,U,b)- (|fc|2 + l)(s+r)/2 K - (|fc+„|2 + l)(.+r)/2 ^ 

_ 2mu.a \ ^ P(fc+n) 2nik.a 

/ /II 19 , n7 , I 19 , aJ^r\ /O 



(|fc|2+2fc.«+|M|2 + l){''+'-)/2 



27riM.a nfl \ " d"P{k) 2Trik.a 

^ / ^,1 / ni 19 . nj .1 19 , -i\/^_l_^W9 ^ 



y^(-{s+r)l2\ 8"P(fc)(2fc.M+|»p)^ 2-Kik.a 



(|fcP + l)(s+'-+2j)/2 6 



^ a! ^ (|A:|2+2fc.-u+|M|2+l)(s+r)/2 

QGNJJ;Ia|i=aiH hOn<(i ^e^" 

_„25riii.a uf^ 9°P(fc) , 2fc^ti+Hf \ -(s+r)/2 27ri fc.a 

a! (|fc|2+i){.+r)/2 (|fcp+i) ; e 

Let M := sup(iV + n + 5, 0) e Nq. We have uniformly in A; G Z" 

/ 9M- 

/, 2fc.n+|»|2 x-(.+r)/2 _ /-(,+r.)/2N (2fc.«+|«P) ^ .^1^^^^+^ 

V (i^p+i) ^ ~ V i / (ifci2+i)j ^ ^^Af,M^^(|^[2+l)(A/+l)/2^ 
i=o 

Thus, for o = 3f?(s) > n + d, 

r?/r'-^-o\ — ^"i-Kiu.a «° \ ^ 9"P(fc) , 2k.u+\u\'^ \-{s+r)/ 2 ^2-Kik.a 

ri\yj,a,s) - e a\ (|fc|2+i)(s+r)/2 \^ ^ (|fc|2+i) J ^ 

|a|i<d fceZ" 

_ ^2-Kiu.a ^ ^ i/l^-(«+'-)/2-j ^ 
|a|l<dj=0 fcG2 

Set / := {(a,j) E x {0, . . . , M} | |a|i < 4 and /* := / \{(0,0)}. 

Set also G(^a,j);u{X) := ^ Ql^\2ll^(r'Zlu2^ ^ ^ for all (a, j) G /*. 
Since M>A^ + n + 5, it follows from (12:30]) that 

(I_e2.i..a^^^^^.^.^^^g2.^..a ^ ^ (-(^+^0/2)^^ (g.^^^^.^^^. + ^^(^j ^ (2.31) 

where s i-^ Rn{G; a; u; s) is a holomorphic function in the half plane {a = 3f?(s) > — A^}, in which 
it satisfies the bound R]\f{G;a;u;s) <^g,n,u 1- 
Moreover it is easy to see that, for any (a,j) G /*, 

deg(G(,,j).„) = deg(5"P) + j - (r + 2j) < d - \a\i + j - (r + 2j) = g - \a\i - j < g - 1. 

Relation (I2.3ip and the induction hypothesis imply then that 

(1 - e^'^^"-") Fi{G; a; s) verifies the conclusions of Lemma [2X5l (2.32) 

Since |i_e2'^«"-a| = 2| sin(7rn.a)| > d{u.a,Z), then (|2.32ll implies that Fi{G;a;s) satisfies conclu- 
sions of Lemma 12.4.51 This completes the induction and the proof for i = 1. 
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Proof of Lemma 12.4.51 for i = 0: 

Let G N be a fixed integer. Let G{X) = ^^2^ ^^x^+i)'-/^ ^ 9 ~ ^^s(^) = d — r 
where d > is the degree of the polynomial P. Set also M := sup(A^ + 5 + n, 0) G Nq. 

Since P{k) <. \k\'^ for A; G \ {0}, it follows that Fo{G;a;s) and Fi{G;a;s) converge 
absolutely in the half plane {a = 5R(s) > n + g}. 
Moreover, we have for s = cr + «r G C verifying a > n + g: 

G{k) ^2nik.a _ \^ ' Gjk) 1 ^27Tik.a 



p^rr-n-'i)- V G(fc) 27Tik.a _ ' G{k) r. 

ro{u,a,b)- (|fc|2+i_i)V2 ^ - (|fc|2+i)s/2 |fcp+T 

fcGZ"\{0} fcGZ" 
M 



(|fc|2 + l)(s+2j)/ 
jfcGZ" i=0 



(|fc|2_|_l){<T+2M+2)/2, 



M 



Y^{-f){-iyF,{G;a;s + 2j) 



j=0 



In addition we have uniformly in s = o" + ir G C verifying a > —N, 

V ' ^^^^^ « V ' « V < +00 

/ ^ (|fc|2 + i)(<T+2M+2)/2 ^ (|fc|2_,_i)(-JV+2M+2)/2 ^ |fc|n+l ^ -TOV. 

fceZ" A;GZ" A;GZ" 

So (|2.33p and Lemma [2.4.5l for i = 1 imply that Lemma [2.4.5l is also true for i = 0. This completes 
the proof of Lemma [2.4.51 □ 



Proof of item (i.2) of Theorem I2.4.4t 

Since a G M" \ Z", there exists iq £ {1, . . . ,n} such that Z. In particular (i(a.ejQ,Z) = 
d{aiQ,Z) > 0. Therefore, a satisfies the assumption of Lemma [2.4.51 with u = ei^. Thus, for all 
N E N, s fais) = Fq{P; a; s) has a holomorphic continuation to the half-plane {3f?(s) > —N}. 
It follows, by letting N — > 00, that s 1-^ fais) has a holomorphic continuation to the whole 
complex plane C. 



Proof of item (iii) of Theorem I2.4.4t 

Let e G 7W„(M), (ei)i G {-1,0, 1}« and b G x Z"). We assume that G is a diophantine 

matrix. Set ^ := { / = {h,...,lq) G (Z")^ : ^.6^/^ = 0} and P G C[Xi,...,X„] of degree 
d > 0. 

It is easy to see that foi a > n + d: 

ie(Z")'?\5: fceZ" iG(Z")9\.z fceZ" ze(Z")'j\2 

< +00. 
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So 

converges absolutely in the half plane {K(s) > n + d}. 

Moreover with the notations of Lemma [2.4.51 we have for all s = cr + «r E C verifying a > n + d: 
go{s)= E Kl)fej:^e.iM= E mmP■,&Y.,'^h■,s) (2.34) 

But is diophantine, so there exists u G Z" and S,c> such 

\q. *eu -m\>c{l + G \ { }, Vm G Z. 

We deduce that V/ G (Z'^)^ \ Z, 

\{eY,fih)-u-m\ = \{^,£ili)}eu-m\ >c{l + \^eili\y^>cil + \l\)-^. 

It follows that there exists u £ 6 > and c > such that 

V/G(Z")«\Z, d{{eJ2fik)-u;Z) >c{l + \l\)-\ (2.35) 

Therefore, for any I G (Z")*? \ Z, the vector a = Q Y2i ^i^i verifies the assumption of Lemma 
2.4-5\ with the same u. Moreover 5 and c in ^2. S5\} are also independent on I. 
We fix now N £ N. Lemma [2.4.51 implies that there exist positive constants Co := Co{P, N,u), 
Bo := Bi{P, N, u) and Ao := Ao{P, N, u) such that for all I G (Z*^)" \Z,s^ Fo{P; 9 j^i ^ik; s) 
extends holomorphically to the half plane {3f?(s) > — A^} and verifies in it the bound 

Fo(P;e E^i^i;s) < Co(l + |s|)^" d{{QY.edi).u-Z)-^\ 

i 

This and (|2.35|) imply that for any compact set K included in the half plane {3f?(s) > —N}, 
there exist two constants C := C{P,N,c,6,u,K) and D := D{P,N,c,6,u) (independent on 
I G (Z")9 \ Z) such that 

Vs G i>C and VZ G (Z'^)'? \ Z, Fo{P;Q J^^i^i' < ^ {1 + . (2.36) 

i 

It follows that s 1-^ J2ie{Z")i\z b{l)Fo{P; @ 'Yl,i^ih', s) has a holomorphic continuation to the half 
plane {^{s) > -N}. 

This and ( I2.34|) imply that s ^ gois) = Y2ie(Z")i\z^i^)f& Y^i^^iki^) ^ holomorphic conti- 
nuation to {3ft(s) > —N}. Since N is an arbitrary integer, by letting N — > oo, it follows that 
s I— > gois) has a holomorphic continuation to the whole complex plane C which completes the 
proof of the theorem. □ 

Remark 2.4.7. By equation h2.32^) . we see that a Diophantine condition is sufficient to get 
Lemma [2.4-5[ Our Diophantine condition appears also (in equivalent form) in Connes [27, Prop. 
49] (see Remark 4-2 below). The following heuristic argument shows that our condition seems to 
be necessary in order to get the result of Theorem \2. 4 ■4\ ' 
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For simplicity we assume n = 1 (but the argument extends easily to any n). 

Let 9 £ R\Q. We know (see this reflection formula in [52, p. 6]) that for any I £ 'Z \ {0}, 

9ei{s) := Y^' = p^^r(f ) hei{l - s) where hgi{s) := ^ 

So, for any (a/) e 5(Z), the existence of meromorphic continuation of go{s) := Yl'iez 9si{^) 
equivalent to the existence of meromorphic continuation of 

hois) := f'Olis) = X] I^'fW- 

So, for at least one ctq G M, we must have = 0(1) uniformly in k,l £ Z*. 

It follows that for any (a/) G \6l + A;| ^ uniformly in k,l £ Z*. Therefore, our 

Diophantine condition seems to be necessary. 



Commutation between sum and residue 

Let p G N. Recall that is the set of the Schwartz sequences on In other 

words, b£S{{Z'^)P) if and only if for all r G Nq, {1 + Ih]"^ + ■ ■ ■ \lp\'^Y \b{h , ■ ■ ■ is bounded 

on (Z")?'. We note that if Q G R[Xi, ■ ■ ■ ,Xnp] is a polynomial, (aj) £ 5(Z")p, b £ 5(Z'^) and cp 
a real-valued function, then I := [h, ■ ■ ■ ,lp) i— > a{l) b{—lp) Q{1) 6*"^^^) is a Schwartz sequence on 
(Z")P, where 

a{l) ■= aiih) ■ ■ ■ ap{lp), 
k ■= h + ■ ■ ■ + h- 



In the following, we will use several times the fact that for any (/c, I) £ (Z")^ such that A; / 
and k ^ —I, we have 

1 _ 1 2A:./ + |^P 

Lemma 2.4.8. There exists a polynomial P £ M[Xi,-- - ,Xp] of degree Ap and with positive 
coefficients such that for any k £ Z", and I := (h, • • • ,lp) £ (Z")^ such that k ^ and k ^ —k 
for all 1 < i < p, the following holds: 

Proof. Let's fix i such that 1 < i < p. Using two times (|2.37p . Cauchy-Schwarz inequality and 
the fact that | A: + p > 1 , we get 

1^ < j_ _L m\h\+\k\^ , (2\k\\ii\+\if)^ 
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Since \k\ > 1, and \li\^ < if 1 < j < 4, we find 

Taking P(Xi, • • • , Xp) := 5^(1 + ^E^i^j fY now gives the result. □ 

Lemma 2.4.9. Let b E p G N, Pj G 6e a homogeneous polynomial 

function of degree j, k G Z", / := {h,--- ,lp) G (Z")^', r G Nq, <p be a real-valued function on 
Z" X (Z")P and 



h{s, k, I) :- 



b{l)Pj{k) e^'^C^'^) 
^+^|fc+ri|2...|A; + I 



wif/i /i(s, A;, := i/, for k ^ 0, one of the denominators is zero. 
For all s & C such that K(s) > n + j — r — 2p, the series 



H(s):=y"' h(s,k,l) 



(fc,OG(Z")P+l 

is absolutely summable. In particular, 

Proof. Let s = o" + zr G C such that a > n + j — r — 2p. By Lemma r2. 4. 81 we get, for /c / 0, 

|Ms,fc,/)|<|6(/)P,-(fe)||A;|-^-'^-2pp(0, 

where P{1) := and P is a polynomial of degree Ap with positive coefficients. 

Thus, \h{s,k,l)\ < F{l)G{k) where F{1) := \b{l)\P{l) and G{k) := \Pj{k)\\k\-'-''-'^P . The 
summability of Yli£{Z")p ^i^) implied by the fact that b G 5((Z")''). The summability of 
Yl'k&"^ik) ^ consequence of the fact that a > n + j — r — 2p. Finally, as a product of two 
summable series, J2k i^iO^i^) ^ summable series, which proves that X^fc ^^(s, fc, is also 
absolutely summable. □ 

Definition 2.4.10. Let / be a function on D x (Z")p where D is an open neighborhood of in 
C. 

We say that / satisfies (HI) if and only if there exists p > such that 

(i) for any I, s f{s,l) extends as a holomorphic function on Up, where Up is the 
open disk of center and radius p, 

(ii) the series Y,i^(^z")p \\^i'^^)\\oo,p ^ summable series, where Olloo,p '■— 

supsec/p \H{s,l)\. 

We say that / satisfies (H2) if and only if there exists p > such that 

(i) for any I, s ^ f{s, I) extends as a holomorphic function on Up — {0}, 

(ii) for any 6 such that < 5 < p, the series "^i^^^^n-jp ||^(") OIloo <5 p summable, where 
\\H{-,l)\\oo,s,p ■= sups<\s\<p\H{s,l)\. 
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Remark 2.4.11. Note that (HI) implies (H2). Moreover, if f satisfies (HI) (resp. (H2) for 
p > 0, then it is straightforward to check that / : s i— > X]/g(Z")p /(•^jO extends as an holomorphic 
function on Up (resp. on Up \ {0}). 

Corollary 2.4.12. With the same notations of Lemma 2.^.9. suppose thatr + 2p — j > n, then, 
the function H{s,l) := Yl'k&^^i^i^^^) satisfies (HI). 

Proof, (i) Let's fix p > such that p<r + 2p — j — n. Since r + 2p — j > n, Up is inside the half- 
plane of absolute convergence of the series defined by H(s, I). Thus, s ^ H{s, I) is holomorphic 
on Up. 

(a) Since < \k\P for all s £ Up and k £ Z'^ \ {0}, we get as in the above proof 

\his,k,i)\<\b{i)p,ik)\\kr+''-^pp{\h\,... ,\ip\)- 

Since p<r + 2p — j — n, the series summable. 

Thus, ||i^(-,Olloo,p < ^-^(0 where K := Efc'|-P,(A:)| |A;|-''+/'-2p < ^o. We have already seen 
that the series Yli^i^) summable, so we get the result. □ 

We note that if / and g both satisfy (HI) (or (H2)), then so does f + g. In the following, we 
will use the equivalence relation 

f ^ g f — g satisfies (HI). 

Lemma 2.4.13. Let f and g be two functions on D x (Z")^ where D is an open neighborhood 
of in C, such that f ^ g and such that g satisfies (H2). Then 

Res /(^'0= E Res 5(^,0. 

Proof. Since f ^ g, f satisfies (H2) for a certain p > 0. Let's fix rj such that < rj < p and 
define as the circle of center and radius rj. We have 

Res g{s, I) = Res f{s, = lil _£ f(^' " / ^''^^ ' 

where / = [0,27r] and u{t,l) := 2^r/e**/(^ e**, Z). The fact that / satisfies (H2) entails that the 
series E/e(Z")p ll/(-> Olloo,c^ is summable. Thus, since ||n(-,/)||^ = ||/(-, Olloo.c^. the series 
I^/G(Z")p OIloo is summable, so, as a consequence, J2ie{Z"-)p 0*^* = J2ie{Z"-)p fi ^(^^ 0^^* 
which gives the result. □ 

2.4.3 Computation of residues of zeta functions 

Since, we will have to compute residues of series, let us introduce the following 
Definition 2.4.14. 



oo 

C{s) ■■=Y.n 

n=l 

Zn{s) := Y.' 



UP^ ... hPn 

fcGZ" 
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where C{s) is the Riemann zeta function (see [76] or [51]). 

By the symmetry k — > —k, it is clear that these functions Cpi,...,pn all vanish for odd values 
of Pi. 

Let us now compute Co,--- ,o,ii,o- - ,o,ij,o- - ,o(s) in terms of Zn{s): 
Since Co,--- ,o,ii,o--- ,o,ij,o--- ,0(5) = Ai{s)5ij, exchanging the components ki and kj, we get 

Co,-- ,o,ii,o- ,o,ij,o- ,o(s) = %- Znis - 2). 

Similarly, 

but it is difficult to write explicitly Cpi,...,pn(s) ™ terms of Zn{s — 4) and other Z„(s — m) when 
at least four indices pi are non zero. 

When all Pi are even, Cpi,...,pn('^) 1^ nonzero series of fractions where is a homogeneous 
polynomial of degree pi + ■ • • + Pn- Theorem 12 . 4 . 1 1 now gives us the following 

Proposition 2.4.15. Cpi,. ..,pn ^^■^ " meromorphic extension to the whole plane with a unique 
pole at n + pi + • • • + Pn- This pole is simple and the residue at this pole is 

r(2i±l)...r(P"+^) 

s=n+f^t-+p,. Cpi,...,p„(s) = 2 ^^nV + -+pl^ (2.38) 

when all pi are even or this residue is zero otherwise. 
In particular, for n = 2, 

Res ' ^ = % TT , (2.39) 



and for n = 4, 



Res V 

s=0 ^ 



^ h h 2 



fcpT^ — OlJ 2 ' 

Res 5^ ' = (5ii<5/™ + 5u5jm + 5im<5j7) fj • (2-40) 

Proo/. Equation (l2:38]l follows from Theorem (I2XTD 

Res Cpi,...,p„(5)= / A;f ...C'(i5(A:) 

<j=n+piH hpn Jk£S"^^ 

and standard formulae (see for instance [133, VIII, 1;22]). Equation (|2.39|1 is a straightforward 
consequence of Equation (|2.38l) . Equation (I2.40p can be checked for the cases i = j ^ I = m and 
i = i = I = m. □ 

Note that Z„(s) is an Epstein zeta function associated to the quadratic form q{x) := x\ + 
... + x^, so Z„ satisfies the following functional equation 

Zn{s) = ^^-"/2p(^/2 - s/2)r(s/2)-i Zn{n - s). 
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Since 7r*~"'/^r(n/2 — s/2) r(s/2)~^ = for any negative even integer n and Zn{s) is meromorphic 
on C with only one pole at s = n with residue 2Tr"^^T(n/2)~^ according to previous proposition, 
so we get Zn{0) = —1. We have proved that 

Res Zn{s + n) = 2iT'^I^T{n/2)-^ , (2.41) 
^n(O) = -1. (2.42) 

2.4.4 Meromorphic continuation of a class of zeta functions 

Let n,^ e N, g > 2, and p = {pi,. . . ,Pg-i) G N^~^ 
Set I := {i \ Pi 0} and assume that / / and 

I:={a = {ai)iei | Vi G / = (a^,!, . . . ,ai,pj G Ng'} = H^o'- 

iei 

We will use in the sequel also the following notations: 

- for x = (xi, . . . ,xt) G M* recall that = |a;i| + • • • + and \x\ = a/x^ + • • • + x^; 

- for all a = {ai)ia G X = Elie/NgN 

= E = E E M (^/^) = n o = n n 

A family of polynomials 

In this paragraph we define a family of polynomials which plays an important role later. 
Consider first the variables: 

- for Xi,... ,Xn we set X = (Xi, ... , 

- for any i = 1, . . . ,2q, we consider the variables Yi^i, . . . , Yi^n and set Yi := (1^,1, . . . , ^,n) 
andF:= (Fi, . . . , Fsg); 

- for y = (Fi. . . . , Y2g), we set for any I < j < q, Yj := Yi + ■ ■ ■ + Yj + Yg+i + ■■■ + Yq+j. 
We define for all a = (ajjjg/ G T = Hie/ ^o' polynomial 

Pi _ _ 

Pa{X,Y) :=l[ll{2{X,Yi) + \Yi\Y'''- (2.43) 
iei j=i 

It is clear that Pa{X,Y) G Z[X,Y], degxPa < \a\i and degyP„ < 2|a|i. 
Let us fix a polynomial Q G • • • and note d := dcgQ. For a G X, we want to 

expand Pa{X,Y) Q{X) in homogeneous polynomials in X and Y so defining 

L{a) := {/? G n[,^''+^^" : - d/j < 2|a|i and < |a|i + d} 

where dp := Yli Pi^ 

(V2)p^(X,y)Q(X)=: ^a,pXPYP 



l3eL{a) 

^ 2g,n 



where c^,/? G M, := xf' ■ ■ ■ xt and F^ := >f 1"+' ■ • • I'ag'n ■ % definition, X^ is a 
homogeneous polynomial of degree in X equals to dp. We note 
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Residues of a class of zeta functions 

In this section we will prove the following result, used in Proposition l2.2.5l for the computation 
of the spectrum dimension of the noncommutative torus: 

Theorem 2.4.16. (i) Let -^Q he a diophantine matrix, and a G 5((Z")^'^). Then 

l€[{Z")i]2 fceZ" i=l 

has a meromorphic continuation to the whole complex plane C with at most simple possible poles 
at the points s = n + d + \p\i — m where m G Nq. 

(it) LetmeNo and set I (m) ■={{a,(3) G J x nJ^""^^^" : /3 G L(a) and m = 2\a\i - d,3 + d} . 
Then I{m) is a finite set and s = n + d + \p\i — m is a pole of f if and only if 

C{f,m):=y^ai V M„,^(/) / n^d5(u)/0, 

/„f='^n-l 

lez {a,i3)ei{m) •'"^•^ 

with Z := {I : Yli = 0} o,n-d the convention ^0 = 0. In that case s = n + d + \p\i — m is a 
simple pole of residue Res f{s) = C{f,m). 

s=n+d+\p\i—m 

In order to prove the theorem above we need the following 
Lemma 2.4.17. For all N we have 

»=i «=("Ozsien,g/{o,.-,JVF« 
uniformly ink ^17^ and I G (Z")^'^ verifying \k\ > U{1) := 36 (^^^^^^.^5 

Proof. For i = 1, . . . , g — 1, we have uniformly in A; G and I G (Z"')^'^ verifying |A;| > U{1), 



In that case, 

_ _ 00 
\k + k\ = {\k\' + 2{kJ.) + \k\Y' = \k\{l + '-^^ 

where for alH = 1, . . . , g — 1 and for all u G No, 



P:,{k,l) := {2{k,k) + \k\Y, 

with the convention Po(/c,/) := 1. 

In particular P^{k,l) G Z[A;,/], deg^, < u and deg^ < 2u. Inequality (|2.44p imphes that 
for alH = 1, . . . , g — 1 and for all li G N, 



^|P:(A:,/)|<(2v1^)-'^ 
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uniformly in A; G Z" and / G (Z")^'' verifying \k\ > U{1). 

Let G N. We deduce from the previous that for any k ^ 1/^ and / G (Z")^^ verifying 
> U{1) and for alH = 1, . . . , g — 1, we have 

N 

u=0 u>N 
N 

It follows that for any G N, we have uniformly in A; G Z" and I G (Z")^'' verifying > U{1) 
and for all i G /, 

ai6{0,...,Af}K 

where P^^{k,l) = Uf=i P^,., {k,l) for all = (0^,1 , . . . , at^p^ ) G {0, . . . , and 

ie/ "=(">)en,e/{0'---'^F' 
where P,(A:, /) = H.e/ ^'^^ (A;, /) = R.e/ D^Li (fc, 0- □ 

Proof of Theorem \2.4-16 ' 

(i) All p = {pi, . . . ,Pq^i) and a G 5 ((Z")^'') are fixed as above and we define formally 
for any / G (Z")^'? 

^(^«)-E ll\k + krQ{k)e'''-'^^"'^\k\~^ (2.45) 

fcgZ" i=l 

Thus, still formally, 

/(5):= E «^^(^.^)- (2-46) 

It is clear that F{l,s) converges absolutely in the half plane {a = 3^(s) > n + d + \p\i} where 
d = degQ. 

Let A^ G N. Lemma 12.4.171 implies that for any I G (Z")^^ and for s G C such that a > 
n + \p\i + d, 

g-i 

\k\<U(l) i=l 

«={"i).ei6n,ei{0,...,AfF> |fc|>f/(0 

where s Gn{1, s) is a holomorphic function in the half-plane '■= {cr > n + d + \p\i — ^^y^} 
and verifies in it the bound Gn{1,s) <^n,(7 1 uniformly in I. 
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It follows that 



F{l,s)= Yl H^{1,s) + Rn{1,s), (2.47) 

"={".)>G/Gae/{0,...,7VF» 



where 



|fc|s+2|o 



|fc|<c/(0 «=i 

|fe|<l/(/) a=(a.).e/en,e/{0.-,A^F' 

In particular there exists A(N) > such that s Riy(l,s) extends holomorphically to the 
half-plane Djsi and verifies in it the bound i?Ar(/,s) <^N,a 1 + |/|^*-''^^ uniformly in I. 
Let us note formally 

I 

Equation ([2:471) and Rn{1,s) ■^N,a 1 + |/|^(^) imply that 

f{s)^N E ^"(^)' (2.48) 

where ~Ar means modulo a holomorphic function in Djy. 

Recall the decomposition (^^^) Pa{k,l) Q{k) = X]/3gL(Q) ^o,/3(0 ^'^ we decompose si- 
milarly ha{s) = J2i3eL{a) ^a,i3{s). Theorem 12.4.41 now implies that for all a = (aj)ig/ G 
n,e/{0,..-,iVF and/3GL(a), 

- the map s i— > ha,p{s) has a meromorphic continuation to the whole complex plane C with 
only one simple possible pole at s = n -|- — 2|a|i -|- 

- the residue at this point is equal to 

Res K,pis)=y"aiMc,,p{l) [ uf^dSiu) (2.49) 

s=n-(-|p|i-2la|i-|-d^ ' ^ ' J u&S^-^ 

where Z := {/ G (Z)")^'' : Y^\lj = 0}. If the right hand side is zero, ha,f3{s) is holomorphic on 
C. 

By (|2.48p . we deduce therefore that f{s) has a meromorphic continuation on the halfplane 
Dn, with only simple possible poles in the set {n + \p\i + k : —2N\p\i < k < d}. Taking now 
N ^ 00 yields the result. 

(u) Let m G No and set I{m) := { {a J) £ TxN[,^''+^^" : (3 £ L{a) and m = 2|a|i -d/j-Fd}. 
If (a, j3) G /(m), then |a|i <m and |/3|i < 3m -|- d, so I{m) is finite. 

With a chosen such that 2N\p\i + d > m, we get by ([^151) and (ITi^ 



Res f{s) = y^ai V M„,^(0 / u^dS{u)=Cif, 



m) 



l&Z {a,l3)el{m) 

with the convention = 0. Thus, n -|- d -|- |p| 1 — m is a pole of / if and only if C(/, m) 7^ 0. □ 
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Chapitre 3 

Spectral action on SUq{2) 



3.1 Introduction 

The quantum group SUq{2) has aheady a rather long history of studies [92] being one of 
the finest examples of quantum deformation. This includes an approach via the noncommutative 
notion of spectral triple introduced by Connes [28, 37] and various notions of Dirac operators 
were introduced in [8,18,20,31,67]. Finally, a real spectral triple, which was exhibited in [48], 
is invariant by left and right action of Uq{su{2)) and satisfies almost all postulated axioms of 
triples except the commutant and first-order properties. These, however, remain valid only up to 
infinitesimal of arbitrary high order. The last presentation generalizes in a straightforward way 
all geometric construction details of the spinorial spectral triple for the classical three-sphere. In 
particular, both the equivariant representation and the symmetries have a g — > 1 proper classical 
limit. 

The goal of this chapter is to obtain the spectral action on SUq{2) which is a spectral triple 
with an invertible Dirac operator, with the control of the differential calculus generated by the 
Dirac operator arising as the main difficulty. This issue of computing the spectral action was 
addressed in the epilogue of [137]. In the case of SUq{2), we have Sd'^ = 5(i = { 1, 2, 3 }, so 

5(Pa,$,A) = ^ -^kA'-flDAl-' + mCDM- (3-1) 

l<fc<3 

Note that in the case of SUq{2) there are no terms in A~^, A; > because the dimension 
spectrum is bounded below by 1. 

To proceed with the computation of (|3.ip . we introduce two presentations of one-forms. The 
main ingredient is F = sign (P) which appears to be a one-form up to 0P~°°. 

In section 2, we discuss the spectral action of an arbitrary 3-dimensional spectral triple using 
cocycles. 

In sections 3 and 4 we recall the main results on SUq{2) of [48] and show that the full spectral 
action with reality operator given by (ll.6|l is completely determined by the terms 

-j^A'^lVl^P, l<q<p<3. 

where ^ is a linear combination of terms of the form a[|P|, b] with a,b £ A. 
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In section 5, we establish a differential calculus up to some ideal in pseudodifferential operators 
and apply these results to the precise computation of previous noncommutative integrals. 

Section 6 is devoted to explicit examples, while in next section are given different comparisons 
with the commutative case of the 3-sphere corresponding to SU{2). 



3.2 Spectral action in 3-dimension 

3.2.1 Tadpole and cocycles 

Let (A,7i,V) be a spectral triple of dimension 3. We refer to [22,37] for the definition of the 
OP"' spaces and the algebra of pseudodifferential operators '^{A) on a spectral triple. 
For n eN* and € A, define 

<f>niao,--- ,an) := j- ao[D,ai]D~^ ■ ■ ■ [D,an\D~^. 

We also use notational integrals on the universal n-forms i^lu{A) defined by 

aodai ■ --dan := 4>niao,ai, ■ ■ ■ ,an). 



J 

J Sr. 



and the reordering fact that (c/ao)oi = d{aoai) — aodai. 

We use the b — B bicomplex defined in [28]: b is the Hochschild coboundary map (and b' is 
truncated one) defined on n-cochains (f) by 

b(t){ao, an+i) := 6'0(ao, . . . , On+i) + (-l)"+V(an+iao, cti, • • • , On), 

n 

b'(t){ao, . . .,an+i) := ^(-l)>(ao, . . .,ajaj+i, . . . ,a„+i). 

j=0 

Recall that Bq is defined on the normalized cochains (pn by 

-Bo0n(ao,«i, • • • ,an-i) := ^n(l,ao, • • • thus / duj = / u; for uj e O."^'^ (A) . 

J <t>n J Bo(j)n 

Then B := NBq, where AT := 1 + A + . . . A" is the cyclic skewsymmetrizer on the n-cochains and 
A is the cyclic permutation A<^(ao, . . . ,a„) := (— l)"'(?!)(a„, oq, . . . ,a„_i). 
We will also encounter the cyclic 1-cochain N(j)i: 

Ar^i(ao,ai) := ^i(ao,ai) - 0i(ai,ao) and / aodai := N(^i{ao,ai). 



Remark 3.2.1. Assume the integrand of j is in OP^^". Since [D^^,a] = —D~^[D,a]D~^ G 
OP~^, this commutator introduces an integrand in 0P~* so has a vanishing integral: under the 
integral, we can commute with all a ^ A, hut not with one-forms. Note also that since 

Po € OP~°° , any integrand containing Po has a vanishing integral. 
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Lemma 3.2.2. We have 

(z) b(j)i = -4)2. 

(ii) b(j)2 = 0. 

(iii) b(j)3 = 0. 

(iv) B(t)i = 0. 

{v) So</.2 = -(1- A),/.i. 

{vii) B(l)2 = 0. 

(viii) Bo(t>3 = Nb'(l)i. 

(ix) Bcp-i = 3Bo(j)3. 

Proof, (i) 

b(j)i{ao,ai,a2) = j- aQai[D , a2]D'^ ~/"° {ai[V,a2] + [D , ai]a2) D^'^ + j- a2aQ[V , ai]D'^ 

= jao[V,ai] {D~^a2-a2D~^) = - j ao[V,ai]D~^[V,a2]D^^ 
= -4>2{ao, 0,1,02) 

where we have used the trace property of the noncommutative integral. 

(ii) b(j)2{ao,ai,a2,as) 

= j aoai [V, a2]D-^ [V, ag]!)-! - j ao (ai [V, 02] + [V, ai]a2) D'^ [V, a^jD'^ 

+ j ao[V,ai]D-\a2[V,a3] + [V,a2]a3)D-^ - j a3ao[V,ai]D-^[V,a2]D-^ 
= jao[V,ai] {D-'a2 - 020'^) [^,03]^^"' +j ao[V , ai]D-\V , a2] {a^D'^ - D-^a^) 
= -jao[V, ai]D-^[V, a2]D-' [D, a^jD-^ + j ao[V, ai]D-^[V, a2]D-^[D, a^jD'^ 



0. 



(iii) Using Remark 13.2.11 we get (/)3(ao, ai, 02, 03) = Jao[I', ai] [I', a2][^5 03]|I?| ^, so similar 
computations as for (p2 gives b(j)3 = 0. 

(iv) BoMao) =f[V,ao]D-^ = j {Va^D-^ - a^) =0. 

{v) BoMao,ai) = j[V ,ao\D-\V ,a{\D-^ = j aoD-^[V,ai] -j ao[V,ai]D-^ 
= j- aoai — J- aoD^^aiV — J- ao[T>, ai]D~^ 

= - J ai[V,ao]D~^ - ao['D,ai]D'^ = -(/)i(ai,ao) - (/>i(ao,ai). 
(vi) Since — 6A0i(ao, ai, 02) = ^1(02, aoai) — </)i (0102, ao) + (/)i(ai, 0209), one obtains that 
— 6A0i(ao, ai, a2) = -j- aoaiD^^a2T> + aQD~^aiDa2 — aoD~^aia2T> — aoaia2- 
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So by direct expansion, this is equal to —ja^D ^\p,ai\D ^[P, 02] which means that 

-6A.^i(ao,ai,a2) = j[D-^,aQ][V,ai]D-\V,a2]- aQ[V,ai]D-'^[V,a2]D-^ 

= -5003(00, ai, 02) - (^2(00,01,02). 

Now the result follows from (i), {v). 

{vii) B(t)2 = NBQ(f)2 = -N{1 - A)(^i = since A^(l - A) = 0. 

{viii) BoMaQ,ai,a2) = j[D,ao]D-\V,ai]D-^[V,a2]D-^ 

=j aoD-^[V,ai]D-^[V,a2] - j ao[V,ai]D-^[V,a2]D-^ 

= jaoaiD-^[V,a2] - j aoD'^ ai[V , a2] - j ao['D,ai]D-^[D,a2]D-^ 

000102 — -j- aoaiD~^a2'D — -j- aoD~^aiT>a2 + j- aoD~^aia2'D 

-jao[D,ai]D-^[V,a2]D-^ 

=^ 000102 — 02X'oiOo-D~^ + aia2'DaQD~^ + a2'DaQa\D~^ 

— {aoDaia2D~^ — aoVaiD~^ — aoai'Da2D~^ + 000102) . 

Expanding (id + A + A^)fe'(/)i(oo, 01,02), we recover previous expression. 

{ix) Consequence of {viii). □ 

3.2.2 Scale-invariant term of the spectral action 

We know from [22] that the scale-invariant term of the action can be written as 

Cda(O) - Cd(0) = -j-^D-^ + ^JaD-^AD-^ - ljAD-^AD-^AD-\ (3.2) 

In fact, this action can be expressed in dimension 3 as contributions corresponding to tadpoles 
and the Yang-Mills and Chern-Simons actions in dimension 4: 

Proposition 3.2.3. For any one-form A, 

CdAO) - Cd{0) = -\f A + \ f {dA + A^)-\ f {AdA + fA^). (3.3) 

To prove this, we calculate now each terms of the action. 

Lemma 3.2.4. For any one-form A, we have 
(^) dA = /g^^^ A = -J^^A + J^^^ A. 
(n) jAD-^ = h,A = \ Xv^^ ^ - i 4 dA. 
(m) jAD-^AD-^ = - 4 AdA + ^ A\ 
(iv) jAD-^AD-^AD-^ = 4 A^. 
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Proof, (i) and (ii) follow directly from Lemma [3.2.21 (v). 
{in) With the shorthand A = aidhi (summation on i) 



AdA + j ao[P, hQ]aihiD'^ - j ao[2?, 6o]aii:'"^6i 



We calculate further the remaining terms 



J- ao[T>,bQ]aibiD ^ — -j- aolVjbojaiD ^bi = J- aoVboaibiD ^ — -j- aoboVaibiD ^ 

— -j- aoVbottiD^^bi + j- aoboVaiD^^bi, 
which are compared with f^^ = f^^ ao{dbo)aidbi = f^^ aod{boai)dbi — aobodaidbi: 

[ A^ = -f ao[V,boai]D-^[V,bi]D-^ - I a^bo[V,ai]D'\V,bi]D~^ 

= J- aoVboaibiD^^ — j- aoVboaiD^^bi — j- aoboaiVbiD^^ + j- aoboaibi 

— j- aoboVaibiD^^ + j- aoboVaiD^^bi + -j- aoboaiVbiD^^ — j- aoboaibi 
= j- aoVboaibiD^^ — j- biaoVh^aiD^^ — j- aoboVaihiD^^ + ^ biaoboVaiD^^ . 



(iv) Note that 



A = ao{dbo)ai{dbi)a2db2 = / aod{boai)d{bia2)db2 — aobodaid{bia2)db2 
— aod{boaibi)d{a2db2 + aobod{aibi)da2db2 



1-1 



= j ao[V, boai]D-\V, bia2]D-^ [V, b2]D-^ - aobo[V, aijD'^V, bia2]D-^ [V, b2]D- 
- ao[V, boaibi]D-\V, a2]D-^[V, b2]D-^ + aobo[V, aibijD'^V, a2]D-^[V, 62]^"^ 
Summing up the first two terms and the last two ones gives 

[ A^ = -f ao[V,bo]aiD-\V,bia2]D-\V,b2]D-^ - ao[V,bo]aibiD-\V,a2]D-^[V,b2]D-\ 

Using Remark 13.2.11 we can commute under the integral with all a G ^ and similarly 

j AD-^AD-^AD-^ = j ao[D,bo]aiD-\V,bi]a2D~^[V,b2]D-^ 

which proves (iv). □ 
We deduce Proposition 13.2.31 from (|3.2p using the previous lemma. 



80 



Chapitre 3. Spectral action on SUq(2) 



3.3 The SUq{2) triple 

3.3.1 The spectral triple 

We briefly recall the main facts of the real spectral triple (^A{SUq{2)),H,'D^ introduced 
in [48], see also [18,19,31]. 

The algebra: 

Let A := A{SUq{2)) be the *-algebra generated polynomially by a and b, subject to the 
following commutation rules with < q < 1: 

ba = q ab, b*a = qab*, bb* = b*b, a* a + q^ b*b = 1, aa* + bb* = l. (3.4) 

We recall the following lemma from [153, Lemma A2.1]: 

Lemma 3.3.1. For any representation tt of A, 

Spect{^{bb*)) = { 0, I I A; G N } or 7r(6) = 0, 

5peci(7r(aa*)) = { 1, 1 — q^^ | G N} or 7r{b) = and ir{a) is a unitary. 

This result is interesting since it shows the appearance of discreteness for < g < 1 while for 
q = 1, SUq{2) = SU{2) ~ §^ and the spectrum of the commuting operator 7r(aa*) and 7r(bb*) 
are equal to [0,1]. Moreover, all foregoing results on noncommutative integrals will involve q^ 
and not q. 

Any element of A can be uniquely decomposed as a linear combination of terms of the form 
opcyiyti ^jigj-g a G Z, /3,7 G N, with the convention 

The spinorial Hilhert space: 

H = H^ has an orthonormal basis consisting of vectors Ij/inj) with j = 0, ^, 1, . . . , 

M = -J, • • • > J and n = . . . , j+, together with \jiini) for j = i, 1, = -j, and 
n = ■ ■ ■ ,j~ (here := x it ^). 

It is convenient to use a vector notation, setting: 

and with the convention that the lower component is zero when n = zb(j + ^) or j = 0. 
The representation tt and its approximate vr.- 

It is known that representation theory of SUq{2) is similar to that of SU(2) [153]. The 
representation tt given in [48] is: 



7r(a) |j>n)) 

7r(6) 
7r(a*) |j/xn)) 
7r(6*) liAin)) 



/^/^n |J+M""+)) + ^,>n ir (3.6) 
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where 



-7-1/2 \/[i+"+3/2] p, 
[2i+2] ^ 



^ 9' |2j+lJ[2j+2j 9 [2j+l\ 

V[i-n+l/2] U/2 
^ [2i+l] ^ [ 2i][2i+l] 

Vb-n+3/2] 







PJ^,n■ y<J IJ^M^i] ._i V[j-+n+l/2] -i/2 Vb--n+l/2] 

\ « [2j+l][2j+2] 9 [2j+l] 

.~l/2 \/[i+"+l/2] , V[j-n+l/2] 



/?7 := ./«/'+n-V2[.-_ul ^ ^ [2i][2i+l] 

Pjfin- y<i U V[j-+n-l/2] 

V ^ [2j] 

with a^,„ := (a%, _ _)*, := - +)* and with the q-number of a G R be defined as 

For the purpose of this chapter it is sufficient to use the approximate spinorial *-representation 
TT of SUg{2) presented in [48, 138] instead of the full spinorial one tt. 
This approximate representation is 

7r(a) := a+ + a_, 7r(6) := 6+ + 6_ 



with the following definitions, where Qn := yl — 



o_ I j/xn)) 
b+ \jl^n)) 
b- \jl^n)) 



)lr/^+n-)). (3.7) 



All disregarded terms are trace-class and do not influence residue calculations. More precisely, 
Tr{x) — 7r(x) G ICg where ICg is the principal ideal generated by the operator 

Jg\jH)■=<l'\j^^rl)). (3.8) 

Actually, ICg is independent of q and is contained in all ideals of operators such that = o(n~") 
(infinitesimal of order a) for any a > 0, and /Cq C OP~°° . 

We define the alternative orthonormal basis and wlf , and the vector notation 



■= ( ^1 ) ^here u := | j, m-j,l- j+ , j) , := | j, m-j,l-j , j) . 
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Here j G ^N, < m < 2j, < Z < 2j + 1 and vj^^^ is zero whenever _7 = or Z = 2j or 2j + 1. 
The interest is that now, the operators a± and b± assume simpler form: 



«+ <J = qi+1 <+!,/+! 



a_ V 



m,Z 



m.l 



Thus 



* nJ 



a, V 



m,l 



qiv. 



m-lJ-l ' 



Moreover, we have 



b- u"' , 

m,l 



a v; 



-'m,l ~ 1 '^m,Z ' 



(3.9) 



(3.10) 





a+ 


= «'+ 








. = q^ b+b^ , 


b+a+ 


= qa+b+ , 


b^a- 


= q a-b- 




a+ 


= 5^ 04 


* 

-a_ , 




.a- 


- = a-a_ , 


a*_b+ 


= qb+a*_ , 


a*_b- 


= qb-a*_ 


* 


a_ 


= a_ 


* 

0+ , 


b*_ 




= b+b*_ , 


b*_a+ 


= qa+b*_ , 


a_6+ 


= q 6+o_ - 



(3.11) 



Note for instance that 



«+< = , aXa+ vl^ i = ql,+iqf+i v^^ i , 



b+blvl. 



-.21 2 j 

1 'im '^md ' 



21 „2 



bXb+vl, = q'^q, 



1 



m+l ''rad ' 



SO applied to u^^, we get the first relation (and similarly for the others) 

a^a+ — q^ aj^a\ + q^ (^'+&+ — fe+^+) = 1 — ^Z^, 

aj^a\ + a-a*_ + 6+6+ + 6_6!_ = 1, 

a*^a+ + a*_a- + q^ {b\b+ + b*_b-) = 1, 

a*_a- - q^ a_al + q^ b*_b- - i bJb*_ = 0, 

a+al + 616+ = 0, ala+ + q^ 6!. 6+ = 0, 

a-a*j^ + b*_^_b- = 0, a*_^a- + b*_^_b- = 0, 

6+6; - 6;6+ + 6_6!. - 616_ = 0, 

qa^b- — 6_a+ + qa-b-^. — 6+a_ = 0. 



(3.12) 
(3.13) 
(3.14) 
(3.15) 
(3.16) 
(3.17) 
(3.18) 
(3.19) 



And two others: 

Note that we also use two other infinite dimensional *-representations 7r± of A on £^(N) 
defined as follows on the orthonormal basis {£„ : n G N} of ^^(N) by 

7r±(a)e„ := Q-n+ien+i, 7r±(6) £„ := ±q'" £„ . (3.20) 

These representations are irreducible but not faithful since for instance 7r±(6 — 6*) = 0. 

The Dirac operator: 
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It is chosen as in the classical case of a 3-sphere with the round metric: 

^?b>n»:=(o'%_pM' (3-21) 

which means, with our convention, that 'Dv-j^i = {q'^'^ 2j ^ml- Note that this operator is 
invertible (and thus D = Pq = 0). Moreover, it is asymptotically diagonal with linear spectrum 
and 

the eigenvalues 2j + ^ for j G ^N, have multiplicities (2j + l){2j + 2), 
the eigenvalues — (2j + |) for j S , have multiplicities 2j(2j + 1). 
So this Dirac operator coincides exactly with the classical one on the 3-sphere (see [4,80]) 
with a gap around 0. 

Let V = be the polar decomposition of V, thus 

I^^IM = (J%°)M, :=2j + i, (3.22) 
F\jfin)) = {l _\)\jfin)), (3.23) 

and it follows from (|3.7p and (|3.23|) that 

F commutes with a±, b±. (3.24) 



The reality operator: 

This antilinear operator J is defined on t] 

J|j>,n,T):=i2('^'+^+")|j,-/i,-n,T), 
thus it satisfies 

J-^ = -J = J* and VJ = JV, 

t„JT _ „-2{m+0-l„jT 
'^m,l ~ ' "2j~m,2j+l-l ' 



basis of 7i by 

J li, ^, n, i) := i2(2^--M--) _n, j) (3.25) 

T„Ji _ „-2(m+0+l,,ii 



We denote 

B the *-subalgebra of B{Ti.) generated by the operators in 6''{7r{A)) for all A; G N, 
'^oiA) the algebra generated by 6''{tt{A}) and (5''([P, 7r(^)]) for all keN, 
X the *-subalgebra of B{H) algebraically generated by the set {a±,b±}. 
Note that ^o(^) is a subalgebra of ^^{A) (the space of pseudodifferential operators of order 
less or equal to zero). 

The Hopf map r 

For the explicit calculations of residues, we need a *-homomorphism r : X — > vr+(^) ^7r^{A) 
defined by the tensor product in the sense of Hopf algebras of representations 7r+ and 7r_: 



r(a+) := vr+(a) (g) 7r_(a), r(a_) := -g7r+(6) vr_(6*), 

r(6+) := -7r+(a) 7r_(6), r(6_.) := -7r+(6) 7r_(a*). (3.26) 
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In fact, ^ is a Hopf *-algebra under the coproduct A (a) := a(da — qb(db*, A (6) :=a(8)6 + 6(8)a*. 
These homomorphisms appeared in [153] with the translation a a*, 7 <-> —b. In particular, if 
U := ^*) is the canonical generator of the i^i(^)-group (Aa, A6) = (a, b)®U where the 

last means the matrix product of tensors of components. 

The grading: 

According to the shift j — > appearing in formulae (13.91) . (I3.10p . we get a Z-grading on X 
defined by the degree +1 on a+, 6+, a_*, 6_* and —1 on a_, 6_, a+*, 

Any operator T £ X can be (uniquely) decomposed as T = Ylij^jcz'^j where Tj is homoge- 
neous of degree j. 

For T £ X, T° will denote the 0-degree part of T for this grading and by a slight abuse of 
notations, we write r{T)° instead of r{T°). 

The symbol map: 

We also use the *-homomorphism a: 'IT±{A) — > C°°(5^) defined for 2; G 5"^ on the generators 

by 

a(7r±(a)) (z) := z, a(7r±(a*)) (z) := z, a(7r±(6)) (z) = a{7T±{b*)) {z) := 0. 
The application (cr cr) o r is defined on X (and so on ^S) with values in C°°(5^) C°°(5^). 

We define 

dT := [V,T] and (5(r) := [|P|,r]. 

Lemma 3.3.2. a±, b± are bounded operators on TC such that for all p G N, 

(i) 6{a±) = ±a± , S{b±) = ±b±, 

(ii) SPinia)) = a+ + (-l)Pa_ , (^^(71(6)) = 6+ + (-1)^6- , 
(lit) 6{al) = ±p al, 5{hP±) = ±phP±. 

Proof, (i) By definition, a± {jfJ-n)) = (q* |j^/i+n+)) where the numbers a± and P± depend 
on j, n, n and so we get by (|3.22p 

<5(a±)|j>n)) = ( ^t^^^i') |jV+n+)) - ( ^f^''^') |j±M+n+)) 

and similar proofs for b±. 

(ii) and {in) are straightforward consequences of (i) and definition of vr. □ 

Remark 3.3.3. By Lemma \3. 3.^ we see that, modulo 0P~°° , X is equal to B and in particular 
contains ^{A). 

Using (I3.24p . we get that B C ^o(v4.) C algebra generated by B and BF. 
Note that, despite the last inclusion, F is not a priori in ^'q(^). 



3.3. The SUq{2) triple 



85 



3.3.2 The noncommutative integrals 

Recall that for any pseudodifferential operator T, jT := ResC-[){s) where Cvi^) •~ 
Tt:{T\V\~'). 

Theorem 3.3.4. The dimension spectrum (without reality structure given by J) of the spectral 
triple [A{SUq{2)),Tl,T)^ is simple and equal to {1,2,3}. 
Moreover, the corresponding residues for T £ B are 



r|Pr3 = 2(ri®ri)(r(r)°), 
r|P|-2 = 2(ri To + To ri) (r(r)°), 
T\V\-^ = (2ro0ro-iri®ri)(r(r)°), 
FT\V\-^ = 0, 
FT\V\~'^ = 0, 

FT\V\-^ = (ro®ri -Ti ®ro)(r(r)°), 
where the junctionals tq, ti are defined for x S vr-i-(^) by 

ro(x) := hm (Tr^x-(iV + l)Ti(x)), n{x) := ^ a{x){e'')de, 

with TtnX = J2n=o{^n,Xen)- 

Proof. Consequence of [138, Theorem 4.1 and (4.3)]. □ 
Remark 3.3.5. Since F is not in B, the equations of Theorem 3. 3.J\ are not valid for all T G 

But when T G ^1{A), jT\V\~^ = /or A; ^ { 1, 2, 3 } since the dimension spectrum is {1,2,3} 
[138]. 

Compared to [138] where we had 

tI{x):= lim TYjvx- (iV + l)ri(x), t^{x) := lim n x - {N + \) ti{x) , 
we replaced them with tq: 

^0=^0- in, t^ = Tq + Iti. 

Note that ri is a trace on 7r-|-(^) such that ti(1) = 1 and ri(7r+(aa*)) = ^ J^^ IdO = 1, while 
To is not since ro(l) = and 

oo 

ro(^±(aa*)) = " q'l - {N + I) = (3.27) 

so, because of the shift, the substitution a ^ a* gives 

To{iT±{a*a)) =gVo(7r±(aa*)). (3.28) 
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3.3.3 The tadpole 

Lemma 3.3.6. For SUq{2), the condition of the vanishing tadpole (see [37]) is not satisfied. 

Proof. For example, an explicit calculation gives j7r(5)[D, 7r(6*)]D~^ = jz^'- 
Let x,y £ vr(^). Since [F,x] = 0, we have 



jx[V,y]V-^ =jx6{y)\V\-^ = T'{r{x5{y))' 



where r' := 2 tq ® tq — ^ ri (g) ti . 

By LemmaEXa ^W(^(vr(6*)) = (6++6_) ((6-)* - (6+)*) = -6+6+* + 6_6_* + 6+&_*-6_6+*. 
Since only the first two terms have degree 0, we get, using the formulae from Theorem 13.3.41 

r'(r(-6+6+*)) = -r'(7r+(aa*) ® 7r_(66*)) 

= -2To(7r+(aa*))ro(^-(66*)) + (^+(aa*))ri 

and ri(7r_(66*)) = 0. Similarly, using dOSjl 

r'(r(6_6_*)) = 2ro(7r+(66*))To(7r_(a*a)) = 2gVo(^_(aa*))ro(^+(56*). 
Since ro(^±(56*)) = Tr (7r±(56*)) = ^^=0^?'" = ihp and 

-fnmVMbl]V-' = 2j^j^ + 2,2^^ = ^. □ 

In particular the pairing of the tadpole cyclic cocycle with the generator of Xi-group is 
nontrivial: 

Remark 3.3.7. Other examples: with the shorthand x instead ofTT_{x), 

(n ® Ti)r{a5{a*y) = -1, (n ri)r (a*(5(a)°) = 1, 

(ro ® to) r{a5{a*r) = ^ , (tq ^ tq) r (a*(^(a)°^ - 

j a6{a*)\Vr' = 2^ , / a*6{a)\V\-' = . 

j b5{b)\V\-^ = 0, jb*6{b*)\V\-^ 
jb5{b*)\Vr' = ^,, -fb*6{b)\V\-'- 



0, 



-2 



/n particular, N(f)i does not vanish on 1-forms since J^^^ ada* = N(j)i{a,a*) = — 1 

a 

-qb 



Let U be the canonical generator of the ii'i(^)-group, U = I,) acting on ?^®C2. Then 



for Aij := Ylk i=i'^i^ki) d7r{U* ki), using above remark, J^^ Ajj = —2 as obtained in [138, page 
391]: in fact, with P := i(l + F), 



k,l 

satisfies ^i{U,U*) = 2Ek,if Uki5{U*,)P\V\-^ = ^ Au- 
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3.4 Reality operator and spectral action on SUq{2) 

3.4.1 Spectral action in dimension 3 with [F,A\ e 0P~°° 

Let (AjTi-jV) a be real spectral triple of dimension 3. Assume that [F,A] £ 0P~°° , where 
F := 'D\'D\~^ (we suppose V invertible). Let A be a selfadjoint one form, so A is of the form 
A = aidhi where Oj, 6^ G A. 

Thus, A ~ AF mod OP^^ where A := (^-one-form associated to A. Note 

that A and F commute modulo OP~°°. 

We define 

L>A := + -Pa, -Pa the projection on KerPA, 
Va ■■=!> + A, A:=A+JAJ~^ 

Theorem 3.4.1. The coefficients of the full spectral action (with reality operator) on any real 
spectral triple {A, TC, V) of dimension 3 such that [-F, A\ G OP~°° are 

(i) j\DA\-'=j\V\-\ 

iit) j\DA\'^=j\V\~^-^jA\V\-\ 

{Hi) j \Da\'^ = j - 2 j A\V\-^ + 2 j A'^\V\-^ + 2 j AJAJ-^\V\-^ . 

{iv) CdJO) = Cd(0) - 2jA\V\-^ +jA{A + JAJ'^)\V\~^ + j 5{A){A + JAJ~^)\V\-^ 



ij A^\V\~'-^ - 2j A^JAJ-^\V\~^ 



Proof, (i) We apply Proposition 11.3.91 ^ ^ 

(ii) By Lemma ll.3.1()[ we have f I^aI"^ = fl^^l"^ - fi^'^ + VA + A'^)\V\-^. By the 

trace property of the noncommutative integral and the fact that A^|D|~^ is trace-class, we get 

J|Da|-2 =/|P|-2 -2;fAV\V\-'^ =f l^r^ -4/AP|P|-4. Since AV ~ A\V\ mod OP-~, we 

get the result. 

{Hi) By Lemma ri.3.101 (ii). we have 

j\DAt'^ =j\V\-^ - \j(AV + VA + A^)\V\-^ + lj{AV + VA + A^f\V\-^. 

Following arguments of (ii), we get 

j{AV + VA + A2)|P|-3 = 4^ A\V\~^ + 2^ A'^\V\-^ + 2jAJAJ-^\V\~^, 



■^(AP + PA + A^)2|I?|-5 = sjA^\V\-^ + sjAJAJ-^\V\ 



and the result follows. 

{iv) By jni]), Cd.(O) = E?=i ^/(AP-i)^- . 

Moreover, the following holds: j AV'^ = 2jA\V\-^ and /(Ap-i)^ = 2j{A\V\-'^f + 

2/A|P|-VylJ-i|P|-^ Since 5(yl) e 0P°, we can check that §{A\V\--^f = § A^\V\-'^ + 
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j5{A)A\V\-^ and, with the same argument, that j A\V\-'^ J AJ-'^\D\-^ = fAJAJ-^\V\-^ + 
f6lA)JAJ-^\V\-^. Thus, we get 

j(AV-^f = A{A + JAJ-'^)\V\-^ + 2j5{A){A + J AJ-'^)\V\-^ . (3.29) 

The third term to be computed is 

j{KV-^f = 2j{A\V\-^f + ij{A\V\~^fjAJ-^\V\-^ + 2jA\V\-^JAJ-'^\V\-^A\V\-^. 

Any operator in 0P~^ being trace-class here, we get 

j(kD-^f = 2^ A^\V\-^ + 4:j A'^JAJ-'^\V\~^ + 2^ AJAJ-^A\V\-^. (3.30) 

Since j AJAJ-^A\'D\-''^ = f J^J~i|P|-3 by trace property and the fact that 5{A) G 0P°, the 
result follows then from (f^^ and (l3^ . □ 

Corollary 3.4.2. For the spectral action of A without the reality operator (i.e. Pa = + A), 

we get 

j\DA\-^ =j\V\-^ -2j A\V\-^, 

j\D^\-'^ =j\V\-^ - j A\V\-'^ + j A^\V\-^ , 

3.4.2 Spectral action on SUq{2): main result 



On SUq{2), since F commutes with a± and b±, Theorem 13.4.11 can be used for the spectral 
action computation. 

Here is the main result of this section 

Theorem 3.4.3. In the full spectral action (ll.6|l (with the reality operator) of SUq{2) for a 
one-form A and A its associated d-one-form, the coefficients are: 

\D.\-^ = 2, 



/ 

j \Da\-^ = -4 j A\V\-^ 
j\DA\-^ = + 2{j A^\V\-^ - j A\V\-^) + \jA\ 

(^^(0) = _2^^|P|-l +^^2|p|-2 _ 2^^3|p|-3 



+ j A\V\-^{\j A\V\-'^ - j A^\V\-^) + \jA\V\-^jA\V\- 



In order to prove this theorem (in section 4.7), we will use a decomposition of one-forms in 
the Poincare-Birkhoff-Witt basis of A with an extension of previous representations to operators 
like TJT'J^^ where T and T' are in X. 
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3.4.3 Balanced components and Poincare— Birkhoff— Witt basis of A 

Our objective is to compute all integrals in term of A and the computation will lead to 
functions of A which capture certain symmetries on A. 

Let A = 7r(a;*)d7r(y*) on SUg{2) be a one-form and A the associated (5-one-form. The 
and are in A and as such they can be uniquely written as finite sums = J2a Xa'ni'^ and 
= Yl/sVp'^'^ where 171°' := a°^b°''^b*"'-^ is the canonical monomial of A with a,/3GZxNxN 
based on a fixed Poincare-Birkhofi^-Witt type basis of A. 

Remark 3.4.4. Any one-form A = vr(a;*)(i7r(y*) on SUq{2) is characterized by a complex 
valued matrix Aa = Yli^aV^f) where a,/3 G Z X N X N. This matrix is such that 



so for any p G N, § A\V\-P = j A\V\-P . 

This presentation of one-forms is not unique modulo 0P^°° since, as we will see in section 5, 
F = Xidyi where Xj, yi G A, thus for any generator z, [F, z] = Xid{yiz)—Xiyidz— zxidyi = 
mod OP~°°. We do not know however if this presentation is unique when the OP~°° part is 
taken into account. 

The (5-one-forms Mg are said to be canonical. Any product of n canonical (5-one forms, where 
n G N*, is called a canonical 5^ -one-form. Thus, if A is a 5-one-form, A" = {A"')^M^ where 
a = (a, a', • • • , a^^-^)), /? =(/?,/?',.•• , /^("-i)) are in Z" x N" x N", (yl*^)! ■.= A^--- ^fJUlJ and 
M| is the canonical (5"-one form equal to ■ ■ ■ M^^^_l^ . 

Definition 3.4.5. A canonical (5"-one-form is a-balanced if it is of the form 



A = A^,M^ 



where := 7r(m")(5(7r(m^)) . 



In the following, we note 



A:=AiM'^ 




a' 



where EIL'o' + = 0- 



For any (5-one-form A, the a-balanced components of A^ are denoted Ba{A^)'^. 



Note that 




<^ai-t-^l,0 <^a2-|-Q;3-|-/32+/33,0- 



Definition 3.4.6. A canonical (5"-one-form is balanced if it is of the form 



m°6{m^) ■ ■ - m' 



a' 



.("-1) 



where EITo + = and EITo + l^f = EITo + ■ 



For any (5-one-form A, the balanced components of A"' are denoted B[A^)'^. 



90 



Chapitre 3. Spectral action on SUq(2) 



Note that 

As we will show, a contribution to the A;*''-coefficient in the spectral action, is only brought by 
one-forms A such that A'^ is balanced (and even a-balanced in the case k = 1). 

Note also that if A is balanced, then A'' for A; > 1 is also balanced, whereas the converse is 
false. 



3.4.4 The reality operator J on SUq{2) 
Let for any n,p G N, 



qn := Vl^V", q-n := if n > 0, 

-f J. 

9n,p • — Qn+1 ' ' ' Qn+p j Qn,p ' — Qn ' ' ' Qn—{p—l) i 

t I 

with the convention qnO~ 1nO-~ ^- Thus, we have the relations 

7r±(6f ) £„ = {±q^f En , n±{h*P) = {±q^f , 

where := if A; < 0. 

The sign of x G M is denoted rj^. By convention, aj := a, a±j := a± if j > and aj := a*, 
a±j := Qj. if j < 0. Note that, with convention 

T t T I T 

Qn"p •■= qn,p if Oil > 0, qn"p := q^^p if ai < 0, and qli% := 1, 

T 

we have for any ai G Z and p < ai, 7r±(a?ij) e„ = qn'^p en+jja^p- 
Recall that the reality operator J is defined by 

t,jT _ ,-2(m+0-l„jT jjl _ A-2{m+l)+l Jl 

~ * "2j-m,2j+l-l ' "m,l ~ * "2j-m,2j-\-l ' 

thus the real conjugate operators 

a± := Ja±J~^, b± := Jb±J~^ 

satisfy 

^+^m,l-- l23+l-my q q^j^J^m,!^ 1 \ q^i-l ) ^m-\,l-\^ 

U.J —n^.,, /g2j+i-' \ j+ T j ._ _ 2j-m (q2j+i-i N j" 

^m,l ■— l23+l-m { q q2j-i-i) ^m,i+l ' ^m,l ■— 1 I 923-1-;/ m-l,l ' 

So the real conjugate operator behaves differently on the up and down part of the Hilbert space. 
The difference comes from the fact that the index I is not treated uniformly by J on up and 
down parts. 

We denote X the algebra generated hy {a±,b±}, X the algebra generated hy {a±,b±,a±,b±} 
and Ti' := ^^(N) ® and we construct two *-representations Tr± of A: 

The representation 7?+ gives bounded operators on H' while tt- represents A into B(7^'(8)C^). 
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The representation vf^ is defined on the generators by: 

7f+(a) Em ® £2j ■■= q2j+l-m £m ® £2j+l, £2j ■= -q^^""^ Em+l <8) £2^+1 

while 7f_ is defined by: 

7f_(a) ei e2j ^ti ■= -Q2j+i±i-i £i ® £2j+i O sn , 

7f_(6) El (gi £2j ■■= -q^^^^~'' £2j+l <8) , 

where e-^i is the canonical basis of and the + in ± corresponds to j in jj. 

The link between Tf± and vr-i- which explains the notations about these intermediate objects 
and the fact that 7r± are representations on different Hilbert spaces, is in the parallel between 
equations (lOHIl . dOT]) and (l332|). 

Let us give immediately a few properties [xp equals x if the sign /? is positive and equals x* 
otherwise) 

T 

n^{af3fEi(g)E2j(E>E^l = {-IT q2j±i-i,p^i ^2j+ri0p , 
TT+ibpfEm ® e2j = (-l)^g^^^""'^^em+»?^p 8> £:2j+vpp , 

Note that the vr-i- representations still contain the shift information, contrary to representa- 
tions Tr±. Moreover, 7r±{b) ^ vr±(6*) while '7T±{b) = vr±(6*). 

The operators a±, b± are coded on H' ^H' as the correspondence 

a+ < — > 7f+(a) (gi 7f_(a), o_ < — > — g7f_|_(6*) 7r_(6*), 

b+i — > -7f+(a) 5f_(6), 6_ ^ — > (g)^_(a*). (3.31) 

We now set the following extension to BiTi') of 7r+ and to B{'H' C^) of 7r_ by 

7r^(a) := 7r+(a) y, 7r'^(6) := 7r+(6) (g) F (V is the shift of ^^(z)), 
vr^(a) := vr_(a) ® F ® I2, 7rL(6) := 7r_(6) ^ I2. 

So, we can define a canonical algebra morphism p from X into the bounded operators on Ti'^'H'® 
C^. This morphism is defined on the generators part { a±, 6± } of X by preceding correspondence 
and on the generators part { a±, 6± } by —see (|3.26|) : 

a+ < > T^'+io) ® T^'-ia)-, a_ < > —q7r'^{b*) (g 7r^(6*), 

6+ < — > -iT'^{a)<E)ir'_{b), 6_ < — > -7r^^(&*) 7r^(a*). (3.32) 

We denote S the canonical surjection from W(gW(gC^ onto Ti. This surjection is associated 
to the parameters restrictions on m,j,l,j'. In particular, the index j' associated to the second 
^2(N) in W (g W (g is set to be equal to j. Any vector in H' ®H' ® €? not satisfying these 
restrictions is sent to in "H. 

Denote by / the canonical injection of TL into Ti' ®'H' ® 'C? (the index j is doubled). Thus, 
Sp{-)I is the identity on X . 
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In the computation of residues of functions, we can therefore replace the operator T by 
Sp{T)I. 

We now extend tq on Tr'^{A)Tf±{A): For x,y E A, we set 



TV 



Ttn (7r^(x)7f+(?/)) := ^ (e^ (g) sa^ , 7r^(x)7f+(y) (g) eat) , 

m=0 

TV 

Trlf {Tr'_{x)TT-{y)) := ^ (e; (g) £Ar_i £| , Tr'_{x)7T-{y) £i (g) £jv-i (g e^) , 

1=0 

TV 

Trjy {Tr'_{x)Tf-{y)) := ^ (e; (g en+i <g , 7r^(x)7f_(j/) £/ (g eat+i <g £4) • 



Actually, a. computation on monomials of ^ shows that Trjy (7r'_(x)7f_(y)) = Tr]y (7r^_(x)7f_(2/)) . 
For convenience, we shall note Tr^r (7r^(a;)7f_(y)) this functional. 

Lemma 3.4.7. Let x,y & A. Then, 

(i) ro(7rj_(x)7f±(y)) := limjv^oo f^TV exists where 

Un := TVjv (7r^(x)?f±(y)) - (iV + l)ri(7r±(x)) ri(7r±(y)). 

(ii) Un = To(7r^(x)5f±(y)) + 0{N-^) for all k>0. 

Proof, (i) We can suppose that x and y are monomials, since the result will follow by linearity. 
We will give a proof for the case of the 7r+ representations, the case 7r_ being similar, with minor 
changes. 

We have 7^+{y) = (TT-^-ap^)^^'^^ (7f+6)^2 (jr+b*)^^. A computation gives 
and with the notation t2j,m '■= {^m ® £2j , n±{x)7T±{y) Sm ® £2j) and T2j := J2m=o ^2j,m, we get 

= ,{2.-H(/3.+/33)+(rn-.0(«.+«3) ^T.^^^|^^| ^K^^^i^^i <5a,+/3.-ft,0 5..-.3+/..0 

where 

+' — m(K-X) T/Ji Tai /„ on\ 

Hj,m ■- y Q2j-m,\l3i\ 'im-ai,\ai\ ' l^J.JJJ 

— f,m{X-K) hi '?4'| 
Hj,m ■- yl 'im,\Pi\l2j-m-ai,\ai\^ l^J.J^J 

with A := /32 + /^s > and k := a2 + > 0. We will now prove that if A 7^ k, then {T2j) is a 
convergent sequence. Suppose k > A. Let us note '■= Ylm=o^2j,m- Since the t2j,m ^'^^ positive 
and i2j+i m — ^2jm ^'^^ f^2j increasing real sequence. The estimate 

m=0 
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proves then that Ul^j is a convergent sequence. With T2j = /a,/?^^-'^ f^2j; obtain our result. 

Suppose now that \ > k. Let us note U!^^ := Ylm=o^2j m- Since the t2jm ^'^^ positive and 
^2j+i m — ^2j m ""^^ ^2j '^^ increasing real sequence. The estimate 

m=0 

proves then that is a convergent sequence. With T2j = fa,f3 q^-''^ Ul^p we have again our result. 
Moreover, note that if A and k are both different from zero, the limit of {T2j) is zero and more 
precisely, 

T2j = 0{q^^^) if K > A > 0, (3.35) 
T2j = 0{q^^^) if A > K > 0. (3.36) 

Suppose now that A = k 7^ 0. In that case, {T2j) also converges rapidly to zero. Indeed, let us fix 

g < e < 1. we have e'"^^^ T2j = Em=o Cmd2j-m = c * d{2j) where Cm := /a,/3 (g/e)^™ 
T 

and dm '■= / ^)^^ ij^^^p^y Since both Ylim^rn and Ylmdm. are absolutely convergent series, their 
Cauchy product Yl2j convergent. In particular, limj^oo£~'^''^T2j = 0, and 

T2j=0{e^^^). (3.37) 

Finally, T2j has a finite limit in all cases except possibly when A = k = 0, which is the case when 
ai = a2 = as = Pi = 132 = Ps = 0. In that case, t2j,m = 1- 

A straightforward computation gives ri(7r±(x)) Ti(7r±(y)) = da^^ 6/3^^0 6a2,o ^fBzfi ^03,0 Sis^fi- 

Thus, 

U2j = T2j - {2j + l)5ai,o ^I3i,0 ^02,0 ^132,0 ^a^fi ^Psfi 

has always a finite limit when j ^ oo. 

(a) The result is clear if A = k = (in that case Un = tq = 0). Suppose A or k is not zero. 
In that case U2j = T2j . By (|3.36|) , (I3.35P and (|3.37|) , we see that ifA>K>OorK>A>Oor 
K = A, {T2j) converges to with a rate in 0{e'^^°') where a > and q < e < 1. Thus, it only 
remains to check the cases (k > 0, A = 0) and (k = 0, A > 0). In the first one, we get from (I3.33p . 

U2j = fa,i3Tmi=oQ"^^<llj-.m,\p^\- A = 0' ^c are done. 

Suppose A > 0. We have gsji^^i^^, = E^o where p = (pi,--- ,pf,,) and 

Ip = (— l)l^li (2), Tp := 2pi + • • • + 2PiPf3-^. Thus, cutting the sum in two, we get, noting L2j := 

J ct,f3 Z^m=0 ' 



|p|i>k/2 07^|p|i<k/2 m=0 

Since Eo^b|i<«/2^p9''''9^'^''^'Em=o9"^''"^'^''^ is in Oj-,oo{jq^^), we have, modulo a rapidly 
decreasing sequence, 

U2j - L2j ~ fa,l3 2^ hq" i4'^-2 | p | i =• JaM ■'V2j 

b|i>K/2 
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with 

|p|i>k/2 |p|i>k/2 m=0 

The family v^^p := (/p g'''' g(^l''l^"'')")(p,m)e7, where I = { (p, m) G N^^i x N : > k/2} is 
(absolutely) summable. Indeed \vm,p\ < l^pk'^''^™ so \vm,p\ is summable as the product of two 
summable families. As a consequence, limj^oo exists and is finite, which proves that {q'^'^^V2j), 
and thus {U2j — L2j) converge rapidly to 0. 

Suppose now that di < 0. In that case, ql'^.'^ la \ = Q^- la i = qI- / , i,3 n i,p i and by 

i33]), we get = fa,pE'ri=0<l"'%-im+lM),lM = fa,pq-^^^\^ ES=|'SN"''i-..,l/3.| ' ^° ^^C 

same arguments as in case Pi > apply here, the summation on m simply shifted of 

The same proof can be applied for the other case («; = 0, A > 0). This time, we only need to 
use (I3.34P instead of (|3.33p and the preceding arguments follow by replacing k by A and /3i by 
ai. □ 



Remark 3.4.8. Contrary to the preceding tq, the new functional contains the shift information. 
In particular, it filters the parts of nonzero degree. 

IfTeXX, p{T) G 'K+{A)^+{A) Tr^{A)^-{A). 

For notational convenience, we define ti on ir'_^{A)TT±{A) as 

ri(7r±(x)7f±(y)) := ti{7:±{x)) ri(7r±(y)). 

In the following, the symbol ~e means equals modulo a entire function. 

Theorem 3.4.9. Let T G XX. Then 

(i) CUs) ~e 2(ri Ti) (p(T)) C(s - 2) + 2(to n + n ® tq) {p{T)) ({s - 1) 

+ 2(To0ro-iri®ri)(p(r))C(s), 

(ii) jT\v\-^ = 2{n0n){piT)), 

{Hi) j T\V\-^ = 2(ro Ti + n To) (p(r)) , 
{iv) j T\V\-^ = 2(ro TO - \ti n) [p{T)). 

Proof, (i) Since T G XX , p{T) is a linear combination of terms like 7r^(x)7f+(y) (E> 7r'_(z)7f_(t), 
where x, y,z,t £ A. Such a term is noted in the following Tj^ ®T-. Linear combination of these 
term is implicit. With the shorthand Tcj^... := (^ci • • • tX" ecp,Teci • • • ecp), recalling that 
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v-^^l is when j = 0, or / > 2j, we get 

oo 2j 2j+l 



2j=0m=0 1=0 



oo 2i 2j+l oo 2i 2j-l 

= E E E P(.'^)rn,2j,l,2j,^ d't + E E E P(.'^)rn,2j,l,2j,l dj' 
2j=0m=0 1=0 2j=lm=0 1=0 

oo 

= (Tr2,(T+) Tr^,+i(T_) + TY2,+i(r+) Tr^,(r_)) d"/ . 

2j=0 

By Lemma r3. 4. 71 (zi), for all k > 0, 

Tr2,(r±) = (2i + |)ri(T±) + ro(r±) - lri(r±) + 0((2j)-'), 
Tr2,-+i(T±) = (2i + |)ri(r±) + ro(r±) + iri(r±) + 0((2j)-') • 

The result follows by noting that the difference of the Hurwitz zeta function ({s, |) and Riemann 
zeta function ({s) is an entire function. 

{ii,ni,iv) are direct consequences of (i). □ 

3.4.5 The smooth algebra C^{SUg{2)) 

In [31,138], the smooth algebra C°°{SUq{2) is defined by pulling back the smooth structure 
C°°(D^±) into the C*-algebra generated by A, through the morphism p and the application A 
(the compression which gives an operator on H from an operator on P(N) /^(N) /^(Z) C^). 
The important point is that with [31, Lemma 2, p. 69], this algebra is stable by holomorphic 
calculus. By defining p :=po c and A(-) := S{-)I, the same lemma (with same notation) can be 
applied to our setting, with c := 7r(x) h-> 7r(x) and 

C := C°°{Dl+) ® C°°(5i) ® C°°{Dl+) ® C^iS^) (g) M2{C) 

as algebra stable by holomorphic calculus containing the image of p. Here, we use Schwartz 
sequences to define the smooth structures. We finally obtain C°°{SUg{2)) with real structure as 
a subalgebra stable by holomorphic calculus of the C*-algebra generated by vr(^) U J7r{A)J~^ 
and containing vr(^) U J7r{A)J~^ . 

Corollary 3.4.10. The dimension spectrum of the real spectral triple {C°°{SUq{2)),T-L,D^ is 
simple and given by {1,2,3}. Its KO-dimension is 3. 

Proof. Since F commutes with 7r(^), the pseudodifferential operators of order (without the 
real structure) are exactly (modulo 0P~°°) the operators in ;B + BF. Prom Theorem 13.3.41 we 
see that the dimension spectrum of SUq{2) without taking into account the reality operator J is 
{1,2,3}, in other words, the possible poles of (v ■ s ^ Tr(6F^|P|-'*) (with e £ {0,1}, b £ B) 
are in { 1, 2, 3 }. Theorem 13.4.91 (i) shows that the possible poles are still { 1, 2, 3 } when we take 
into account the real structure of SUq{2), that is to say, when B is enlarged to BJBJ~^ . Indeed, 
any element of BJBJ~^ is in XX and it is clear from the preceding proof that adding F in the 
previous zeta function do not add any pole to { 1, 2, 3 }. 



96 



Chapitre 3. Spectral action on SUq(2) 



All arguments go true from the polynomial algebra A{SUg{2)) to the smooth pre-C*-algebra 
C~(5C7,(2)). 

KO-dimension refers just to = —1 and V J = JV since there is no chirality because 
spectral dimension is 3. □ 

3.4.6 Noncommutative integrals with reality operator and one-forms on 

SUg{2) 

The goal of this section is to obtain the following suppression of J: 
Theorem 3.4.11. Let A and B he d-one-forms. Then 



(i) j AJBJ-^\V\-^ = A\V\-'^j B\V\-^, 

{ii) j AJBJ-^\V\-^ = \j A\V\-'^j B\V\-^ + \j A\V\-^j B\V\-'^, 
{in) j A^JBJ-^\V\-^ = \jA^\D\-^jB\D\-^, 
(iv) j 5{A)A\V\-^ = j 5{A)JAJ-'^\V\-^ = Q. 

We gather at the beginning of this section the main notations for technical lemmas which 
will follow. 

For any pair {k,p) G X such that ki < \ai\, pi < \/3i\, where a, /3 G Z x N x N, we define 



Vk,p 

hk,p 
9(p) 



= ai + a2-a3- 2{r)aiki + k2 - ks) + g{p) , 

= /3i + /32 - /33 - 2(r7/3iPi +P2- Pz) , 
= ki+pi + al p + C7^ p , 

= kik2 - k3{ki + k2) +P2{\k\i +pi) -psd^li +P1+P2) , 

^k,p ■= (^3 + V0iPl -P2+ P3){ki +k2 + h) - k2{ki + ^2) + {pi + P2){-P2 + Ps) + PSPS , 

where we used the notation 

k, := \a,\ - ki, % := \(3i\ - pi, 

so < fcj < \ai\, < Pi < \Pi\. We will also use the shorthand k := (fci,A;2,^3)- 
For /3i G Z and j G N, we define 



n=0 
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We introduce the following notations: 

^k,p,n • ^n+r^^-ry^^fci,fci^"+fc3+»7^^pi-p2+P3,fc2^n+r)^iPl-p2+P3,A:3^n-P2+P3,Pi^"'+P3,P2"^n.,P3 

X (_i)|fe|i+|p|i, 

^k,p '■= ^ai^l - ^2 + + ??/3iPl - P2 + P3 • 

Thus, 7r+(tfc,p)e„ = g^p,„e„+^+^ and 7r_(ufc,p)e„ = 

Lemma 3.4.12. VFe /iat;e 

r ((M|)°) = ^5/jj^ ,p,o'yfe,p7r+(ifc,p) ® 7r-{uk,p) 
k,p 

where the summation is done on ki,pi in N such that ki < \ai\,pi < for i G { 1,2,3}. 
Proof. Since 7r(m°) = (a+ + a_)°^(6+ + + b*_r^ with t;^ := (l^^^l)^.,,,^ (^^^) (°^^), 



By Lemma r3. 3. 21 (nz) we see that (5(7r(m'^)) = '}2p'^pdp where we introduce 

- O.^^f^. O O dp := 9{P) aV'l" <ft K''-'' 
As a consequence, (M^)° = Efc,p '^?»(A;,p),o VkWpCk,p where 

Cfc,p = &| ^+'^' (3-38) 

With (lOHIl . we get r{ck,p) = (- 1)^=1 +Pi+"2+a3+/32+& ^fci+Pi 7r+(t^p) ® where 

i'^ p = al\ b^' a*^' b'^^af^ V' aP^ a*^'' If^ , 

U'^ p = al\ ft'^l „*fc2 ^fcs^fca qPI 5P1 5P2 Q*P2 ^3 aP3 _ 

A recursive use of relation baj = q^^ajb yields the result. □ 

Lemma 3.4.13. We have 

(i) (ri ri)(r(M^)°) = /3i J^i -A (^aa.o (^03,0 ^/Ja.o "^fe.o • 

(a) (ri O To + To ri)(r(M^)°) = -/3i 5Q2+/32,a3+/33 w)^. 
In particular, if A is a 5-one-form, we have 

-fA\V\-' = 2p,A^J^%, 

jA\V\-^ = 2w-pB{At. 

where we implicitly summed on all a, j3 indices. 



98 



Chapitre 3. Spectral action on SUq{2) 



Proof. See Appendix A. □ 

With notations of Lemma [3.4.121 it is direct to check that for given a = (a, a', • • • ,a("~^)) 
and^=(A/3',--- 

r((M|)°) = Y,^hK,pfiVK,pT^+{tK,p)(^T^-{uK,p) (3.39) 

K,P 

where K = {k, k',--- A:^"-^)), P = {p,p', ■ ■ ■ with < A;^ < |ap'^|, < p^'^ < 

tK,P '■= tk,ptk',p' ■ ■ • ifc{"-l),p{"-l) 1 UK,P '■= Uk,pUk',p' ■ ■ • %(n-l)_p(n-l) , 

VK,P '■= Vk,pVk',p' ■ ■ ■ t^fc{n-i) p{n-i) , hK,P := /ifc,p + /ifc'y H ^A;("-l),p("-l) ■ 

In the following, we will use the shorthands Ai := Oj + + • • • + a-" , -Bj := + j3[ + ■ ■ ■ + 
In the case n = 2, we also note r^ p := r + p, and p,^ := p, „ ^ , . 

Thus, we have Tl+{tK,p)era = QK,P,m^m+r+ p ^nd 7r„(uK,p)em = QK^p^n^m+r-y 

We also introduce, still for n = 2, 

Vf3i,a[,P[[l',J) ■= 2^ U 9n+/3J+a'i+/3i,|/3I+ai+/3i|^n+/3(+ai,|/3i|^n+/3i,|Q'J^n,|/3i| ~ ^Jfi), 

n=0 

y| := 2[P,P[ + (/32 - /33)(/52 - m g2/3i(«2+a3)+2/3iK+aJ,) 

X ^^/3i,a;,/3( (("2 +P2+a3+f33)ia[+l3[),A3+B3). 

Lemma 3.4.14. We have 

(i) in Ti) (r(M|M^;)°) = Sa^,-b, Sa2,o Sas,o ^B^fi^B.fi. 

(ii) in To + TO «) n) {r{MI^M^!y) = Sa.+b^As+b^^a^-b.V^ ■ 

iiii) (ri Ti) {r{M1M^: Mf,f) = PiP[/3'{ 6a„-b, Sa,,o Sas,o ^B.fl^B.fl- 

{iv) (ri Ti) (r(5(M|)M°;)0) = -{a\ + 6a,,-b, Sa,,o Sa,,o ^B.fi^B.fi- 

(v) In particular, if A is a 6-one-form, 



/ 
/ 



A'\V\-^ = 2PiP[ Ba{A^t, 
A^\V\-^ = 2VJ B{A^)i, 



j 5{A)A\V\-^ = j A5{A)\V\~'^ = 

Proof. See Appendix B. □ 

For a given (5-1-form A, we say that A is homogeneous of degree in a equal to n G Z if it is a 
linear combination of such that ai + /3i = n. Prom Lemma [3.4. 141 {iv) we get, 
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Corollary 3.4.15. Let A, A' he two 6-1-forms, then 
j{A\V\-^f =jA^\V\-'^, 

j A\V\~'^A'\D\''^ = j AA'\V\~^ - nj AA'\V\~^ , when A' homogenous of degree n. 



Lemma 3.4.16. We have 



(ii) (ro Ti + ri Tq) p{M^JM'j^, J'^) = 5a^-p^ V^-ZSi (/?^^i^^'^a^+/3^+4+/3^,0 '^aa+ft.as+ft 

(ill) (ri ® n) p{M^M^:JM^!:j~^) = (3iP[p'{ 5^^+^. 6a,,o 6a,,o Sb,,oSb,,o • 

(iv) (ri0ri) p{5{M^)JM^:J-^) = -{a[ + f3[)PiP[ <5ai,-/3i V,,-/3i 'JAa.o <5a3,o ^Sa.o'^Bs-O ■ 

(v) In particular, if A and A' are 5-one forms, 



-fAJA'J-'\V\--' = 2(/3i^!^;°oo)(/3i^'!^^%o), 

j AJA'J-'\V\-' = 2(/3iI'!^^°° o)(u;^i?(A)^) + 2{P^A%,){w'^^B{A't), 
j A^J^J-'\V\-' = 2{PrA'^%,){M[Ba{A^)'^, 
j5{A)JAJ-^ = 0. 

Proof. See Appendix C. □ 
Lemma 3.4.17. Let (3,(3' £ TL. Then, 

2j oo oo 

m=0 m=0 m=0 

Proof. See Appendix D. □ 
Proo/ o/ Theorem The result follows from Lemmas i;-{.4.1.Sl 13.4.141 (w) and i;-{.4.16l {v) . □ 



3.4.7 Proof of Theorem 13.4.31 and corollaries 

Lemma 3.4.18. We have on SUq{2), 
(i) j\V\-^ = 2. 
(n) j\V\~^ = Q. 
(ill) j\V\~'^ = -\. 
(w) Cv{0) = 0. 



Proof, (iv) We have by definition 



oo 2j 2j+l 

s ,J ) 
m,li 

2j=0m=0 1=0 



Cv{s) ■.= Tr{\Vr) = E E E <n 1^1"' 
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d 

Since \V\~'v^^^i = (^^+ v^^ i where dj := 2j + \, we get 

OO CX) oo 

Cv{s) = (2J + l)(2j + 2) d-/ + ^ (2j + l)(2j) = 2 ^ (2j + l)(2j) . 

2j=0 2j=l 2j=0 

With the equahties (2j + l)(2j) = dj - I and C(s, ^) = (2^ - l)C(s) (here ({s, x) := E„eN i;^^ 
is the Hurwitz zeta function and C,{s) := C(s, 1) is the Riemann zeta function) we get 

Cv{s) = 2{r'^ - l)C(s - 2) - i(2^ - l)C(s) (3.40) 

which entails that Cx'(O) = 0. 

{i,ii,in) are direct consequences of equation (|3.40p . □ 

Proof of Theorem, \'J.4-'% It is a consequence of Lemma [3.4. 181 and Theorems 13.4.11 r3.4.11[ □ 

As we have seen, the computation of the noncommutative integral on SUq{2) leads to cer- 
tain functions of A which filter some symmetry on the degree in a, a*, h, b* of the canonical 
decomposition. Precisely, it is the balanced features that appear and the following functions of 
A", n e {1,2,3}: 



/ 



A'^lVl-P (3.41) 



where 1 < n < p < 3. In the next section, we describe a method to compute these integrals. 

Corollary 3.4.19. Let u be a unitary in C°^{SUq{2)) and 7u(A) := 7r(u)A7r(t/,*) + Ti{u)dT[{u*) 
he a gauge-variant of A. Then the following terms of Theorem \3. 4 -31 are gauge invariant 



j A\V\-^ , j A^\V\~^ - j A\V\-'^ , -2 j A\V\-^ + j A'^\V\^'^ - I j A^\V\'^ . 

Proof. It is sufficient to remark that all terms f\D^\~'' and Cx>a(0) ™ ^^e spectral action p.6|) 
are gauge invariant. This can also be seen via the computation -C'^„(a) = ^w^^* + ^«-Po^u* where 
Pq is the projection on KerP and K = ■k{u)Jtt{u)J^^ sja.d j \D pX^^^ = ReSs=ri-fc Tr [\Dp^Y'~'') 
(see Proposition 12.2.11 (iii) and Proposition 11.3.81) . □ 

Corollary 3.4.20. In the case of the spectral action without the reality operator (i.e. Z?a = 
V + K), we get 

j\D,y^ = 2, j\D^\-^ = -2j A\V\-\ j\D^\'^ = -}^-j A\V\-^+j A^\V\-\ 
CdM = -jA\V\-^ + \jA^\V\-^ - ljA^\V\~^ . 

As a consequence, if A is a one-form such ^/lai = 0, then the scale invariant term of 

the spectral action with or without J is exactly the same modulo a global factor of 2. 
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3.5 Differential calculus on SUq{2) and applications 

3.5.1 The sign of I) 

There are multiple differential calculi on SUq{2), see [92,153]. Due to [121, Theorem 3], the 3D 
and 4:D± differential calculi do not coincide with the one considered here: the right multiplication 
of one-forms by an element in the algebra ^4 is a consequence of the chosen Dirac operator which 
was introduced according to some equivariance properties with respect to the duality between 
the two Hopf algebras SUq{2) and Ug{su{2)). 

It is known that the Predholm module associated to {A, TC, V) is one-summable since [F, vr(x)] 
is trace-class for all x € A.\n fact, more can be said about F0: 

Proposition 3.5.1. Since 

(vr(a*) dTi{a) + 7r(6) + q^ 7r(a) d^(a*) + q^ TL{b*) dnib)) = F, (3.42) 

F is a central one-form modulo OP~^. 
Proof. Forgetting vr, this follows from 

a* 5a + q^b5b* +q^ a5a* + q^ b* 6b 

= {aX + a*_){a+ - a_) + q^ (6+ + b^){b*_ - b^) + q"^ (a+ + a-){a*_ - a^) 

= [aXa+ - q^ a+a\ + q^ bXb+ - q^ b+b^] +R={l-q^)+R (3.43) 

by (I3.12P where we check that the remainder R is zero: 

R = - [a\a^ + q^ b\bJ\ + [ala+ + q^ b*_b+] - [ala_ - q^ a^a*_ + q^ b*_b^ - q^ 
+ {q^ a+a*_ + q^ q*_b+) - {a\a^ + q^ b\b^), 

thus, applying (I3T5I1 . (I3T6I1 . (l3T7l) . R = +{q^ a+a*_ + q^ qlb+) - {ala^ + q^b\b^) = using 
commutation relations (13. lip . 

Now, replacing by d in (I3.43P gives (I3.42p since F commute with a±, b± and F is central 
by ([321. □ 

Proposition 3.5.2. The one-form in (|3.42p is in fact exactly a function of the Dirac operator 
V: 

7r(a*) d7r(a) + q^ 7r(6) d7r(6*) + q^ 7r(a) d7r(a*) + q^ nib*) dn{b) = (q{V) = FCgi\V\), (3.44) 

where ^q{s) ■= Qj^^^^^y 
Moreover, F = limg_^o ^g('P)- 

Proof. First, let us observe that the one- form u! in (|3.44p is invariant under the action of the 
Uq{su{2)) X hlq{su{2)): h\>uj = e{h)uj for any h G Uq[su(2)) x hlq{sui2)). For instance, using 
notations of [48] 

e w = q^a*db + q^ ^-q^^^bda* + q^^bda* - q^^^'^a*db^ = = e(e) oj. 
^Note that a similar result for a different spectral triple over SUq{2) when q — was obtained in [31, eq. (48)] 
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Therefore, since both the representation vr as well as the operator T) are equivariant, the image 
of uj must be diagonal in the spinorial base. A tedious computation with the full spinorial repre- 
sentation TT given in (|3.6p yields 

\^m«' ^^ml) - (g4j+4_i)(g4j+J_i) - Kq{^3 + 2)^ 

/Jl , ,,Jl \ _ -q«:'+4+t;«^-+2 + (4j + l)g^^+4-(8j+2)g4:>+2 + (4j + l)g4.-+g2-l _ t fo,- , U 
\^ml' ^^mll - (g4j+5„i)(g4j_i) - "'Sgl^J + 2^ 

These expressions have a clear g = limit equal respectively to 1 and -1, so a; — > F as g ^ 0. □ 

In the q = 1 limit, these expressions yields identically 0, which is confirmed by the fact that 
all one-forms are central, it could be expressed as d{aa* + bb*) = dl. 

Note that since the invariant one-form we constructed differs by 0P~°° from F, hence any 
commutator with it will be itself in OP~°° . 

We do not know if a central form u! is automatically invariant by the action of both Uq{su{2)), 
that is: h>uj = e{h)uj. 

Proposition 3.5.3. The order one calculus up to 0P~°° is not universal. 

Proof. Let us take the one-form ujp from (|3.42|) . which gives F. Then, for any x G A{SUq{2)) 
we have Ti{xu;p — ujpx) =0. □ 

Note that since ~ (1 - mod 0P~°°, we get 1 ~ (1 - q^)~^iq{\V\) mod 0P~°°. 

Corollary 3.5.4. Still modulo 0P-°° , 1 e ^{^l^A)). 

Proof. 1 = F2 is by definition in 7r(02(^)). □ 

In fact, one checks, using (I3.12p . (|3.15|1 . (|3.18|) that 

da da* - da* da = 1 - q^ (3.45) 

showing again that 1 E ■k{^1{A)). 

Similarly, using (IXTTTl and (13331) . (I3l8]) . (l3l9D . we get still up to 0P-°° 

qdadb = dbda, qdadb* = db* da, 

da* db = qdb da* , da* db* = q db* da* 

dbdb* = db* db, da da* + dbdb* = -1. (3.46) 

The use of the last equality of (|3.46p and (|3.45|) gives 

Proposition 3.5.5. Up to OP^^, F is not a (universal) closed one-form, as 

da* da + q^ da da* + q^ db* db + q^ dbdb* = -I - q^ . (3.47) 
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3.5.2 The ideal 7^ 

In order to perform explicit calculations of all terms of the spectral action, we observe that 
each (5-one-form could be expressed in terms of x6{z)y, where z is one of the generators a, a*, b, b* 
and x,y are some elements of the algebra A{SUg{2)). 

Then, for the computation of xdzy\'D\~^ we can use the trace property of the noncommu- 
tative integral to get: 

jx5{z)y\V\-^ = j yx5{z)\V\-^ + j x5{z)\V\-^ 5{y)\V\-^ . 

Therefore, the problem of calculating the tadpole-like integral could be in effect reduced to 
the calculation of much simpler integrals: § x5[z)\V\~'^ for all generators z and the integrals of 
higher order in l^?]"^. 

However, it appears that the calculations of higher-order terms simplify a lot, when we further 
restrict the algebra by introducing an ideal, which is invisible to the parts of integral at dimension 
2 and 3. For instance, consider the space of pseudodifferential operators T G ^^{A) of order less 
or equal to zero (see [38]), which satisfy 



jTt\v\-^ =^tr|p|"2 =jTt\v\-^ =jtT\v\-^ = o,yt£ ^o(^). 



(3.48) 



The elements a_, b-b^, and their adjoints are in this space up to OP~°°: this is due to the 

fact that in Theorem 13.3.41 ri ri (r(x)) = when r{x) G ■k±{A) (S5tt±{A) mod OP~°° contains 
tensor products of vr-|-(6) or '7T±{b*) since these elements are in the kernel of a. 

Definition 3.5.6. Let R be the kernel in X of (a a) o r where r is the Hopf-map defined in 
(|3.26ll and a is the symbol map and let TZ be the vector space generated by R and RF. 

Note that R is a *-ideal in X and 

a_, 6_6+(= q^bj^b-)^ b^b\_ are in TZ. 

By construction and Theorem 13.3.41 any T £ TZ satisfies (I3.48P and TZ is invariant by F. 

Moreover, by (IXTKIl . [b-,b*_] G R, so by (IXTD and (IXTHI) . 0^0+ - q'^ a+aX - {I - q^) e R 
and by (I3.19|) . qa^b- — b^aj^ G R. 

It is interesting to quote, thanks to Theorem 13.3.41 that if a; G i?, then j F x\V\^^ = Q while 
a priori, fx \D\~^ 7^ 0. 

Note that F G ^°(^) also satisfies (lOHIl by Theorem EZl while F (^TZ since = 1. 

Moreover other elements are in TZ like for instance d{b*b) = d{bb*): 

5{bb*) = —5{aa*) = —5aa* — a6a* = — (a+ — a_)(a^ + a*_) — (a_(_ + a_)(al — a^) 
= 2{a^a*_ — a_a^) 

is in R since £ R yielding d{bb*) £ RF. 

We do not know if TZ is equal to the subset of the algebra generated by B and B F satisfying 

arm . 

Lemma 3.5.7. TZ is a *-ideal in "^^(A) which is invariant by F , d, 5. 
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Proof. Since R is an ideal m. X = B mod 0P'°° (see Remark [3. 3. 3 11 . IZ appears to be an ideal in 
'^^{A) C algebra generated by B and BF. Since TZ is invariant by F, its invariance by d follows 
from its invariance by 5 which is true on the generators of R. □ 

Note that, according to Theorem [3Xl3l j da\'D\-'^ = j da\'D\-^ = while fa* da = 2 

which emphasizes the importance the quantifiers "for all" in (I3.48p . 

Lemma 3.5.8. For any t £ ^'o(^) andT £ U, we haveftT\V\-^ =fTt\V\-^. 

Proof. For any t £ B, we have jTt|P|"^ = JtT|2?|~^ + and moreover 

j:T\V\-^6{t)\V\-^ =jT6{t)\V\-'^ -/r(52(t)|P|-3 which comes from 

\V\-^6{t)\V\'^ = 6{t)\V\-^ + [\V\-\6{t)]\V\-^ = 6{t)\V\-^ - \V\-^ 6\t)\V\-^ 

= S{t)\V\~^ - 5^{t)\V\-^ + \V\-^6^{t)\V\-^. 

So we get the result because T satisfies (|3.48|1 . □ 

Lemma 3.5.9. // ~ means equality up to the ideal TZ, the following rides with d{.) = [T>, .] of 
the first-order differential calculus hold (suppressing tt_) 

adac^daa, a* da c^— da* a, bdac^qdab, b*dac^qdah*, 

ada*^-daa*, a* da* ^ da* a* , bda* c:^ da* b, b* da* q^'^ da* b* , 

adbc^q~^dba, a*dbc^qdba*, bdbc^dbb, b* db db b* -b db* , 

a db* ~ db* a, a* db* ^qdb*a*, b db* ^db*b^ -b* db, b* db* ~ db* b* . 

Moreover 

a*da-q^daa* c^{l-q^)F, q^ ada* - da* a ^ {I - q^) F. (3.49) 

Proof. The table follows from relations (13. 4p and Lemma 13.3.21 with (|3.24p (one can also use 
(|3.11|1 ). For instance, since a_ G IZ, using the fact that TZ is invariant by F, 

bda = (6+ + 6_)(a+ - a_) F ~ (6+ + 6_)(a+ + a^)F = baF = qabF c^q{a+- a^)Fb 
= qdab 

or similarly, a* da = {a*_^ + a*_){a+ - a^)F {a*_^ - a1)(a+ + a_)F = -da* a. 

The second equivalence of (I3.49p is just the adjoint of the first one that we prove now: 

a* da — (f'da a* = (a^ + al)(a+ — a )F — q^ (a+ — a_)F(a^ + a*_) 

~ (a+ + a*_){a+ + a^)F - q^ (a+ + a_)(a^ + a*_)F = {a*a - q^ aa*) F 

= {l-q^)F. □ 

Remark 3.5.10. The rule written above remains if dx is replaced by 5{x) and F by 1. 

Working modulo TZ simplifies the writing of a one-form: 

Lemma 3.5.11. (i) Every one-form A can he, up to elements from TZ, presented as 

A ~ da + da* Xa* + X},db + db* Xh* , 

where all x^ are the elements of A. 

(a) When A is self adjoint, A can be written up to TZ (not in a unique way, though) as 

A Xada — da* (xa)* + Xhdb — db* (xh)* , 

where Xa,xij are arbitrary elements of A. 
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Proof, (i) A basis for one-forms consists of the following forms: a"6^ (6* )''' d (o"'6^'(6* )'>''), where 
a,a' eZ and (3 , j , (3' , G N. 

Using the Leibniz rule and the commutation rules within the algebra (up to the TZ according 
to Lemma r3.5.9|) . we reduce the problem to the case of the forms: {a'^b^{b*)^) dx (o"'6^'(6*)t'), 
where x can be either of the generators a,a*,b,b*. If x = b oi x = b*, the straightforward 
application of the rules of the differential calculus leads to the answer that the one-form could 
be expressed as: a'^b^{b*y db and db* a'^b^ {b*)'^ . 

Similar considerations for the case x = a, a* lead to the remaining terms. 

Note that the presentation is not unique, since there still might remain terms, which are in 
7^, for example: b*db + db*b = d{bb*) E 7^. 

(u) is direct. □ 

Next we can start explicit calculation of the integrals, beginning with the tadpole terms. 

Application of the Leibniz rule yields a presentation of one-forms which is different from the 
one of the previous lemma. Each (5-one-form could be expressed, as a finite sum of the terms 
x5{z)y, where z is one of the generators a,a*,b,b* and x,y are some elements of the algebra 
A{SUg{2)). 

Proposition 3.5.12. For all x,y £ A{SUg{2)) and z £ {a, a*, 6, b*} we have 

x6{z)y \V\-^ = -fyx5{z) \V\-^ + -f x6{z)5{y) l^r^ _ -f x6{z)6^{y) \V\-^. 



Proof. This is just the application of the trace property of the noncommutative integral, together 
with the identity: \V\-'^6{z)\V\-'^ = - [\V\-\z] . □ 

Remark 3.5.13. The computation of tadpole-like integrals is reduced to the following integrals: 
f x6{z)\'D\~^ for all generators z and the integrals of higher order in \'D\~'^. However, the calcu- 
lations of higher-order terms simplify a lot when we use the relations which hold up to the ideal 
TZ: this erases parts of the integral depending on \'D\~'^ and \'D\~^. Thus, beside x6{z) {Vl^^ , 
we only need to compute f x6{z) 6 {z')\V\~'^ where z and z' are generators, since all the \T>\~^ 
integrals have already been explicitly computed in section 4-6 (these integrals do not depend on 

q)- 

Besides the tadpole, the only integrals that need to be computed arefA\V\ ^ and f \V\ ^ 
where A is a 5-1-form. Working modulo TZ and using again Leibniz rule, we only need to compute 
jx6{z) \T>\~'^ and the previous integrals j x5{z)8{z') \T)\~'^ ■ 

Operators Lq and Mq 

In the notation of Ti, we have already used the j dependence in (jS.Sp with Jqvj^^ := 
^ m,r 

Let Lg and Mq be the similar diagonal operators 



We immediately get 
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Lemma 3.5.14. For n G N*, j{LqY = /(M^)" = . 

Proof. We have 

oo 2j 2j+l 

2j=0m=0 1=0 

oo oo 

2j=0 2j=0 

where means modulo a function holomorphic at 0. This gives the result for and a similar 
computation can be done for M". □ 

The interest of these operators stems from 

Lemma 3.5.15. We have LqMq G TZ. Moreover, 

b 5b* ~ - Lq, b*Sb ~ - M^, bb* ~ + M^, 

a5{a*) ~ -aa* ~ + - 1, a* Sa ~ a*a ~ 1 - q^{Lq + M<j), 

da da* ~ + My - 1, da* da ~ q^{Lq + M^) - 1, 

b'^'\b*y'dbdb ~ (Lg)" + (Mg)'^, 

6"(6*)"-2 d6* d6* ~ {Lgf + (M^)'^. 
Proof. Since LqMq = a-a*_ € 7^, we compute up to the ideal TZ 

bSb* = {b+ + b-){b*_ - ~ -6+6; + 6_61 = Mq-Lq + LqMq{l - q^) ^Mq-Lq 

and similarly for the other relations. □ 

Automorphisms of the algebra and symmetries of integrals 
Proposition 3.5.16. For any n G N*, 



/ 



{bb*r\v\~^ = =^^, 



j{bb*rb* 5b \V\-^ = j{bb*Tb5b* = , 

j{bb*ra5a* \V\-' = ' 

-fibb*ra*5a\V\-^ = '-£^^^^^. 

Note that the knowledge of these integrals is enough for the computation of any term of the 
form Jx(5(z)|P|~^, where z is a generator, since any other (5-one-form will be unbalanced. 
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To show this proposition, we will use few symmetries, properties of the ideal TZ and replace- 
ment of (5-one-forms in terms of Lg, Mq as above. 

Let U be the following unitary operator on the Hilbert space: 

Uv^\ = (-ir+'T;^^ Uv^^, = (-ir+'w/'^ 

m,l \ ' l,m ' m,( / l,m 

Then, by explicit computations we have 

U*aU = a, U*a*U = a*, U*bU = b*, U*b*U = b, and U*VU = -V. 

Lemma 3.5.17. Each noncommutative integral (|3.4ip of an element of the algebra or differential 
forms is (up to sign) invariant under the algebra automorphism p defined by 

p{a) := a, p{a*) := a*, p{b) := b*, p{b*) := b. (3.50) 

Proof. For any homogeneous polynomial p and any G N, 

j pia, a* ,b,b*, V) V'^ = j U*p{a, a\ b, b* , V) V-'^U 

= {-if jp{U*aU, U*a*U, U*bU, U*b*U, U*VU) V'^ 
= {-if+dj p{a*),p{b),p{b*),V) V-\ 

where d is the degree of p with respect to V. □ 

Corollary 3.5.18. For any n £ f{bb*)'^ b* dbV^ = j{bb*Y bdb* V'^ . 
Lemma 3.5.19. For any x,y E "^^{A), 

{i) j xy\V\-^ = j yx\V\~^ + j xS{y)\V\-^ - j x6'^{y)\V\-'^. 
(ii) j zxV-^yV-^ =j zxyD ^, if z £ A contains b or b* . 

Proof, (i) is direct consequence of the trace property of / and the fact that OP"^ operators are 
trace-class. 

(a) We calculate: 

j zx V-^y V-^ =jzx{y V'^ - V'^ [V, y] V"^) V'^ =jzxy V'"^ -jz xV'^[V, y] V'"^ 



zxyV ^. 



The last step is based on the observation that any integral with V ^ vanishes if the expression 
integrated contains 6 or 6*. □ 
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Lemma 3.5.20. For any n G N, 

(i) j{bb*rb*dbv-' = j^^ 

(ii) hbb*)'^d{bb*)v-^ = 0. 



(m) j{bb*)"\V\-^ 



Proof, (i) With n > 1, we begin with ((66*)") 2?^^ = 0, which follows directly from the trace 
property of the noncommutative integral. Expanding the expression using the Leibniz rule and 
the commutation 

xV-^ =V-^x + V~^[V,x]V'^, (3.51) 

we obtain 

n— 1 „ n— 1 „ 

Q=^ib^ dbb'^-^-^ib-'T T^'^ + Y.! p-1 



fc=0 fc=0 

-n 

n-l 



+ ^ 6"(6*)"-i db* V-^^ 

n— 1 „ 

+ 2^7 [b'' dbV-^d{b''-''-\b*r)V-^ + b'\b*)'' db*V-^d{{b*)''-'''^)V-^^ . 



k=0 

Using Lemma r3. 5. 191 

=nj{bb*T-^{b* db + bdb*) V-^ 

+ j{\n{n - l)V'^{b*Y dbdb + n26"-i (6*)"-^ dbdb* + \n{n - l)6"(6*)"-2 db* db*) V~^. 

The integrals with could be easily calculated when we restrict ourselves to calculations 
modulo the ideal TZ: 

nj{bb*Y-^{b* db + bdb*) P"^ = -2 (n(n - 1) - 2n^ + n(n - 1)) jX^^ = An^^ . 

Rencef {bb*)"-\b* db + bdb*)V-'^ = j:^, which together with Corollary [3Xl8] proves (i). 
(ii) In a similar way, j{bb*Y~^d{bb*)V-^ = = f{bb*)''-^d{aa*)V-^ implies: 

n-l 



0=J2{bb*r~''-^d{bb*){bb*)''V-^ 
=nj{bb*T~^d{bb*) V-^ + \n{n - 1) j {bb*T-'^d{bb*) d{bb*)V 



n-f{bb*)''-^d{bb*)V-\ 



where in the last step we used that d{bb*) £ TZ. The identity (ii) now follows from the equality 
oo* = 1 — 66* . 
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{in) Using Lemma [3.5. 191 we get 

An := j{bb*)"\V\~^ = j{h}fT{aa* + hb*)\V\-^ 
and we push now a* through \V\~'^ and from cyclicity of the trace through (66*)", 

the last term being calculated explicitly, since up to ideal TZ, a6{a*) ~ Lg + Mg — 1, 



which leads to 



Ml - + = ^n+l(l - + 



Assuming An = ^iJ^^inyi we have /"^^t = /"g^n"+t , and taking into account that = -2(YZ^: 

1 _|_^2ri 

we obtain An = -2^^:^^^ . □ 

Finally, to get Proposition 13.5.161 it remains to prove 
Lemma 3.5.21. For n > 1, 

daV 



ada*V - (l_g2n)2(l_g2n + 2) , 



-1 _ 6g^"+^-2g^"-2g^-2 



Proof. First, using the Leibniz rule, ()3.51|1 and Lemma [3.5.191 we have (for n > 1) 

j{bbTada*V-^ = -q^'' j{bb*Ta* da - j {bb*Tdada* V''^ . 

Further, we use the identity (I3.42p : 

j{bb*T (a* da + q^ada* + qHdb* + q%* db) V'^ = (1 - q^) j{bb*T \'^\~^ ■ 

taking into account that FV = \V\. 

These equations give together a system of linear equations 

j{bbTada*V-' +q^^j{bb*ra*daV-' = -4 (^3^ - ^) , 
q'j{bb*rada*V-' + j {bb^a* daV = -2(1 - q'')jl±^ - 

which is solved by the expressions stated in the lemma. □ 
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The noncommutative integrals at \V 
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We need to separate this task into two problems. First, we shall calculate all integrals of the 
type with x G A[SUq{2)) and z being one of the generators. The second problem 

is to calculate J X (^(y) (^(z) jl'l^^, with both y and z being the generators {a, a*, 6, 6*}. 

Lemma 3.5.22. The only a priori non-vanishing integrals of the type j x 5{z)\'D\'''^ are for 
n £ N; 

^ = 0, 



j{hh*Yh*6{h) \V\-^ = j{hh*Yh5{h*) \v 
j{bb*Ta*6{a) \V 



-2 _ 4(l-g2) 

— (I_g2n+2)(l_g2n) • 

Proof Since a(5(a*) ~ + Mg - 1 and (66*)" ~ + M^, we get 

(66*)"a(5(a*) ~ L^+^ + M^+^ - Lg - MJ^ 

and the second result is obtained from Lemma I3.5.141 The other integrals are computed in a 
similar way. □ 

Lemma 3.5.23. The only a priori non-vanishing integrals of the type j x dy dz\'D\~'^ are for 
n £ N.- 

— 4 

l_q2n+4 ) 



dbdb*\V\-^ = j^^, 



v\-^ = 0, 



j{bb*T{b*fdbdb\v 
j{bb*T 

j{bb*T{a*b*){dadb) 
j{bb*T{ab*){da* db)\V\-^ = 
j{bb*T {a*b){dadb*)\V\-^ = Q 
j{bb*T{ab){da* db*)\V\-^ = Q 
j{bb*T {da 
j{bb*Y {da* da) \V 



aa )\u\ — (;^_gS„+2)(]^_g2„) , n>u 



-2 _ 4(g2-l) 

— (I_g2n + 2)(l_g2n) • 

Proof. This follows from Lemma [3.5. 141 with the equivalences up to TZ gathered in Lemma [3.5.15[ 

□ 
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3.6 Examples of spectral action 

It is clear from Theorem 13.4.31 that any one-form of the form ada, hdh, adb, a*dh, etc... do not 
contribute to the spectral action. Indeed, only the balanced parts of one-forms give a possibly 
nonzero term in the coefficients. We give in the following table the values of the terms J A" \ V\~^' 
and the full Cvp^ifi) for a few examples. 







Tab, 


. 3.1 - Values of noncommutative inte^ 


;rals 




A 


jA\V\--^ 




-3 /yl3|P|-3 


jA\V\-^ 




jA\V\-^ 




a* da 
b*db 
ada* 
hdh* 


2 


-2 



2 

2 



2 


-2 



4q2 


4g2(g2^_2) 


3g2+l 


llg*+36g2+13 




-4 


-4 
4(2g2+l) 


2(q2_l) 
-2 
q^-l 


3(g4_l) 
4g2 
qi-1 
13g*+36g2+ll 





-4 
9^-1 


2(q2-1) 
-2 
q^-l 


3(9^-1) 
4q2 



1) Clearly the spectral action depends on q: for instance, 

2) Moreover, for B := a 6a* and A:= B + B*,we get since B B* mod 7^, 

j AP\V\-'' = 2P j BP\V\-^ , l<p<k<3. (3.52) 
Thus the spectral action of the selfadjoint one-form A := ada* -|- (ada*)* is 

5(Pa,$,A) = 2<I>3A3 + 16cI>2A2 + ^^<DlAl + i22^(^^82^c^(0). 

3) When S„ := {hh*Yh6h*, then by Lemma (13.5.1511 . B^ ^ -B^, so for An := + 5^, the 
equation (13321) is still valid and/5^ are all zero but/5„ = and/ 5^ |2?|-2 = 

4 

l_g4n+4 1 SO 

5(Pa„,$,A) = 2$3A3-i<I>iAi + ^^^$(0). (3.53) 

Remark that this spectral action still exists as g ^ 1! 

Note however that the symmetrization process (I3.52p does not work in general, for instance if 
B := aSb and A := B + B*, then f A'^\V\-^ = ^^'(lzfiy2^^ while f B^\V\-^ = or/[5, B*]\V\-^ = 

4 

4) The spectral action can be also independent of q: for instance, if A = jz-^ S.i'D) is the q- 
dependent selfadjoint one-form given in (|3.44|) . then, 

S(Va, A) = 2 $3 A3 - 8 $2 A^ f ^>i A^ - ^. 



112 



Chapitre 3. Spectral action on SUq{2) 



3.7 The commutative sphere §^ 

Since SU{2) ~ we get a concrete spinorial representation of the algebra A := C°°(S'^) on 
the same Hilbert space Ti. and same Dirac operator V with (|3.6|) where q = 1 which means that 
g-numbers are trivial: [a] = a. So 



where 



7r(a) \jnn)) 
7r(6) \jfin)) 
7r(a*) \jfin)) 



(3.54) 



jtJ.n 



+ + 1 



^j-n+1/2 







(2j+l)(2i+2 2j+l 



A* 



^j-n+l/2 
2i+l 





^i+n+1/2 
2j(2i+l) 

Vi-»-i/2 

2i 



+ + 1 







VI 



A* 



^i-n+3/2 
2i+2 

0-+n+l/2 ^i-n+1/2 
■(2j+l)(2j+2) 2i+l 

^j+n+1/2 7i-n+l/2 
2j+l 2i(2j+l 
^i+n-1/2 







2i 



with af^„ 



(4 



)* 0'^ 
J 1 



Note that the representation on the vectors ^ is not as convenient as in ([3 
One can check that the generators vr(a), 7r(&) and their adjoint commute and that [x, [P, ; 
for any y ^ A. 



3.7.1 Translation of Dirac operator 

In general the Dirac operator is defined in a more symmetric way than what we did. So, 
although not absolutely necessary here, we define for the interested reader the unbounded self- 
adjoint translated operator D' on H by the constant A as 

V' ■.= V + A. 

For instance, this gives for A = in the case of S^, see [80], T^' vj^^ = (2j + 1) ( q -\)^m i^*^ "^Ini 
is an eigenvector of \V'\. We define D — V + and D' := V + Pq where Pq is the projection 
on KerP and Pq is the projection on KerP'. 

As the following lemma shows, the computation of the noncommutative integrals involving 
V can be reduced to the computation of certain noncommutative integrals involving V': 
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Lemma 3.7.1. If f T := Res^=o Tr (r|D'|-'') , then for any 1-form A on a spectral triple of 
dimension n, 

^^|D|-('^-2)=^'A|D'|-("-2)+A(n-2)^'^P'|L>'|-" + A^ AlO'l-"", 
j A D-("-2) =j' A D'-("-2) + x{n-2)j' A D'-(--i) + j' A D'"". 

Proof. Recall from Proposition 11.3.81 that for any pseudodifferential operator P, 



/ 



P\D\-' = Res,=oTr {P\D\-'\D'\-') 



Moreover by Lemma fl. 3. 31 for any s E C and N 



N 

\D\-' = \D'\-' + ^Kp^sy'^\D'\-' modOP-^-i-^W (3.55) 
p=i 



where Y = ^^^^ ^-^^^{-2\D' + \^fD'-'^'' mod Op-^-i and Kp^s are complex numbers that 
can be explicitly computed. Precisely, we find Kp^g = (— f )^ y{p) where V{p) is the volume of the 
p-simplex. Since the spectral dimension is n, we work modulo 0P~^^^^\ and for s = n — 2, we 
get from (HM : |D|-("-2) = |L>^|-("-2) +A(n-2)P^|£)V + A^ ^""^^j"~^^ 1-^'!"" OP-("+i). 
As a consequence, we have for P £ OP^ (the OP^ spaces are the same for V or V), 

j p|I)|-("-2) ^ j' p|^/|-{n-2) ^ _ 2)^' + ^2 (n-lKn-2) ^' 

Since A and are in OP*^, we get both formulae. □ 



3.7.2 Tadpole and spectral action on §^ 

We consider now the commutative spectral triple (C°°(S^), H, V). It is 1-summable since 
((j/in s I [F, 7r{x)] \jiJ.n s)) = when x = a, a* ,b, b* for any j, /i, n, s = |, |. 
All integrals of above lemma are zero for S^: 

Proposition 3.7.2. There is no tadpole of any order on the commutative real spectral triple 
(C°°(S3), n, V). More generally, for any one-form A, J AP|D| ^ = for p £ N. 

Proof. Since the representation is real, that is any matrix elements of the generators are real, so 
must be the trace of AF\V\~p. Hence f AF\V\-p = f A* F\V\-p . 

The reality operator J introduced in (I3.25P satisfies, when q = 1, the commutative rela- 
tion JxJ-^ = X* for X e A. Thus JAJ-i = -A* and /AP|P|-P = j: J {A* F\V\-P) J-^ = 
-;fAF\V\-PandfAF\V\-P = 0. □ 

For any selfadjoint one-form A, Vj^ := V + A = V. Thus, the spectral action for the real 
spectral triple (C°°(S^), 7i, V) for Pa is triviahzed by 



5(Pa, A) = 2 $3 - ^ ^1 + O(A-i). 



(3.56) 
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But it is more natural to compare with the spectral action oiV + K. This is obtained respectively 
from Lemma 13.4.181 and general heat kernel approach [65]: 

5(P + A,^>,A) = 2^>3A3 + A|-i$iAi + C'(A-i) 

since all terms of (II. 6p in are zero for k odd and C©+a(0) = when n is odd: as a verification, 
+ A|^^ is zero according to Lemma fl .3. 101 Lemmas 13.4.181 and Proposition 13.7.21 Similarly, 
Ci'+a(0) = because in (jl.lip . all terms with k odd are zero (same proof as in Proposition 13.7.21) 
but for k even, it is not that easy to show that j KT>~^KT>~^ = 0. 
Moreover, the curvature term does not depend on A: 

Lemma 3.7.3. For any one-form A on a commutative spectral triple of dimension n based on a 
compact Riemannian spin'^ manifold without boundary, we have 

j\V + Ar("-2) = j (3_57) 

Proof. Follows from [68, first formula page 511] with p := A = A*, N{p) = p (the constraint 
J pJ~^ = ±p is not used). 

One can also use [37, Proposition 1.149]. □ 

Prom Lemma[mni/|P + A|-("-2) =/ 2) + ■f(AF)2|P|-3 + f A^\V\-^ 

using X := AV + PA + A^ and [ll^l, A] G 0P°, but again, it is not that easy to show that the 
last two terms cancel: for instance here, for IB = b*], we obtain by direct computation (using 
the easiest translated Dirac operator V') 

Tr (]B2|p'|-3-s) = Xr {(E*f\V'\-^-^) = ^ Tr (B]B*|P'|"^-'*) = ^ TV {M*M\V'\^^~'') 
_ 4 i+i 

~ 3 (2i+l)2+= ' 

2jen 



so 



J]B2|p/|-3 ^ 2_ Similarly, one checks that f(IBF)2|P|-3 = 1 / ]BFB*F|P|-3 = _2 Thus if 
A :=]B + ]B*,/A2|P|-3 =-f A2|P'|-3 = 4 and f (AF)2|P|-3 = -| which yields (l337ll . 
Thus for any one-form A on the 3-sphere, 

S{V + A,^,A) = 2«>3A3 - i$i A^ + C'(A~\A) 

which as (|3.56|) is not identical to (I3.53P which contains a nonzero constant term A° for g = 1. 

3.8 Appendix 

A. Proof of Lemma [mill 

(i) Using same notations of Lemma r3. 4. 121 we obtain by definition of ri, 

Tl{T^+{tk,p)) = '5fc,0<5p,0 '5ai+a2-a3+/3i+/32-/33,0 ! (3.58) 
Tl{'^-{uk,p)) = 5^Q%o '^ai-Q:2+a3+/3i-/32+/33,0- (3.59) 
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We get Ti(7r+(tfc^p)) ri(7r_(nfc,p)) = (^fc,o '^a2,o ^03,0 (5/32,0 15/33,0 (^0:1,-/31, so Lemma EXT2] gives 
the result. 

(m) Since 7r+(tfc,p)e„ = g^p,„e„+^+^ and 7r_(nfc,p)e„ = g^p,„e„+^-^, we get, 

00 

To{'^+{tk,p)) = <5,,+ {ikvn ~ '5fc,0'5p,o5ai+Q:2-a3+/3i+/32-/33,o) > (3.60) 

n=0 

oo 

ro(7r__(ufc,p)) = Q „ - (5^ ^ 5p,o '5ai-a2+a3+/3i-/32+/33,o) • (3.61) 

n=0 

With (13381) and (l3:6T]l we get 

oo 

Tl{-n:+{tk,p)) ro(7r_(-Ufc,p)) = 5fc,o <5p,0 ^aa+fe.as+A '5qi,-/3i ^ ('5/0,0 Vo Q'fc,p,„ - '5a3+/33,o) 

n=0 

= ^A:,0 (^p.O '5a2+/32,a3+/33 (^ai ,-/3i W^l (/?! , "3 + A)- 

Using (1339)1 and (l33n]l . 

oo 

T"o(7r+(iA:,p)) n(vr-(-Ufc,p)) = ^fc,0%0^a2+/32,O3+/33 '5qi,-/3i ^ ihfl ^Pfi 1k,P,n ~ ^»3+P3,o) 

n=Q 

= ^%^o ^pfl '5a2+/32,Q3+/33 ^ai-PiWliPl,Oi3 + 

Lemma [3.4. 121 yields the result. 

B. Proof of Lemma 13.4.141 

We have 

n(7r+(i/f,p)) = <5/<,o (Jp.o '5yli+yl2-A3+Bi+B2-B3,0 i (3.62) 
ti{tt^{uk,p)) = Sj^q6pq6ai-A2+A3+Bi-B2+B3,o- (3-63) 

and 

oo 

To{TT+{tK,p)) = K+pfl"^ {QK,P,n " ^K,0 Spfi SAi+A-z-As+Bi+Bi-Bsfi) , (3-64) 
n=0 

oo 

To{Tr.{uK,p)) = ^r-pfl"^ {9-K,P,n " ^ K ,0^ P fi^M-Ai+A^+B^-Bi+Bsfl) ■ (3.65) 

n=0 

(i) Equations (|3.62p and (|3.63p give (n (g) ri) r(74 A')'^ = 8Ai-Bi^A2fi^A3fl^B2fi^B3fi^0fi- A com- 
putation of t;o,o with 5ai,-Bi 5a2,q ^Azfi ^-82,0 ^Bz,o — 1 gives the result. 
[ii) Equations (13321) and (I335D yield 

n(7i"+(tit,p)) ro(7r_(ni4:^p)) = 5Kfl5pfl5A2+B2,A3+B3^Ax-Bi 

X '^/3i,ai,/3i((a2 + /32 + as + /?3)(ai + P'l), ^3 + ^3)- 
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Equations (|3.64p and (|3.63|) yield 

To(7r+(tK,p))Ti(vr-(uii',p)) = (5j^ gJpg (5^2+^2,^3+53 '^Ai-Bi 

X ^^ft,ai,/3(((a2 + /32 + as + /33)(a'i + 0i),A^ + B^) 

and the result follows. 

{iii) With (I3.39P a direct computation gives 

Tl(7r+(tif,p)) = &KflSpfl5Ai+A2-A-A+Bi+B2-Bafi , (3.66) 

ri(7r_(ui^,p)) = 6j-^q6pq6ai^A2+A3+Bi~B2+B3,o- (3-67) 

Using (I3.66P and (I3.67p . (n (gin) (r(74A'A")°) = 6au-Bi SA2,o^A3,oSB2,oSBa,oVo,o- A computa- 
tion of VQfi with (5^^^_Bi (5^2 ,0 (^Aa ,0 <^B2 ,0 (^Ba ,0 = 1 gives the result. 

(iv) We have 5(Mg)Mg, = 5{x)5{y)x' 5{y') + x6'^{y)x'6{y') where x,x',y,y' are monomials 
(vr omitted). Since 

k k 

we get 6{2t{x)) = Y.k9{k){l) Ck- 

Similarly, <5(7r(y)) = Ep5(p)0 Cp and 6H7r_{y)) = EpaipfOcp. 
Thus, with ck,p '■= Cp c^' Cp', 

Six)6iy)x'Siy') = J] g{k) g{p) g{p') (^) (^) ck,p , 

K,P 

x6\y)x'6{y') = Y.9{p?9{v'){k){^) ck,p . 

K,P 

r{5{M^)M^:f = E^/^x.P,o(5(A;) +5(P)) g{p)9{p') (^) (g r{cK,p) =:^Xk,p r{cK,p) • 

K,P K,P 
Since r(cfc) = {—q)''^ {—l)°''^~^°'^TT^{tk) (8)7r_(ufc) with tfc,UA; defined by 

tf^ ■= al\ ^fe ^*fe3 ^fca ._ ^fci ^fci ^fe „*fc2 ^^3 ^^3^ 

we get 

r(,5(M|)M^;)0 = 5] Ax,p(-g)'^+''^+P^+Pk-l)^^+^^+^^+^^^+(t/<,p) ® ^-(uK.p) 
ft'.p 

where tK,p = tktptk'tp' and ■Ui<-^p = UkUpUk/Upi . Direct computations yield 

n(7r+(t_ft:,p)) = 5a',o'^p,o'^Ai+A2-A3+Bi+P2-B3,0) 
n(7r-('Ui^,p)) = (5^ g(5p Q (5^1-^2+^3+^1-52+53,0 • 

The result follows. 

(v) For the last equality, note that by {iv) 

j5{A)A\V\-^ = -2 («1 <ooo^ffo^«l+«i+/3l+/3^o• 

The following change of variables ai <-> a'^, /3i ^ implies by symmetry that this is equal to 
zero. 
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C. Proof of Lemma [SmiS 

(i) Following notations of Lemma 13.4.121 we have 

MpM^:j'^ = ^VK,pCk,pJck',p'J-^ 

K,P 

where K = {k,k'), P = {p,p'), Xk,p = g{p)g{p')vkVk'WpWpi . Thus, 

p{MpM^:j-^) = (-l)^2+A3+B2+B3^(_g)fci+fcJ+Pi+PiA^,pr+p®r-p 

K,P 

where T^p := 'K'_^{tktp)TTj^{tkitpi) and T^p := TT'_{ukUp)TT^{uk'Up') with 
A direct computation leads to 

''"l(^i^,p) = ^KfiSpfi Sai+a2-a3+l3i+P2-l33,0 Sa[+a'2-a'^+l3[+/3!2-l3'^,0 ^ 
'^l(^ii',p) = ^K,O^P,0 ^'^i-(^2+a3+l3i-l32+l33,0^a[-a'2+a'^+f3[-l3!2+f3'^,0 
which gives the result. 

(a) Using the commutation relations on A, we see that there are real functions of {K,P), 
denoted o"^ p and p such that 





7^'+{tk,p)^^ 


'{tk',p'), 




'^K,P = ' 


g'^"cP TT'_{Uk,p)^. 


-{Uk',p') 




tk,p • — 






" ai 








u*ki 
" ai 



We have, under the hypothesis ri(T^p) = 1, 

T / T ' 

7r+(ife',p')em,2j = (-1) q ^ 'i2j-m-s+f3[,\a[\'i2j-m-s,\l3[\^'^+'^''^j ' 

s := -a'2 + - + /?3 = "'1 + P'l , 
A := Q2 + as + /52 + P3 



and then, 



^2j-m ■ l2j-rn-a[,\a{\ ^2j-m-a'^-l3'^,\l3[\ ' 
■— qm-a^,\a^\^m-l3^-ai,\l3^\ ' 



118 



Chapitre 3. Spectral action on SUq{2) 



Following the proof of Lemma [3.4.71 we see that tq{T^ p) is possibly nonzero only in the two 
cases A' = or A = 0. 

Suppose first A = A' = 0. In that case, we have 



m=0 m=0 m=0 



where the second equality comes from Lemma [3.4.17[ 

In the case (A = 0, A' > 0), we get a'^ = —I3[ and thus, 

Let us note U^j = Yl=,r^ il%j2tm,w/ ^nd L^, = Tl=,r^ ■ 

Suppose (i[ > 0. Since (qJ -i^.i/^Il)' " 1 = EbU^o,p,e{ o,i ^'^'^""^^'"'^ where we 
have = 2 + • • • + 2(3[. As in the proof of Lemma [3.4.71 (ii), we can conclude that U2j — L2j 
converges to 0. The case (3[ < is similar. 

In the other case (A > 0,A' = 0), the arguments are the same, replacing A by A' and ai, (3i 
by a[, p[. Finally, 

oo 
m=0 

A similar computation of ro(T^p) can be done following the same arguments. We find eventually 

and the result follows. 

{iii) The same arguments of (i) apply here with minor changes. 

(iv) follows from a slight modification of the proof of Lemma [3.4.141 (iv). 

(v) is a straightforward consequence of {i,ii,iii,iv). 



D. Proof of Lemma 13.4.171 

We give a proof for /3 and /?' > 0, the other cases being similar. 

;+v. ■r.r^f ofjr^-no \ , — ^—^\\p+p'\lr,'^p+'^„' ^^a tt„. — Y^^j ^ 

^m,\/3\^2j-m,\l3'\ 



Since ^ ^p^^^g^, j(-l)blig'-pg2b|im ^^ere p = (pi, • • • and := 2(pi + • • • + 

(3pf,), we get, with the notations A^y := {-l)\P+p'hq^v+W ^nd U2j := E™=o i<ll^.l3l<ht " 



2i 

m=0 |p+p'|i>0 

= E ^p,p'^2j,p,p' + \,p'^2j,p,p' 

|p|i>b'|i,lpli>0 |p|i<|p'|i,|p'|i>0 
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where 

m=0 m=0 

It is clear that V2j,py has for hmit when j — ^ oo when > 0, and V^^ pp/ has for hmit 
when j — ^ oo when |p|i > 0. As a consequence, 

U2j= Y, Vo^2i,p,o+ Y, -^oy^^oy + 

|p|i>0 |p'|i>0 

The result follows as ^ 

Em=0 ((^m,|/3|)^ - 1) = E|p|i>0 Vo^2j,p,0 and Em=0 ((9X|/3'|)^ " l) = E|p'|i>0 Vp'^2j,0,P' ' 
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Chapitre 4 

Tadpoles and commutative spectral 
triples 

4.1 Introduction 

The history of the noncommutative residue is now rather long [89], so we sketch it only brie- 
fly: after some approaches by Adler [2] and Manin [103] on the Korteweg-de Vries equation using 
a trace on the algebra of formal pseudodifferential operators in one dimension, and of Guillemin 
with his "soft" proof of Weyl's law on the eigenvalues of an elliptic operator [72], the noncom- 
mutative residue in any dimension was essentially initiated par Wodzicki in his thesis [150]. This 
residue gives, up to a multiplicative factor, the unique non-trivial trace on the algebra of pseu- 
dodifferential operators. Then, a link between this residue and the Dixmier trace was given by 
Connes in [25]. Thanks to Connes again [28,29], the setting of classical pseudodifferential opera- 
tors on Riemannian manifolds without boundary was extended to a noncommutative geometry 
where the manifold is replaced by a not necessarily commutative algebra A plus a Dirac-like ope- 
rator V via the notion of spectral triple (.4, H, V) where H is the Hilbert space acted upon by 
A and V. The previous Dixmier trace is extended to the algebra of pseudodifferential operators 
naturally associated to the triple {A, H, V). This spectral point of view appears quite natural in 
the general framework of noncommutative geometry which goes beyond Riemannian geometry. 
From a physicist's point of view, this framework has many advantages: the spectral approach 
is motivated by quantum physics but not only since classical observables and infinitesimals are 
now on the same footing and even Dixmier's trace is related to renormalization. It is amazing to 
observe that most of classical geometrical notions like those defined in relativity or particle phy- 
sics can be extended in this really noncommutative setting. Among others, some physical actions 
still make sense as in [25] where Dixmier's trace is used to compute the Yang-Mills action in 
the context of noncommutative differential geometry. Another example is the Einstein-Hilbert 
action: on a compact spin Riemannian 4-manifold, j-T>^^ coincides (up to a universal scalar) 
with the Einstein-Hilbert action, where J is precisely the noncommutative residue, a point first 
noticed by Connes; then, there was a brute force proof [90] and generalization [88] (see also [1]) 
of this fact which is particularly relevant here. 

Since then, the case of compact manifolds with boundary has been studied, making clearer 
the links between noncommutative residues, Dixmier's trace and heat kernel expansion. This 
was achieved using Boutet de Monvel's algebra [55,71,124], in the case of conical singularities 



122 



Chapitre 4. Tadpoles and commutative spectral triples 



[99,123] or when the symbols are log-polyhomogeneous [98]. Besides, there are some applications 
of noncommutative residues for such manifolds to classical gravity [147] and to the unification 
of gravity with fundamental interactions [23]. Needless to say that in field theory, the one-loop 
divergencies, anomalies and different asymptotics of the effective action are directly obtained 
from the heat kernel method [141], so all of the above quoted mathematical results have profound 
applications to physics. 

We are interested in possible cancellation of terms in the Chamseddine-Connes spectral action 
formula (|1.6p . We focus essentially on commutative spectral triples, for which we show that there 
are no tadpoles (see Definition ll.4.3|) . In particular, terms like f AV~^ are zero: in field theory, 
'D~^ is the Feynman propagator and AT>~^ is a one-loop graph with fermionic internal line and 
only one external bosonic line A looking like a tadpole. More generally, the tadpoles are the 
^-linear terms in (|1.6p . 



In [114], computations olj\V\~^ for some values of k are presented and formula like (|1.11|1 
also appear in [100] in the context of pseudodifferential elliptic operators. As a starting point, 
we investigate in section [12] the existence of tadpoles for manifolds with boundaries, considering 
following Chamseddine and Connes [23] the case of a chiral boundary condition on the Dirac 
operator. One of their original motivations was to show that the first two terms in the spectral 
action come with the right ratio and sign for their coefficients as in the modified Euclidean action 
used in gravitation. We generalize this approach to the perturbed Dirac operator by an internal 
fluctuation, ending up with no tadpoles up to order 5. 

However, this approach stems from explicit computations of first heat kernel coefficients, so 
we cannot conclude that other integrals of the same type as tadpoles are zero. It is then natural 
to restrict to manifolds without boundary via a different method. 

After some useful facts using the link between, we conclude in section 14.31 and using the 
results of section [L4l and pseudodifferential techniques, that a lot of terms in (|1.6p are zero. 

4.2 Tadpoles and compact spin manifolds with boundary 

Let M be a smooth compact Riemannian d-dimensional manifold with smooth boundary 
dM and let F be a given smooth vector bundle on M . We denote dx (resp. dy) the Riemannian 
volume form on M (resp. on dM). 

Recall that a differential operator P is of Laplace type if it has locally the form 



where {g^'^)i<f_i,u<d is the inverse matrix associated to the metric g on M, and and B are 
smooth L(y)-sections on M (endomorphisms). A differential operator D is of Dirac type if 
is of Laplace type, or equivalently if it has locally the following form 



D = -i-i^d^ + ^ 

where {^^)\<p,<d gives V a Clifford module structure: {^^ -.^^ ^ = 2gf^''ldv, (7^)* = 7^. 




A 



P = -{g^"'d^d, + M'd^ + M) 



(4.1) 



4.2. Tadpoles and compact spin manifolds with boundary 
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A particular case of Dirac operator is given by the following formula 

D = -ij^{d^ + LO^) (4.2) 

where the lo^ are in [L{V)) . 

If P is a Laplace type operator of the form (I4.1|l . then (see [65, Lemma 1.2.1]) there is an 
unique connection V on V and an unique endomorphism E such that P = L{V,E) where by 
definition 

L{V,E) := -{TigV^ + E), V\X,Y) := [Vx, Vy] - Vy^^y , 

X, Y are vector fields on M and is the Levi-Civita connection on M. Locally 

TvgV^ :=5^^(V^V,-r^,Vp) 

where Ffu, are the Christoffel coefficients of V^. Moreover (with local frames of T*M and V), 
V = dx^ (5^ + uj^) and E are related to g'^'^ , A^^ and IB through 

u;. = yu^.iA'^ + g'^'Ks^d) , (4.3) 
E = M-g''''{d,u;^+u;,u^-u^rl^). (4.4) 

Suppose that P = L{V,E) is a Laplace type operator on M, and assume that x is an 
endomorphism of Vqm so that = Wy. We extend x on a collar neighborhood C of dM in 
M with the condition (x) = where the d^'^-coordinate here is the radial coordinate (the 
geodesic distance of a point in M to the boundary dM). 

Let V± := Il±V be the sub-bundles of F on C where LI-i- := |(Idv ±x) are the projections 
on the ±1 eigenvalues of x- We also fix an auxiliary endomorphism S on V+gj^^j extended to C. 

This allows to define the mixed boundary operator B = B{x, S) as 

Bs :=n+(Vrf + 5)n+S| 

These boundary conditions generalize Dirichlet (n_ = Idy) and Neumann-Robin (11+ = Idy) 
conditions. 

We define P^ as the realization of P on B, that is to say the closure of P defined on the space 
of smooth sections of V satisfying the boundary condition Bs = 0. 

We are interested in the behavior of the heat kernel coefficients ad-n defined through its 
expansion as A — > oo (see [65, Theorem 1.4.5]) 

TV(e-'^"^s) ^ ^A'^-"a,_„(Z),B) 

n>0 

where -D is a self-adjoint Dirac type operator. Moreover, we will use a perturbation D ^ D + A, 
where A is a 1-form (a linear combination of terms of the type f[D,g], where / and g are smooth 
functions on M). More precisely, we investigate the linear dependence of these coefficients with 
respect to A. It is clear that, since ^ is a differential operator of order 0, a perturbation D i-^ D+A 
transforms a Dirac type operator into another Dirac type operator. 
This perturbation has consequences on the E and V terms: 
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Lemma 4.2.1. Let D be a Dirac type operator locally of the form such that := 

is connection compatible with the Clifford action 7. Let A be a 1-form associated to D, so that 
A is locally of the form —^7^0^ with G C°°{U), {U,x^) being a local coordinate frame on M. 
Then {D + A)"^ = L(V^, E^) and = L(V, E) where, 

io^ = uj^ + Of^, thus = V^. + Idy, 

E^ = E+l[j'',Y]F^,, i?=l7^7-[V^,V,], F^, := d^{a,) - d,{a^) 

Moreover, the curvature of the connection is = O^^/ + Ffj^,^, where Vl^y = [V^, Vi/]. 
In particular TV E^ = Tt E. 

Proof. This is quoted in [141, equation (3.27)]. 

{D + Af = L(V^, S^) := -g'^'iV^V^ - T^Vf) - E"^ and we get with V;^ := + a^Uv. 

-{D+ Af = i^^vi^y^ = I'^Y^u + ri'^yt^u 

= -rYr^p'V^ + g^'V^V^ + + a^Idv,V, + aMv]. (4.6) 

Since Tfi^ = Ty^.^ we get by comparison, 

eA = i^M^-[V^ + Idy, V, + a, Idy] = V.] + d^{a,) - d,{a^)) 

= ^7V[V^, v.] + i[7^71(5^K) - d,{a^)). □ 

Remark that even if quadratic terms in A? appear in the local presentation of the perturbation 
^ {D + A)^ (in the h term), these terms do not appear in the invariant formulation (V,£') 
since they are hidden in V^V^ of (|4.6p . 

In the following, D and A are fixed and satisfy the hypothesis of Lemma [4.2.11 Indices i, j, 
k, and / range from 1 through the dimension d of the manifold and index a local orthonormal 
frame {ei, Cd} for the tangent bundle. Roman indices a, b, c, range from 1 through d — 1 and 
index a local orthonormal frame for the tangent bundle of the boundary dM. The vector field 
6(1 is chosen to be the inward-pointing unit normal vector field. Greek indices are associated to 
coordinate frames. 

Let Rijki, Pij ■= Rikkj and t := pa be respectively the components of the Riemann tensor, 
Ricci tensor and scalar curvature of the Levi-Civita connection. Let Lab '■= (Sea^bi^d) be the 
second fundamental form of the hypersurface dM in M . Let ";" denote multiple covariant diffe- 
rentiations with respect to V"^ and ":" denote multiple covariant differentiations with respect to 
V and the Levi-Civita connection of M. 

We will look at a chiral boundary condition. This is a mixed boundary condition natural to 
consider in order to preserve the existence of chirality on M and its boundary dM which are 
compatible with the (selfadjoint) Clifford action: we assume that the operator x is selfadjoint 
and satisfies the following relations: 

{X,7'} = 0, [x,7l=0,VaG{l,--- (4.7) 

This condition was shown in [23] a natural assumption to enforce the hermiticity of the 
realization of the Dirac operator. It is known [65, Lemma 1.5.3] that ellipticity is preserved. 
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Since 7"^ is invertible, dimy+ = dimF_ and Trx = 0. 

For an even-dimensional oriented manifold, there is a natural candidate x satisfying (14. 7p . 
namely 

X:=XaM = H)'/'-Mei)-- -7(6.-1). 
This notation is compatible with (|4.9|) . Recall that 

Tr(7*i • • • 7*2'=+! ) = , V/c E N, Tr(7*7^') = dim V 5'^ . (4.8) 

The natural realization of this boundary condition for the Dirac type operator -D + ^ is the 
operator {D + A)^^ which acts as D + A on the domain {s £ C^iV) : H-S^qm = 0}. It turns 
out (see [12, Lemma 7]) that the natural boundary operator B:^ defined by 

:= n_(Z) + A)si9M © U.siQM 
is a boundary operator of the form (|4.5|1 provided that S = , A] — LaaX)^+- 

Lemma 4.2.2. Actually, S and X;a o,fe independent of the perturbation A: 

(i) S = -\Laa^+ . 
(a) X;a = X:a- 

Proof, (i) Since A is locally of the form —i'y^aj with aj £ C°°{U), we obtain from (|4.7|1 . 

X[7^ A] = -iaj x[Y, = -iYl ^[^"'' = ^ «i [^'^' = -t^'^' 

j<d j<d 

and the result as a consequence of 11+ [7^^, A] = [7^^, A] n_ and 11+ n_ = 0. 

(u) We have Vf = Vi + Oi Idy where A =: —i-y^aj, and since {Vfx)s = V^(xs) — xC^fs) 
for any s G C°°{V), using Lemma [M31 Vf{x) = [Vi + ajdv,x] = NhX] = ^i{x)- □ 

While S is not sensitive to the perturbation A, the boundary operator depends a priori 
on A. We shall denote B^^ the boundary operator B^ when ^ = 0. 

The coefficients ad-k for < /c < 4 have been computed in [11] for general mixed boundary 
conditions in the case of Laplace type operators and in [12, Lemma 8] for Dirac type operators 
with chiral boundary conditions. We recall here these coefficients in our setting: 



Proposition 4.2.3. 

adiD + A, B^) = (47r)-'*/2 j ^r^^ 1 dx . 

JM 



ad-iiD + A,B^) = 0, 



ad-2{D + A,B^) = (±Ln!^!| f Try(6£;^ + r) dx + [ T¥y(2L,„, + 125) dy }, 

Jm JdM 

ad-3{D + A, B^) = ^'"^'gst''^' / {96xS^ + 3^^ + OL^, + + 1925^ - 12xfj dy, 

JdM 

ad-A{D + A,B^) = / Try {60rS^ + 180(^^)2 + 30(J7^.)2 + Sr^ - 2p^ + 2R^] dx 

Jm 

+ [ Try {iSOxE^ + l20E^Laa + 12QSE^ + ^xx.a^ad + T]dy]. 

JdM 
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where 

T := 20r Laa + '^Radad.Lbb — ^'^RadbdLab + ^RabcbLac + ^ (iSOL^^ — ASL^f^Lcc + 272LabLbcLac 

+ UOtS + lUSLl, + iSSLlf, + m{S^Laa + S^) - i2x%Lbb + 6X;aX;bLab - l20x%S) 
is independent of A. 

The following proposition shows that there are no tadpoles up to order 5 in manifolds endowed 
with a chiral boundary condition. 

Theorem 4.2.4. Let M be an even d- dimensional compact oriented spin Riemannian manifold 
with smooth boundary dM and spin bundle V. Let D := —i^^Vj be the classical Dirac operator, 
and X = XdM — (~^)'^''^~^7(ci) • • ■ j{ed-i) where (ei)i<j<rf is a local orthonormal frame ofTM. 

The perturbation D ^ D + A where A = —i-y^aj is a 1-form for D, induces, under the 
chiral boundary condition, the following perturbations on the heat kernel coefficients where we set 
Cd-k{A) := ad-k{D + A,B^) - ad-k{D,B^): 

(i) Cd{A) = Cd-i{A) = Cd-2{A) = Cd-M) = 0. 

(tt) Cd-M) = Im ^m-^^' dx. 

In other words, the coefficients Od-k for < k < 3 are unperturbed, 0^-4 is only perturbed by 
quadratic terms in A and there are no linear terms in A in ad-k {D + A,B^) fork<5. 

Remark 4.2.5. When A is selfadjoint, all coefficients ad-k{D + ^j^^) o.nd ad-k{D ,By^ are 
real while linear contributions in A are purely imaginary, modulo traces of 7 and x matrices and 
their covariant derivatives. Since the invariant terms appearing as integrands of Jj^^ and Jqj^ 
in the coefficients at higher order are polynomial in S, x, R, and ^l^, and their covariant 
derivatives, one expects no linear terms in A at any order. 

Proof, (i) The fact that Cd{A) = Cd-i{A) = follows from Proposition 14.2.31 

Since by Lemma|422l Cd„2(^) = (47r)"'^/2 j^^ Ttv{E^ -Ea) dx, we get Cd_2(^) = because 

Try = TtvE by Lemma 

Prom Proposition iXS and LemmaiXll we get CdsiA) = i(47r)-('^-^)/2 J^^^^Try {x^E"^ - 

E)}. 

Since x{E^ - E) = {-ifl^-j^ ■ ■ ■ ^i'^-^l^i^ ,-^^]Fjk, (USD yields Try x(^^ - ^) = because d 
is even. 

{ii) Since Try (S^ - ^) = and Try x(£^^ - = 0, we obtain Try - ^) = from 

Lemma r4.2.2[ Thus, using Proposition 14.2.31 and Lemma r4. 2. 21 

Cd.M) = ^^^{ [ Try {m{E^f - E') + 30{{nfjf - {Q^jf)} dx 

JM 

+ [ Try {l80x{Efd - E.,d) + ^xxA^ad " ^ad)} dy). 

JdM 

We obtain locally Try {{E^)"^ - E'^) = TI{[-f^' ■,l''])E^ivFpa- using Lichnerowicz' formula 

E = -\t. Since TTy{[-f^' ,Y][Y ,1"]) = 4:.2'^^^ {g'"' g^P - gf'Pg""), 

Try {{E^ f -E^) = - 2'^!'^-^ F^^F^"" . 
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V being the spin connection associated to the spin structure of M, we have = \'y^^^Rijki- 
So Rijki = —Rijik implies Try ^ij = 0. Hence, with Lemma r4. 2. 11 

Try {{nfjf - nfj) = = 2''/2i7^^i7/^- . 

Moreover, = [V^ + a^^E^] = [V^,^ + \b\l^]Fi,] = E.,^ + i[Vrf, 
Using [Vi,y] = 7(Viej) and gS]), 

Try [xiEfd - E.,d)) = TVy {7^ • • • ^''-^ {l{Vde^W + I'li'^de^)) } = . 

It remains to check that Try {xX:a{^ad ~ ^ad)) = 0. Let xm = —ixi'^ be the grading operator 
(see (I4.9|l ). Since xm commutes with the spin connection operator V (see [68, p. 396]), 

= [Va, xm] = [V„ Xl''] = X-.al'' + X[Va,7''] = X:al^ + Xl{^ a^d) 

and thus XX-.a = —l^a^d)l'^ = ~^\d^^^'^i where F^^ = — F^^- since (cj) is an orthonormal 
frame. So Try(xX:a) = ~^\d^^'^ ~ ~^'ad ~ ^- Finally, the result on Cd-A follows from Lemma 

imias Try {xX:a{^ad " ^ad)) = Tvv{xX:a)Fad. 

The coefficient ad-^{D + A,B^) is computed in [13]. One can check directly as above that 
linear terms in A are not present. The computation uses the fact that the trace of the following 
terms xE^, E^S, x{E^)'^, E^S"^, X;aX;b^ab^ X%E^ , do not have linear terms in A. □ 

In the following, we investigate the above conjecture with Chamseddine-Connes pseudodif- 
ferential calculus applied to compact spin manifolds without boundary and Riemannian spectral 
triples. We also see, using Wodzicki residue, how to compute some noncommutative integrals in 
this setting. 

4.3 Commutative spectral triples 
4.3.1 Commutative geometry 

Definition 4.3.1. Consider a commutative spectral triple given by a compact Riemannian spin 
manifold M of dimension d without boundary and its Dirac operator V associated to the Levi- 
Civita connection. This means (^A := C°°(M), Ti := L'^{M,S), V) where S is the spinor bundle 
over M. This triple is real since, due to the existence of a spin structure, the charge conjugation 
operator generates an anti-linear isometry J on W such that 

JaJ"^ = a* , Va G A, 

and when d is even, the grading is given by the chirality matrix 

XM:=(-i)'/'7S'---7'- (4.9) 

Such a triple is said to be a commutative geometry (see [33] and [34] for the role of J in the 
nuance between spin and spin'^ manifold). 

Since JaJ~^ = a* for a G ^, we get that in a commutative geometry, 

JAJ-^ = -eA*, VA G ni{A). (4.10) 
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4.3.2 No tadpoles 

The appearance of tadpoles never occurs in commutative geometries, as quoted in [37, Lemma 
1.145] for the dimension d = A. This fact means that a given geometry (^, TL^ V) is a critical 
point for the spectral action (|1.6p . 

Theorem 4.3.2. There are no tadpoles on a commutative geometry, namely, for any one-form 
A = A* ^\){A), Tadv+A{k) = 0, for anykeZ,k< d. 

Proof. Since A = when A = A* hy (|4.10|) , the result follows from Corollary 11.4.51 □ 
There are similar results in the following 

Lemma 4.3.3. Under same hypothesis, for any A;, Z G N 

(i) jAV-^ = §AV-^, 

(ii) jxAV-^ = -e^+^jxAV-^, 
(Hi) jA^\V\-^ = {-eY j A^\V\-^ , 
(iv) jxA^'^ = (-e)' jxA^'^- 

Proof. 

j AV'^ = j JAV-^J-^ = j JAJ-^{e^V-^) = -e^+^jA*V-^ = -e'=+^ j V'^A 



The same argument gives the other equalities using = — Ax and = ^ 
Lemma 4.3.4. For any one-form A, j (ylP^^)^ = when k G'N is odd. 
Proof. We have 



j {AV-^)'' =jj{AV-^fj-^ = j [JAJ-^ JV-^J-^f = {-ife^'^j {A*V-^f 

= {-if j{AV-y (4.11) 
(which shows again that AV"^ = 0)- D 

4.3.3 Miscellaneous for commutative geometries 

To show that more noncommutative integrals, where the use of the operator J in the trick 
(|4.11|) is not sufficient, are nevertheless zero, we need to use the Wodzicki residue (see [151,152]): 
in a chosen coordinate system and local trivialization (x,^) of T*M, this residue is 

wres^iX) := [ Tr {a^^{x,0) \dC\\dx^ ^ ■ ■ ■ ^ dx'^\, (4.12) 

where (t^^{x,^) is the symbol of the classical pseudodifferential operator X in the chosen co- 
ordinate frame (xi,--- ,Xd), which is homogeneous of degree —d := — dim(M) and taken at 
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point (x, ^) E T*{M), is the normalized restriction of the volume form to the unit sphere 
S*M ~ S"^^^, so we assume d > 2 to get S*M connected. 

This wreSx{X) appears to be a one-density not depending on the local representation of the 
symbol (see [68,152]), so 

Wres{X) := [ wreSx{X) (4.13) 

is well defined. 

The noncommutative integral f coincides with the Wodzicki residue, up to a scalar: since 
both J and Wres are traces on the set of pseudodifferential operators, the uniqueness of the 
trace [152] gives the proportionality 

jx = CdWres{X) (4.14) 

where Cd is a constant depending only on d. Computing separately J 1 1? 1^*^ and Wres{\'D\~'^), we 
get C(i > 0. (Note that f is not a positive functional, see Lemma [4.3.181 ) 

Lemma fl. 4. II follows for instance from the fact that J^jWreSx{X*) = Jj^,jWreSx{X). 

Note that Wres is independent of the metric. 

As noticed by Wodzicki, j- X is equal to —2 times the coefficient in log t of the asymptotics 
of Tr(Xe~*^ ) as t ^ 0. It is remarkable that this coefficient is independent of V and this 
gives a close relation between the ( function and the heat-kernel expansion with Wres. Actually, 
by [70, Theorem 2.7] 

oo oo 

Tr(Xe'*^') ~,_.o+ J] a, '^^''^V^ + ^(-a', log^ + 6,)^^ (4.15) 

k=0 k=0 

SO fx = 2a'o. Since, via Mellin transform, Tr{XV-^') = ^ t"'^ Tr(X e"*^") dt, the non- 
zero coefficient a'f^, k ^ create a pole of Tr(X P^^*) of order k + 2 since log(t)'^ = 
and 

T{s) = - + j + sg{s) (4.16) 
s 

where 7 is the Euler constant and the function g is also holomorphic around zero. 

We have Jl = and more generally, Wres{P) = for all zero-order pseudodifferential 
projections [151]. 

For extension to log-polyhomogeneous pseudodifferential operators, see [98]. 

When M has a boundary, some are non zero, the dimension spectrum can be non simple 
(even if it is simple for the Dirac operator, see for instance [99]). 

On a spectral triple {A, TC, V), changing the product on A may or not affect the dimension 
spectrum: for instance, there is no change when one goes from the commutative torus to the 
noncommutative one, while the dimension spectrum of SUq{2) which is bounded from below, 
does not coincide with the dimension spectrum of the sphere corresponding to g = 1 . 

We first introduce few necessary notations. In the following we fix a local coordinate frame 
{U, {xi)i<i<n) which is normal at xq € M, and denote cj^ the fc-homogeneous symbol of any 
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classical pseudodifferential operator X on M, in this local coordinate frame. The Dirac operator 
is locally of the form — compatible with (|4.2p 

V = -ij{dx^) {d^j + LOj{x)) (4.17) 

where ujj is the spin connection, 7 is the Clifford multiplication of one-forms [68, page 392]. Here 
we make the choice of gauge given hy h := which gives [68, Exercise 9.6] 

= -i {^ij 9ki - d,, {h'^)5^p hf) jidx^) 7(dx'), jidx^) = y^'" 7fc 
where 7-^ = are the selfadjoint constant 7 matrices satisfying {7*,7-' } = 6^^ . Thus 

o-'^{x,0 = ^/g~^^^ lk{ij -iu}j{x)). 

We have chosen normal (or geodesic) coordinates around the base point xq. Since 

Qijix) = gijixo) + \Rijkix'^x'' + odl^ll^), 
g'\x)=g'nxo)-\R\hx''x' + o{\\xf), 
9ij{xo) = 6ij, T'yj{xo) = 0, 

the matrices h{x) and h~^{x) have no linear terms in x. Thus 

Ldi{xo) = 0. 

We could also have said that parallel translation of a basis of the cotangent bundle along the radial 
geodesies emanating from xq yields a trivialization (this is the radial gauge) such that u!i{xo) = 0. 
In particular, using product formulae for symbols and the fact that in the decomposition D = 



V + P, P€ 0P-°^, we get for /c e N 

<yi{x,e) = V9^'\x)lkij = 7(0, erf (xo,0 = t'Cj, (4.18) 

<^o{x,0 = -iVa^ ix)'ykUJj{x), ao{xo,0 = 0, (4.19) 

d,,af{xo,0 = 0, (4.20) 

aVi^,0 = y^'\x)j,Ckm\-', mil :=g^Hx)C,Ck (4.21) 

d^ka^^\xo,0 = 0- (4.22) 
We will use freely the fact that the symbol of a one-form A can be written as 

a^{x, = a^{x) = -i ak{x) 7^= (4.23) 

with afc(x) G iR when A = A* . 



When d is even (so e = 1), remark that for A; = / and Ai = ai[V, bi] and a = Y[i=i then 
by [38, page 231 (actually, x is missing)], [113] or [68, p. 479] when k = d, (M is supposed to be 
oriented) 

-f xAi ■ ■ ■ Ak\V\-^ = c'k [ A{R)^'^-^^ A adbi A ■ ■ ■ A dbk 
J Jm 
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where A{R) is the A-genus associated to the Riemannian curvature R. Since we have A{R) G 
©jgNrj^-^(M, M), if x^^\D\~^ can be non zero only when k = d — 4j. For instance in dimension 
d =2, for j = 0, 

Thus wreSx{xAiA2T)~^) = —2ai{x) a2{x) ^/detg^ Tr{x'y-'l'^), so if fg is the Riemannian density, 

/ xAiA2V-^ = -2cd T,{xih^) I aia2 Vg. (4.24) 

J JM 

Actually, this last equality is nothing else than Wodzicki-Connes' trace theorem, see [68, section 
7.6], and this is equal to c.^ Jj^ aia2dbi A db2 as claimed above. 

We introduce a few subspaces of the pseudodifferential operators space ^'(M). Let 

Be:={P e -^{M) : € Ej,yj £Z} e for even, 

such that, for m = 2W'^\ 



Bo:={Pe ^(M) : G O^, Vj G Z } o for odd, 



Ej:={feC°°{UxR^\{0},Mra{C)) : /(x, ^ = ^/^^(x) , / / 0, 

h e N, G N^ m - 2ki =j , hiE C°°{U, Mm{C)) } , 
Oj:={feC^{UxR''\{0},MmiC)) : /(x, ^ = ^^/^^(x) , 7 7^ 0, 

ki en, p'e - {2ki + i)=j ,hie C°°{U,Mm{C)) } . 

Lemma 4.3.5. For any j, f G Z and a G N'', 

(i) EjEf C Ej+f and d^Ej C d^Ej C Ej. 

{ii) OjOj> C Ej+j, and d^Oj C 0.j_\^\, d^Oj C Oj. 
{in) OjEji and EjiOj are included in Oj^ji. 
(if) Be is a sub-algebra of'^^M). 

(v) BeBg, BoBo are included in Be, and BeBg, BgBg are included in Bo- 
Proof, (i) Let / G Ej and a G N<^. We have, if f{x,0 = Zia ^ hi{x), 

We check by induction that we can write 
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where Xp are real numbers, the sum on indices p is finite, and Yl^j'li Z?-''^ = 7. As a consequence, 

since = {g^\x)^kiiY^ is a homogeneous polynomial in ^ of degree 2ki, we get d'^f G Ej_\^'^. 

The inclusions EjEj/ C Ej^j', d^Ej C Ej are straightforward, 
(u) The proof is similar to (i) since by induction 



2 

X 



where Ap are real numbers, the sum on the indices p is finite and Yl^jli /^■''^ = 7- 
{in) Straightforward. 

{iv) The product symbol formula for two classical pseudodifferential operators P G \1'P(M), 
Q £ ^'^(M) gives 

aGN'* A:>0, |a|+fc<i 

The presence of the factor i'"' that will be crucial in later arguments like Lemma r4.3.10[ 

If P,Q e Be, we see that by (i), d^a^_._^_^^^_^_f^ G Ep^j+k and S^a^.^ G -Eg_fc. Again by (z), 

we obtain c?^o"^_j_,_|q,|_,_^ G Ep^q^j, so the result follows from (|4.25|1 . 

{v) A similar argument as {iv) can be applied, using {ii) to obtain ^BoiSo C and (iii) to 
get BoBe C i3o, C i3o. □ 

5e and ;So are stable by inverse: 

Lemma 4.3.6. Let P G Be (resp. Bo) be an elliptic classical pseudodifferential operator in ^'^'(M) 
with ap{x,S,) = IICIIS' P Then any parametrix P~^ of P is in Be (resp. Bo)- 

Proof. Assume P G so p is even. Prom the parametrix equation PP~^ = 1, we obtain 
a^p = {(Tp)~^ = ll'^ll^^ G -E-p. Moreover, using (|4.25|) . we see that for any j G N*, 

<;-=-«)-^( E E E'^'"'^^r<-.>N-^.^>^^^^^ (4-26) 

0<k<j 0<|a|<j A:=0 



We prove by induction that for any j G N, <^-p-j £ -^-p-j- suppose that for a j G N*, we have 
for any j' < j, c^„^,; G E_p_ji. We then directly check with Lemma [4.3.51 and (|4.26|) that 



'P-j' ^ 

G E_p_j. 

The case P £ Bo is similar. □ 

Lemma 4.3.7. For any A; G V'' G Be and when k is odd, \V\'' G Bo- 

Proof. Since V G Be, T>~^ is in Be by Lemma r4.3.6l and 14.3.51 and so is . 

Using (|4.25p for the equation = 2?^, we check that o"[^'(x,^) = ||^||^ and for any 

j G N*, 

0<fe<j 0<|a|<i k=a 
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Again, a straightforward induction argument shows that for any j € N, cr|_^ G Oi-j, and thus 
|P| G Bo- The result follows as above. □ 

In the next four lemmas, we emphasize the fact that only some of the results could be obtained 
using the trick (|4.1ip with the operator J. 

Lemma 4.3.8. (i) If d is odd, then for any P G Be, j P = 0. 

(a) If d is even, then for any P G Bo, f P = 0. 
(Hi) For any pseudodifferential operator P G ^i(^), 

- when d is odd, then P = 0, 

- when d is even, then P\T>\^^ = 0. 

Proof, (i) Since a^^ G E^d, (^^^(^,0 = Yliei ijfjjsfcT ^«(^) where are odd. The integration on 
the cosphere in (|4.12|) therefore vanishes. 
(a) The same argument can be applied. 

{Hi) Direct consequence of (i) and (ii). □ 



Remark 4.3.9. Lemma \4.3.8\ (iii) entails for instance thatjB\T>\~^'^''^^^ where B is a polynomial 
in A and V and k ^ N, always vanish in even dimension, while f BV^^^ always vanish in odd 
dimension. In other words, j B\D\~^'^~'^^ = for any odd integer q. 



We shall now pay attention to the real or purely imaginary nature (independently of the 
appearance of gamma matrices) of homogeneous symbols of a given pseudodifferential operator. 
Let 

C := { P G vI/P(M) : G /,-, Vj G N} 

where = Ig if A; is even and Ik = lo k is odd, with 

Ie:={/GC°°(C/xM",7W„(C)) : f = -fk,---7k,Hx,0 , /i real valued } , 
Io:={f eC^{U xR^,Mm{C)) : f = i7k^---lk,h{x,0 , /i real valued}. 

Lemma 4.3.10. (i) C is a sub-algebra of"^{M). 
(a) If P ^ C is hypo-elliptic then P^^ G C. 
(Hi) V'' £C and \V\'' £ C for any A; G Z. 

Proof, (i) Consequence of (I4.25p . 
{ii) Consequence of (|4.26ll . 

{Hi) It is clear that V £ C and the fact that |P| G C is a consequence of (I4.27p . □ 

Lemma 4.3.11. Let k & N odd. Then any element B of the polynomial algebra generated by A 
and [D,A] satisfies j B\V\-^<^-''^ = j BF\V\-^'^-^^ = 0. 

Proof. We may assume that B is selfadjoint so j B'D~^'^~''^ G M. 

By Lemma iZini a^f'^^'"'' = fT^tr^;^'"'^ G 4. Thus f AV-^ G iR and the result follows. 
The case /5F|P| is similar. □ 

We now look at the information given by the gamma matrices. 
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Lemma 4.3.12. For any one-form A, j A\'D\''^ = 0, g G N m either of the following cases: 

- d / 1 mod 8 and d / 5 mod 8, 

- (d= 1 mod 8 or (i = 5 mod 8J and (q is even or q > ). 

Proof. In the case d / 1 mod 8 and d 7^ 5 mod 8, the result follows from the fact that e = 1. 

The case d even and q odd or d odd and q even is done by Lemma [4.3.81 (iii). 

Suppose that d is even and q is even. U q = 2k, with a recurrence and the symbol product 
formula, we see that and all its derivatives are linear combinations of terms of the form 

f{x,C)®l^^ ■ ■ ■ 7"'' where i is even and less than 2j (with the convention 7-^^ • • • 7-'* = 1 if i = 0). 
We call {Pj) this property. The parametrix equation 2?2A;p-2fc _ entails that o"^2fc ~ ("^ife 
and for any j > 1, 

i-i 

r=max{j— 2A;,0} 

l<|«|<2fc r=max{j-2fc,0} 

Note that 

(T^2fc satisfies (-Fq)- By recurrence, this formula shows that o"^2fc— 1 satisfies {Pj) for 

any j G N. In particular, o"?^^*" satisfies (P_2fc+d) and the result follows then from (I4.23P and 
the product of an odd number (different from the dimension) of gamma matrices is traceless. 

Suppose now that d is odd, q is odd and d > g. In that situation, any odd number of gamma 
matrices 7*1 •• • 7*'' is traceless when r < d. 

Using K2Eh for the equation \V\-i\V\-'i = V'^i, we check that a^^^~\x,(,) = ||^||^^ and for 
any j G N*, 

0<fc<j 0<|o|<j fc=0 

We saw that each cr_2g_j satisfies [Pj], that is to say, is a linear combination of terms of the 
form /(x,^) 7-'i ...^J* where i is even and less than 2j. Again, a straightforward induction 
argument shows that for any j G N, (^Lq-j satisfies {Pj)- In particular a-d{A\'D\~'^) is a linear 
combination of terms of the form f{x, ^) (X" 7-'^ • • • where r < 2(d — g') + 1 is odd. This yields 
the result. □ 

The fact that / Ap-'^+i = 0, consequence of Lemmas 14.3.81 and 14.3.111 is also a consequence 
of the fact that c^^'^'^^ {xq, S,) = 0: 

Lemma 4.3.13. For all k G N*, we have af!^^{xQ,^) = (T'^k-i{^o,0 = 0- 

Proof. We already know that (t^{xo,^) = 0, see (|4.19p . We proceed by recurrence, assuming 
^^^i{xo,0 = for /c = 1, • • • , n. Then o"^"^^ = <t^"(Tq' + crn"i^? ~ "^^Cfc'^n" "^x*^?; thus by 
(ICT) and (ICT) . cj^"'''(xo,e) = 0. 

Since = 1 yields (T?2 (^^0)0 = (^o'){xo,0 — 0) assume o-^j^_i{xq,£) = 

for fc = 1, • • • n. Then aTnlt = f^-n'V?2 ' + t^-n-ic^.r - « ^f^-n" ^x^f^-i'' ■ Using ([i:22]l and 
recurrence hypothesis, a^^'^-^ i^OiC) =0- ^ 



4.3. Commutative spectral triples 



135 



Remark 4.3.14. Regularity of Cx{s) '■= Ti{\X\ ^) at point when X is an elliptic selfadjoint 
differential operator of order one (see [64])'- 

One checks that Cx(s) = r(s) /o°° '^^(^~*'"'''') '^{^) > ^- Because of the asymptotic 

expansion 



TV 

Tr(e-*l^l) = t-"^ «"[^] + 0{t^+^-^) (4.28) 

n=0 

and meromorphic extension to the whole complex plane, Res C,x{s) = Y-(d-n) • particular, 

Cx{s) = T {s)~^ { ^'''^^^ + f{s)), where / is holomorphic around s = 0. By (|4.16p we get that Cx{s) 
is regular around zero and Cx(0) = ad[X] if d is even and Cx(0) = if d is odd. 

Corollary 4.3.15. Cv+a{0) = Cv{0) = when d = dim{M) is odd. 
When d IS even, C©+a(0) - C©(0) = E£i si/C^^"')""- 

Proof. The result follows from (jl.lip and Lemma r4. 3. 41 □ 

A proof of (fTTT]! also follows from ~ Efcli f^^^^"'^* with log(X) := 

§-^\^^^X'\ so Wres{\og{l + AV-^)) = Yfk=i^^Wres{AV~^f) since {AV^^f has zero Wod- 
zicki residue \i k > d and moreover C,v+a{^) = — VFres(log(I? + A)). Actually, the important 

point is that det(X) := e'^''^'*('°s(^)) jg multiplicative (see [100]). Moreover, such determinant is 
different from the ^-determinant e~'^x^^) used for instance by Hawking [77] in his regularization 
via the partition function which suffers from conformal anomalies. 

The fact that in the asymptotic expansion of the heat kernel (|4.28p . the term 02 + A\ 
depends only on the scalar curvature, so independent of A is reflected in 

Lemma 4.3.16. In any spectral triple of dimension 2 (commutative or not) with vanishing 
tadpoles of order zero (i.e. (I1.19P is satisfied), Ci?+a(0) = Cr>(0) for any one-form A. 

Proof. Let ai, 02, 62 G A. Then, with Ai = ai[D,6i], 

^ yli as [V, 62] V-^ = / ^1 [^~^ «2] [V, b2]D-^ + j Aia2V~^ [V, 62]^?"^ • 

The first term is zero since the integrand is in 0P~^, while the second term is equal to 
J (010(6102) — ai6ia(a2)) (0(62) — 62), so is zero using a{x)a{y) = a{xy), j xy = f xa{y) by 
(fTTflll and the fact that / is a trace. Thus f {AV'^f = and Corollary 14.3.151 yields the 
result. □ 

Note that Cx>+a(0) — Cx'(O) is usually non zero: consider for instance the flat 4-torus and as 
a generic selfadjoint one-form A, take 



136 



Chapitre 4. Tadpoles and commutative spectral triples 



where a^ ; is in the Schwartz space S{Z^) and aa,i = —aa-i- We have by Lemma [2.3.121 (with 
c=8|i, |'/|2 = ^^/fc2^nde = 0) 

C,V+a{^) - C©(0) = j{AV-^f = C aaul aa,,-l (r^r^ - 5"l"2|;|2) 



since f{AV-y = 0. 

This last equality suggests that Lemma [4 . 3 . 1 6 1 can be extended: 

Proposition 4.3.17. For any one-form A, j (AV^^)'^ = if d = dim{M). 

Proof. As in the proof of Lemma 14.3.161 commutes with the element in the algebra as the 
integrand is in 0P~'^. So for a family of Oj, hi ^ A and using a := nf=i 

/d ^ d d ^ d 

n {a^ [V, h] D-') = / ( n n ([^' ^"') = / « n ("(^^) - ■ 
i=l 1=1 i=l i=l 

We obtain, since a(6j) — 6j € OP^^, 



i=l i=l 



Moreover, a^\'^^ {x^^i) = 0: we already know by Lemma 14.3.131 that ^{^OiC) = 0; by (|4.21|) 
that d^ku'^i^ {xq,S,) = for all k, and ^"^^'(a^OjO = bi{xQ) a'^ {xq,S,) = giving the claim and 
the result. □ 



This proposition does not survive in noncommutative spectral triples, see for instance [82, 
Table 1]. 

Note that for a one-form A, jA'^V''^ ^j{AD-'^)-'^ = 0: in dimension d = 2, as in ([1211), 

j ^2^-2 ^ _2c^ Tr(7'=V) a^ai Ug. 

It is known (see [37, Proposition 1.153]) that the d — 2 term (for d = 4) in the spectral action 
expansion §\T> + A\~'^ is independent of the perturbation A. This is why the Einstein-Hilbert 
action S{V) =/ = -c f^^T^dx (see [68, Theorem 11.2]) is so fundamental. Here r is 
the scalar curvature (positive on the sphere) and c is a positive constant. 

We give here another proof of this result. 

Lemma 4.3.18. We have j\V + A\-'^+'^ =J|p|-rf+2 = _c J^^^r^dx with c = ^ 
Proof. We get from Lemma fl .3. 101 (ii), the following equality, where X := AV + VA + ^42; 

j \V + A\-''+^ - j \V\-''+^ = ^ {ij X^\V\-''-^ - j X\V\-''). 
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Since the tadpole terms vanish, we have = Moreover, since mod OP^, 

= {AVf + {VAf + AV'^A + VA^V, we get with [V'^,A] e OP\ 

^j^2|p|-d-2 ^ 2^(ylP)2|P|-<^-2 + 2^^2|p|-d 

which yields 

j \V + A\-^+^ - j \V\-^+^ = ^^{j{AVf\V\-'^-^ -"^j A^\D\-'^). 
Thus, it is sufficient to check that 

/ Tv{a_a{{AVf\V\-''-''){x^,i))di = ^ [ Tr {a_diA^\V\-'') ixo,0)d^■ 
A straightforward computation yields, with A =: — m^7'*, and af{xo,^) = 'y'^^^, 
[ a_a{{AVf\V\-''-^){xo, = a^a, Tri^'^YYj,) Vol(S'^-i) , 
[ a.d{A^\V\-''){xo,Od^ = -a^a,TV(7V)Vol(5'^-^). 

Now,;f\V + A\-'^+^ =j:\V\-'^+^ follows from the equality Tr{J^'YYl<y) = (2 - d) Tr(7^7^). The 
constant c is given in [68, Theorem 11.2 and normalization (11.2)]. □ 

Remark 4.3.19. In [37, Definition 1.143], the above result justifies the definition of a scalar 
curvature for (.4, 7^,P) as TZ{a) := J a\T>\'''^'^^ for a E A- This map is of course a trace on A for 
a commutative geometry. But for the triple associated to SUq(2), this not a trace since 

n{aa*) = j aa* \V\-^ = while n{a* a) = j a* a\V\-^ = ''-^^^^ . 
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Chapitre 5 

Global pseudodifferential calculus on 
manifolds with linearization 



5.1 Introduction 

It has been proven by Gayral et al. in [59] that Moyal planes are (noncompact) spectral 
triples. In other words, one can consider Moyal planes as noncommutative Riemannian spin 

noncompact manifolds. A bridge between the world of deformation quantization and the world 
of noncommutative geometry has thus been constructed. This suggests that the paradigm of 
spectral triples is a good environment to deal with quantization problems. The Moyal product 
is defined on the Schwartz space »S(M^"') of rapidly decaying functions by 



where 6* G M* and 5 = , and gives to a Frechet pre-C*-algebra structure. The 

noncompact spectral triple described in [59] is based on this algebra, and extensions to isospectral 
deformations have been established [61,154]. 

The extension of this remarkable construction to more general symplectic manifolds, for 
instance when M^" is replaced by the cotangent bundle T*M of a general manifold M is an 
open problem. We propose here the study of a pseudodifferential calculus that allows to extend 
the construction of the Moyal product to more general spaces. The main idea is to use a global 
pseudodifferential calculus on a manifold M that gives us a full algebra isomorphism between 
symbols and operators. 

Classically, a pseudodifferential operator on a (smooth, finite dimensional) manifold is defined 
through local charts and the notion of pseudodifferential operator on open subsets of R" [127, 
139]. In this setting, the full symbol of a pseudodifferential operator is a coordinate dependent 
notion. However, the principal symbol can be globally defined as a function on the cotangent 
bundle. Naturally, the question of a full coordinate free definition of the symbol calculus of 
pseudodifferential operators on a manifold has been considered. One approach, based on the ideas 
of Bokobza-Haggiag [9], Widom [148,149] and Drager [49] allows such a calculus if one provides 
the manifold with a linear connection. Parallel transport along geodesies and the exponential map 
to connect any two points sufficiently close on the manifold are then used for the definitions and 
properties of local phase functions and oscillatory integrals. Safarov [120] has formulated a version 




(5.1) 
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of a full coordinate free symbol calculus and A-quantization (0 < A < 1) using invariant oscillatory 
integral over the cotangent bundle and determined by the linear connection. Pflaum [111,112] 
developed a complete symbol calculus on any Riemannian manifold using normal coordinates and 
microlocal lift on the test functions on manifolds with arbitrary Hermitian bundles. Sharafutdinov 
[125, 126] constructed a similar global pseudodifferential calculus, based on coordinate invariant 
geometric symbols. Further results in the same direction, connection to Weyl quantization and 
application to physics has been considered in FuUing and Kennedy [57], FulUng [56] and Giintiirk 
[74]. Connection between complete symbol calculus, deformation quantization and star-products 
on the cotangent bundle has also been made (see for instance Gutt [75], Bordemann, Neumaier 
and Waldmann [10] and Voronov [145,146]). Getzler [63] used a global pseudodifferential calculus 
in the context of the Atiyah-Singer index theorem on supermanifolds. 

All these pseudodifferential calculi are based on symbol (functions of (.x. 9) e T*M) estimates 
over the covariable 9 while the dependence on the variable x is only controlled locally uniformly on 
compact sets. This is well suited for the case of a compact manifold. For non-compact manifolds, 
we have to impose a uniform control over x in order to obtain L'^{M) continuity of operators of 
order and compactness of the remainder operators if the control over x is decaying. In other 
words, any global pseudodifferential calculus adapted to non-compact manifolds and sensitive to 
non-local effects needs to encode the behaviour "at infinity" of symbols. On the Euclidean space 
W, several types of pseudodifferential calculi have been defined: standard pseudodifferential 
calculus with uniform control over x (see for instance Hormander [81], Beals [5], Shubin [129]), 
isotropic calculus with simultaneous decay of the x and 9 variables (Shubin [127, 128], Melrose 
[105]), and SG-pseudodifferential calculus with separated decay of the x and 6 variables (Shubin 
[128], Parenti [109], Cordes [40,41], Schrohe [122]), which is invariant under a special class 
of diffeomorphisms and can be extended to an adapted class of manifolds, namely the SG- 
manifolds (Schrohe [122]). This class of manifolds contains the non-compact manifolds "with 
exits" and adapted pseudodifferential calculus has been developed (see for instance Cordes [40], 
Schulze [132], Maniccia and Panarese [102]). Another approach, based on Lie structures at infinity, 
has been investigated to study the geometry of pseudodifferential operators on non-compact 
manifolds. Describing the geometry at infinity of the basis manifold by a Lie algebra of vector 
fields, an adapted pseudodifferential calculus has been constructed (see for instance Melrose [106], 
Mazzeo and Melrose [104], Ammann, Lauter and Nistor [3]). Let us also mention the groupoid 
approach: by associating to any manifold with corners a smooth Lie groupoid and by building a 
pseudodifferential calculus on Lie groupoids, the 6-calculus of Melrose on manifolds with corners 
can be generalized (see Monthubert [107]). 

Our purpose is to construct a global pseudodifferential calculus that generalizes the standard 
and SG calculi on M", on manifolds with linearization. These manifolds provide a natural geome- 
tric setting to deal simultaneously with the questions of a global isomorphism between symbols 
and pseudodifferential operators, and the non-local effects associated to non-compact manifolds. 

We define in section 2 a manifold with linearization (or exponential manifold) as a pair 
(M, exp) where M is a smooth real finite- dimensional manifold and exp is an abstract exponential 
map, a smooth map from the tangent bundle onto M that satisfies, besides the usual properties of 
an exponential map associated to a connection V on TM, the property that at each point x G M, 
exp^ is a diffeomorphism. Any Cartan-Hadamard manifold with its canonical exponential map 
is an exponential manifold. These diffeomorphisms are used to define topological vector spaces of 
functions on the manifold (or on TM, T*M, M X M) that generalize, for instance, the notions of 
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rapidly decaying function on M" or of tempered distribution, provided that we add a hypothesis 
of "OM-bounded geometry" on the exponential map. In section 3, we use linearizations in the 
spirit of Bokobza-Haggiag [9], to define symbol and quantization maps. This leads to topological 
isomorphisms between tempered distributional sections on T*M and M x M, if we consider 
polynomially controlled (at infinity) linearizations (OM-hnearizations). In particular, we extend 
the usual (explicit) Moyal product (or A-product, for the A-quantization) on any exponential 
manifold with ©M-bounded geometry on which we set a OM-linearization. We get the following 
A-product formula, giving a Prechet algebra structure to S{T*M), 

a OA h (x, r,)= f d^i^m^iiy) [ d^;,^,,(^, 6') g^^^^^ e'^<^J^^'''\{y',^^, 9) b{yl-_\, 6') 

where a,b G S{T*M) and the other notations are detailed in Proposition 15.3. ill 

In section 4, we define the symbol and amplitudes spaces for our pseudodifferential calculus. 
Symbol spaces can be defined in an intrinsic way on the exponential manifold with the help 
of "symbol-like" control (S^-bounded geometry, see Definition I5.2.8P of the coordinate change 
diffeomorphisms associated to the exponential map exp on M . For practical reasons the 
definition of amplitudes here is slightly different from the usual functions of the parameters x,y 
and 6. Instead, our amplitudes generalize functions of the form (x, ^,??) i— > a(x, x -|- ??), where 
o is a standard amplitude of the Euclidian pseudodifferential calculus. We establish continuity 
and regularity results for operators of the following form (which can be seen, for some forms of 
r, as special Fourier integral operators on M"): 

{Op^{a),u) := [ e^^'^'^'^^Tr (a(x,C,i9)r(u)*(x,C))(iCrfi9rfx 

where F is a topological isomorphism on 5(M^", L{Ez)) (here is a fixed fiber of the Hermitian 
bundle E M, so L{Ez) can be identified with A^dim_Bz (C)), a is in a Oj^z space (see Definition 
15.4. 13p and u £ S(W^,Ez). In particular, results of Proposition 15.4.1^ and [5^4.171 and Lemma 
15.4.181 are believed to be new. 

With the help of a hypothesis of a control of symbol type over the derivative of the lineari- 
zation (Scr-linearizations), we obtain in section [5.4.41 an intrinsic definition (Theorem I5.4.3QP of 
pseudodifferential operators on M. We see in section [5.4.51 a condition {Hy) on the lineari- 
zation that entails that any pseudodifferential operator on M, when transferred in a frame {z, b), 
is a standard pseudodifferential operator on M". This condition yields a L^-continuity result in 
Proposition 15.4.361 The last part of section 4 is devoted to the derivation of a symbol product 
asymptotic formula for the composition of two pseudodifferential operators. The main result is 
Theorem 15.4.471 under a special hypothesis (Ca) on the linearization (see Definition I5.4.37|) . we 
have the following asymptotic formula for the normal symbol (transferred in a frame {z, b)) of 
the product of two pseudodifferential operators 

where a := ao{A)z^b, b := ao{B)z^b, said other notations are defined in section [5.4.61 

Finally, we give in Section 15.51 two possible settings (besides the usual standard calculus on 
the Euclidian M") in which the previous calculus applies. The first is based on the Euclidian 
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space R", with a "deformed" (non-bilinear, non-flat) ^cr-linearization. The second example is the 
hyperbolic plane (or Poincare half-plane) H. We prove in particular that H has a S'l-bounded 
geometry. This allows to define a global Fourier transform, Schwartz spaces 5(H), 5(T*H), 
(S(TEI), B{M.) and the space of symbols S'p(T*H). Moreover we can then define in an intrinsic 
way a global complete pseudodifferential calculus on H, and Moyal product, for any specified 
(SCT-linearization on H. 

5.2 Manifolds with linearization and basic function spaces 

5.2.1 Abstract exponential maps, definitions and notations 

The notion of linearization on a manifold was first introduced by Bokobza-Haggiag in [9] and 
corresponds to a smooth map u from M X M into TM such that tt o v = wi, v{x, x) = for any 
X G M and {dyv)y=x = Idr^-M- In all the following, we shall work with "global" linearizations, in 
the following sense: 

Definition 5.2.1. A manifold with linearization (or exponential manifold) is a pair (M, exp) 
where M is a smooth manifold and exp a smooth map from TM into M such that: 

(i) for any x G M, exp^, : T^M — > M defined as exp3,(^) := exp(a:;,^), is a global diffeomorphism 
between T^M and M, 

(ii) for any x G M, cxp2,(0) = x and ((icxp^.)o = Id^^M- 

The map exp will be called the exponential map, and (x, y) ^ cxp~^(i/) the linearization, of the 
exponential manifold (M, exp). We shall sometimes use the shorthand e| := cxp^.(^). 

Note that the term "exponential manifold" used here is not to be confused with the notion of 
"exponential statistical manifold" used in stochastic analysis. Remark that if exp G C°°{TM, M) 
satisfies (i), then defining Exp := expo T where T{x,$,) := expj^(x) + {dexp~^)x^, we see that 
(M, Exp) is an exponential manifold. 

We will say that (M, V) (resp. {M,g)) is exponential, where M is a smooth manifold with 
connection V on TM (resp. with pseudo-Riemannian metric g), if (M, exp) where exp is the 
canonical exponential map associated to V (resp. to g) is an exponential manifold, or in other 
words, if for any x G M, exp^, is a diffeomorphism from T^M onto M. Note that (M, V) (resp. 
{M,g)) is exponential if and only if 

- M is geodesically complete 

- For any x, y G M, there exists one and only one maximal geodesic 7 such that 7(0) = x 
and 7(1) = y. 

- For any x G M, exp^ is a local diffeomorphism. 

Remark 5.2.2. (with its standard metric of signature {p,n — p)) is an exponential ma- 
nifold and any n-dimensional real exponential manifold is diffeomorphic to M". In particular, 
an exponential manifold cannot he compact. A Cartan-Hadamard manifold is a Riemannian, 
complete, simply connected manifold with nonpositive sectional curvature. It is a consequence of 
the Cartan-Hadamard theorem (see for instance [97, Theorem 3.8]) that any Cartan-Hadamard 
manifold is exponential. 

Remark 5.2.3. The exponential structure can be transported by diffeomorphism: if {M,expj^) 
is an exponential manifold, N a smooth manifold and (p : M ^ N is a diffeomorphism, then 
(TV, exp^ := ipoex.pj^o Tip~^) is an exponential manifold. 
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Assumption 5.2.4. We suppose from now on that (M, exp) is an exponential n- dimensional 
real manifold. 

For any x,y E M, we define ^yxy as the curve M — M, t i— > exp^{texp~^ y), and 'Jxyit) '■= 
7j/2:(l — t). Note that 7xy(0) = x and 7xj;(l) = y. If the exponential map is derived from a linear 
connection, we have for any i € M, Jxyii) = lxy{t)- In the general case, this is only true for i = 
and t = 1. 

The abstract exponential map exp provides the manifold M with a notion of "points at 
infinity" and "straight lines" (ixy)- It can be seen as a generalization to manifolds of the useful 
properties of M" for the study of the behaviour of functions at infinity. The abstract exponential 
map exp formalizes the fact that our straight Hues never stop and connect any two different 
points. 

The diffeomorphism exp~^, for a given z G M, is not stricto sensu a chart, since it maps M 
onto TzM, which is diffeormorphic but not equal to M". In order to obtain a chart, one needs 
to choose a linear basis of T^M. If z E M and b is a basis of T^M we will call the pair {z, b) a 
(normal) frame. For any frame {z, b), we define := L(,oexpJ^ with Lt, the linear isomorphism 
from TzM onto M" associated to b. As a consequence, the pair {M,n^) is a chart which is a 
global diffeomorphism from M onto M". 

We denote V'^'^/ := "-z ° (^2') ""^ the normal coordinate change diffeomorphism from M" onto 
and {di^z,b)i&N„ and (dx*'^''')igN„ (whith := {!,••• ,n}) the global frame vector fields 
and 1-forms associated to the chart n^. We also note n^ ^^ the diffeomorphism from T*M onto 

M^" defined by nl^^{x,9) = {n^{x),Ml^{e)) where (Ml^{e)i)i^f^^ are the components of 9 in 

{dxx^' )ieN„ and n^rp : (x,^) — > {n^{x), ^{^)) the diffeomorphism from TM onto M2", where 
(Mj'^(^)j),;gN„, are the coordinates of ^ in the basis {di,z,hx)ieNn- We have M^,j. = {dn^)x and 
^z,x = Tlie diffeomorphism from M x M onto M^" defined by {x,y) hh. {n^{x),n^{y)) 

will be noted ^^2- 

We denote idi^z,b)ieN2n the family of vector fields on T*M (resp. TM, M x M) associated 
to the chart n^^^ (resp. n^y, J^^M^) onto M^". We suppose in all the following that £ is an 
arbitrary normed finite dimensional complex vector space. If is a (2n)-multi-index, we define 
the following operator on C°°{T*M, (resp. C°°{TM, (£), C°°{M x M, (£)): 

2n 

■= n ^z,^- 

k=l 

If a and /? are n- multi-indices, we denote (a,/?) the 2n-multi-index obtained by concatenation. If 
a is a n-multi-index, 9°^, is a linear operator on C°°(M, £). We fix the shorcut (x) := (1 + ||x||^)^/^ 
for any x G M^, p G N. We will use the convention x" := x"^ • • • x^'' for x G M^' and a multi- 
index, with 0" := 1. If / is continuous function from to a normed vector space and g is a 
continuous function from MP to M, we denote / = 0{g) if and only if there exist r > 0, C > 
such that for any x G Wf\B{0,r), ||/(x)|| < C](/(x)|. In the case where g is strictly positive on 
MP, this is equivalent to: there exists C > such that for any x G M^, ||/(x)|| < Cg{x). We also 
introduce the following shorthands, for given {z, b), x,y £ M, 9 G T*{M), ^ G Tx{M): 

{x)z,, := {nlix)), {9)z,,,x := (^.^(e)), (O^b,. := {MlxiO), 

{x,y),,i, := {inlix),nl{y))), := ((n^(x), M;%(^))), {x,Oz,b := ((n,^(x), M,%(0)) • 
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If / and g are in C'^(R^', R^*') we denote f y< g the equivalence relation defined by: (/) = 0{{g)) 
and {g)=0{{f)). 

5.2.2 Parallel transport on an Hermitian bundle 

Let E be an hermitian vector bundle (with typical fiber E as a finite dimensional complex 
vector space) on the exponential manifold (M, cxp). E admits a (non-unique) connection V-^ 
compatible with the hermitian metric [7]. It is a differential operator from C°°(M, E) (the space 
of smooth sections of £■ ^ M) to C°°{M, T*M (g) E) such that for any smooth function f on M 
and smooth £^-sections ip, ijj' , 

v^(/V') = d/0V + /v^^, 
d(V|V'') = (v^V'IV'') + (V'|vV), 

where (V'lV'O is the hermitian pairing of 'tp and ip' ■ We will note \ip\'^ := (ipltp). The sesquilinear 
form {■\-)x of Ex is antilinear in the second variable by convention. The operator can be 
(uniquely) extended as an operator acting on valued differential forms on M. If 7 is a curve on 
M defined on an interval J and 'y*E the associated pullback bundle on J, there exists a natural 
connection (the pullback of V^) on 'y*E, noted V' ^ compatible with V^. 

Let us fix a;,y G M and 7 : J ^ M a curve such that 7(0) = x and 7(1) = y. For any 
V G Ex, there exists an unique smooth section /3 of 7*£J —>■ J such that /3(0) = v and V^''^^ = 0. 
Clearly, f3{l) G Ey and we can define a linear isomorphism r-y from Ex to Ey as t^{v) = /3(1). 
The map is the parallel transport map associated to 7 from E„: to Ey. The compatibility of 

with the hermitian metric entails that the maps Tj are in fact isometrics for the hermitian 
structures on Ex and Ey. 

The vector bundle L{E) — M, defined by L{E)x ■= L{Ex) (the space of endomorphisms on 
E,.), is lifted to T*M, TM and M x M by setting the fiber at {x,9) to L{Ex) for T*M or TM, 
and the fiber at {x,y) to L{Ey,Ex) for M x M. The canonical projection from T*M or TM to 
M is noted vr. 

We denote Txy ■= Ty^y Remark that Txy = t^^^ . We define : x 1— Tzx and : x 1—^ t^J- = 

* 

' zx • 

If n G C°°{M,E) and z G M, we denote u^{x) := {t~^ u){x) for any x G M. If a is a 
section of L{E) T*M or L{E) TM, we denote := {t^^ o tt) a (r^ o vr). If a is a section 
of L{E) — >■ M X M, we denote a^{x,y) := t~^{x) a{x,y)Tz{y). We also define := {x,y) 1— ^ 
T^'^{y)T{x,y)Tz{x) G L{Ez). Noting 7ri(2;,i/) := x, iT2{x,y) := y, we get a"" = {t~^ o tti) a {t^ o ^2) 
and = (r^^"^ o 7r2) a (r^ o vri). 

Parallel transport on E has the following smoothness property: 

Lemma 5.2.5. (i) The map t : (x,y) ^ r^^ (resp. : {x,y) T~y) is a smooth section of 
the vector bundle L{EY M x M where the fiber at {x,y) is L{Ex,Ey) (resp. of the vector 
bundle L{E) M x M). 

(ii) Tz G C°°{M,L{Ez,E)) and t'^ G C°°{M,L{E,Ez)). 
(Hi) G C°°(M X M,L{Ez)). 



Proof, (i) The map G : TM M x M defined by G{v) := (7r(f ), exp(u)) is a local diffeo- 
morphism since the Jacobian of G at vq = {xo,^o) G TM is equal to the Jacobian of exp^.^^ 
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at ^0- Since it is also bijective (with inverse G~^{x,y) := (a;, exp~^(j/))), it is a (global) diffeo- 
morphism TM M x M. The map b{x,y,t) := (x, i cxp^^(y)) is thus a smooth map from 
M X M X M to TM, and we get a smooth parametrization by M x M of the following family 
of curves: c{x,y) i— > {^xy ■ t i-^ expb{x,y,t)). This parametrization leads (see [50, p. 17]) to a 
smooth bundle homomorphism between c*{-){0)E M X M and c*{-){l)E — M x M, so a 
smooth section r : {x,y) ^ Txy of L{Ex,Ey) — ^ M x M. The case of is similar, by taking 
b-^{x,y,t) := b{x,y, 1 - t). 

(a, in) are straightforward consequences of (i). □ 

Corollary 5.2.6. If u is in the space C°°{M,E), then G C^iM.E^). Similarly, if a e 
C°°{T*M,L{E)) (resp. C°°{TM, L{E)) , {M x M , L{E)) ) , then a' G C'^{T*M, L{E^)) (resp. 
C^{TM,L{E^)), C°°(M X M,L{E,))). 

Remark 5.2.7. The vector bundle E on M is trivializable and the parallel transport provides 
a M -indexed family of trivializations, since for any z G M , the pair : E t-^ M x 'E,{x,v) i-^ 
{x, T^-z{v)), Id : M M. x ^ x, is a vector bundle isomorphism from E ^ M onto M X E — M . 
Note that if exp is derived from a connection, T~y = Tyx for any x, y G M. 

5.2.3 Om and 5'o^-bounded geometry 

Classically, in Riemannian geometry, bounded geometry hypothesis gives boundedness on the 
covariant derivative of the Riemann curvature of the basis manifold. For the following pseudodif- 
ferential calculus, we shall need some hypothesis of that kind, formulated not with the curvature 
but with the exponential diffeomorphisms ("normal" coordinate transition maps). The hypothesis 
that we will need for pseudodifferential symbol calculus is actually not simply the boundedness 
condition on the derivatives of the transition maps, which is a classical consequence of bounded 
geometry. For symbol calculus, we will require that the n*'^-derivatives are not only bounded, but 
decrease to zero at infinity as ||-^^|| where cr is a parameter in [0, 1]. Or, in other words, the 

normal coordinate change maps behave as "symbols" or order 1. Thus, we introduce the following 

Definition 5.2.8. Let a G [0, 1]. The exponential manifold (M, exp) is said to have a S^-bounded 
geometry if for any (z, b), {z' , b'), and any n-multi-index a / 0, 

(5.1) a>^^J'(x) = 0((x)-'^(H-i)), 

and a ©M-bounded geometry if for any {z, b), {z', b'), and any n-multi-index a, there exist Pa > ^ 
such that 

(OmI) a"V''?(x) = 0((x)^'«). 

We shall be working with OM-bounded geometry for the definition of function spaces and 
Fourier transform and with ^^-bounded geometry (for a cr G [0, 1]) for pseudodifferential symbol 
calculus. 

Definition 5.2.9. The triple (M, exp, £/) where (M, exp) is exponential and E is a hermitian 
vector bundle on M has a S^-bounded geometry if (M, exp) has a SCT-bounded geometry and for 
any {z, b), z',z", and any n-multi-index a, 

(5.2) a,«,bvV,.(x) = 0((x)-fl), 
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and a OAf-bounded geometry if (M, exp) has a Ojvz-bounded geometry and for any {z, b), {z', b'), 
and any n-multi-index a, there exist > 1 such that 

(Om2) 5-,r-V(x)=0((x)^;'J. 

Clearly, if a < a' , since (S^'i) ^ (Sai), we have 5o-'-bounded 5(j-bounded ^ OAf-bounded. 
Note that 5o--bounded geometry on the vector bundle entails that the derivatives of the transport 
transition maps T~^r^/ (smooth from M to L{Ezi , Ez)) are bounded (for 5o-bounded geometry) 
or decrease to zero with an order equal to the order of the derivative (for Si-bounded geometry). 
Remark also that if -E is a trivial bundle and = d, then (5i2) is automatically satisfied since 
the maps are all equal to the constant x i-^ Id^. 

Lemma 5.2.10. Let a G [0, 1] and {z, b), {z' , b') be given frames. 

(i) If (M, exp) has a Sa-bounded geometry, there exist K,C,C' > such that for any x G M", 
xeM,9e T*{M), e G T^{M), 



and {x)z,b < K{x)z',b' , 
and {Oz,b,x < C'{i)z',v,x , 



(5.2) 
(5.3) 



and if (M, exp) has a OM-bounded geometry, there exist K, K' , K" ,C,C' > and q > I such 
that for any x G M", x G M, 6* G T*{M), ^ G T^{M), 



i^'(x)i/'? < (V^j5(x)) <i^"(x)'? 
{0)z,b,x < C{x)l,^y{9)z',b',x and 
(a) For any given n-multi-indice a, we can write 



and {x)z,b < ' 

{Oz,b,x<C'{x)l,,,{Oz',b',x, 



(5.4) 
(5.5) 



(^z,b 



fa,a' 9" f,/ 

0<|a'|<|a| 



where the {fa,a') are smooth real functions on M such that for each n-multi-indices a,a' , 

(a) if (M, exp) has a S^j-bounded geometry, there exists Ca > such that for any x G M, 

l/„,„'(x)l<c„(x);;(H-t-'i), 

(b) i/(M, exp) has a OM-bounded geometry, there exist > and > 1 such that for any 
Proof, (i) Suppose that (M, exp) has a 5(j-bounded geometry. Taylor formula implies that 



< 



^'z>) 



+ Co ||x|| for any x G M", where Co := sup^g 



(#,^;5)x 



. As a conse- 



b b' b b' 

quence V'x'z'lx) = OdlxH) and thus, there is K" > such that (^'^^/(x)) < K"{x). The same 



argument for 4^^/'^ 



i'^z',"') ^ gives V 

Since x ^ Ml^{M^', J-^ 

are bounded functions, (|5.3 
similar. 

(ii) We have for any / G C°^(M, e). 



by 



IdiRn and {x)z,b 1^ K^{x)z'.b' follows immediately. 



(d-'Pl'l^lix) 



and X 



z' ,x/ 



(^V',^;^)n^'{x) 



follows. The case where (M, exp) has a OAf-bounded geometry is 
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We now apply the multivariate Faa di Bruno formula obtained by G.M. Constantine and T.H. 
Savits in [39], that we reformulated for convenience in Theorem 15.2. Ill This formula entails that 
for any n-multi-index a 7^ 0, 

l<\a'\<\a\ 

and thus 

l<|«'|<|a| l<|a'|<|"| 

where Pa,a'{g) is a linear combination of terms of the form Y[j=i(.^''^ d)^^ ) where 1 < s < |a| and 
the and P are n-multi-indices with \k^\ > 0, \P \ > 0, ^j=i = \a'\ and Ylj=i l^'^lWl = l^^l- 
In the case where (M, exp) has a ^CT-bounded geometry, for each s, (k^), (P), there is K > such 
that for any x G M", 

I n(5''V''';,Y'(x)i < i^(x)-'^s.-i(i'^i-i)i^^i = i^(x)-'^(i"i-i"'i) 

which gives the result. The case where (M, exp) has a OM-bounded geometry is similar. □ 
Theorem 5.2.11. f39j Let f G C°°{RP,(B) and g e C~(M",MP). Then for any n-multi-index 

l<|A|<|iy| s=lp^{u,X) j=l 

where ps{u,X) is the set of p-multi-indices k^ and n-multi-indices V (I < j < s) such that 
^ l^ ^ ■ ■ ■ ^ l^ (I ^ I' being defined as "\l\ < \l'\ or \l\ = \l'\ and I <l I'" where <l is the strict 
lexicographical order), \k^\ > 0, X]j=i k^ = ^ and X^j=i {k^l^ = v- 

Note that by Lemma [5.2.101 if (M, exp) satisfies (So-l) (resp. (OmI)), then (5'o-2) (resp. 
(C?m2)) is equivalent to: for any z', z" G M, there exists a frame (z, b) such that 5°j,r^^r2"(x) = 

©((x)^^'"') (resp. 0(^{xf^^ for apo, > 1) for any n-multi-index a. 

As the following proposition shows, or Ojvf-bounded geometry properties can be trans- 
ported by any diffeomorphism. 

Proposition 5.2.12. If {M,expj^,j) has a (resp. Om) hounded geometry, N a smooth manifold 
and (f : M —>■ N is a diffeomorphism, then (A^, exp^ := if o exp^^ o dip~^) has a 5o- (resp. Om) 
bounded geometry. 

Proof. Let us note '02,'z',Ar •= '"'z,N ° i''^^',N)~^ where n^^^ := Lf, o exp^|^ and {z,b), {z',b') 
are two frames on N. Since exp^/^jv = 'P ° ^WM,tf-'^{z')°i(^f~^)z' and exp]^^^ = {d(p^^)^^ o 

1 1 fab' E'z E'' / 

^^Pm,vp-i(^) ° ^' ' obtain V'^^^at = ^^-i(z),^-^z'),M ^^^'^^ ^^^^^ of r^-i(^)(M) such 

that Lf,^ = if) ° {d^) ip-'^ {z) ■ The result follows. □ 

The following technical lemma will be used for Fourier transform and the definition of rapidly 
decreasing section spaces over the tangent and cotangent bundle in section 3. It will also give 
the behaviour of symbols under coordinate change. 
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Lemma 5.2.13. Let {z,b), {z',b') be given frames. 

(i) We can express d^^f'' as an operator on C°°{T*M,e) (resp. C°°{TM,€)) , where {a,l3) is a 
2n-multi-index, with the following finite sum: 

0<|(a',/3')l<IK/3)l 

W'\>\0\ 

where the fa,i3,a',i3' smooth functions on T*M (resp. TM) such that 

(a) if (M, exp) has a S^j-hounded geometry for a given a G [0, 1], there exists Ca,/3 > such 
that for any {x, 9) G T*M (resp. TM), 

i/«,,,„'„.'(-,^)i < c^«„.(.x):f (5.6) 

(h) if (M, exp) has a OM-bounded geometry, there exist Ca,i3 > and g^,/? ^ 1 such that for 
any {x, 9) G T*M (resp. TM ), 

\faAc^'A^M < ^^a,/3(x)^/(^)S;l^l (5.7) 
(a) We can express d^^^^^ as an operator on C°°{M X M, €), with the following finite sum: 

0<|a'|<|a| 
0<|/3'|<|/3| 

where the fa,/3.a',0' ore smooth functions on M x M such that 

(a) if (M, exp) has a S^-bounded geometry for a given a G [0, 1], there exists Ca,i3 > such 
that for any (x, y) £ M x M, 

(b) if (M, exp) has a Ou-bounded geometry, there exist C^,/? > and qa,q/3 > 1 such that 
for any {x,y) G M x M, 

\faAa'M^^y)\ < Ca,/3 (x)^;, {y)l%. (5.9) 

Proof, (i) Suppose that (M, exp) has a 5o--bounded geometry. Let us note -0* := n^i * ° ('^z,*)"^ 
and ipT '■= iT'z'T ° (''^zt)~^- have t/'* = O^l''^ ° 7ri,L) where tti is the projection from M^" 

onto the first copy of in M^" and L is the smooth map from R^" to R" defined as -L(x, i?) := 
b' b 1 f b b' 

i^'^z'lz)^ y"^) = (^V'z'2')^''''''(x-)(^)- Noting (-^^i)i<i<n the components of L, we have Li(x, ??) = 

Z]i<p<n-^*,p(^)'^P' where Lj^p := (5iV'^,'^')p o V'z','^- As a consequence, for 1 < i < n and a,/3, 
n- multi-indices such that |(q;,/3)| > 

(a("'/^)L),(x,^)= (9"L,,,)(x)F^,p(^), 

l<p<n 

d-L,,,= J2 ^«,a'(^''i)((5"'+^^<?)po^'';!) if l«l>o, 

l<|a'|<|a| 
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where Fp^p{^) is equal to ^pii {3 = 0, to 5p^r if /? = e^, and to otherwise. We get from the proof 
of Lemma [5210] that (for 1 < \a'\ < \a\) ^)(x) = C'((x)-'^(l°l-l°'l)). As a consequence, 

using (ILD, we see that (9"Li,p(x) = C'((x)-'^l"l). Thus, if \/3\ > 1, d'^"'''^^^ = and 
if/3 = 0, (a("'^)V*)i(x,^?) = 0((x)-'^(l"|-^)) and (a('^'^)V*)n+i(x, = 0((x)-'^H (^)) ^ 
if|/3| = l, = and (5(°'^)V*)n+i(x,^?) = 0((x)-'^l-l). 

Similar results hold for V'T, the only difference is that we just have to take L := {d'ip'^,'^)x{i9) 
instead of L. 

We have for any / € C°°{T*M, 



Using again the Faa di Bruno formula in Theorem 15.2.111 we get 



l<\iy'\<\u\ l<k'l<kl 

3P„ /, \fcJ 



where Pu,u'{ip*) is a linear combination of terms of the form nj=i(^ ^*) i where 1 < s < 
the y and P are 2n-multi-indices with | > 0, |P| > 0, Y.j=i = ^' ^?=i '^^ '^^ = ^• 
Let us note P =: A;-' =: {k^'^,^''^) where P'^ , k^'^ , k^''^ are n-multi-indices. Thus, 



2 



= n((^'' V'*).)'-' 

1=1 

and we get, for a given s, (P), (k^) such that 7^ for all I < j < s, 

if = 0, = , 

if = 1 , /tJ'i = and (d^'tP,)''' = 0((x)-'^(l''>i)l'^'l) . 

Since y ^ and {d''^ ip^)''^ ^ 0, P'^ always satisfies |P'^| < 1. By permutation on the j 
indices, we can suppose that for 1 < j < j'l — 1, we have P'^ = 0, for ji < j < s, we have 
|P'2| = 1, where 1 < ji < s + 1. Thus, 

Since, with = (a,/3), i^' = (a',/3'), 

eV^'^i = Ei^'''i - E = - E = i^'i - ' 

j=i i=i i=ii j=ii 

(|5.6p follows. If we set /o,o,o,o := 1 and /a,o,o,o := if a / 0, then for any 2n-multi-index (a, /3), 

0<|(a',/3')|<|(a,/3)| 
l/3'l>l/3| 

and the estimate (|5.6p holds for any fa,p,a',i3' ■ In the case of OM-bounded geometry, the proof is 
similar, and we obtain for a > 1, W"=i{d^'i^*f' = 0((x)'-''(i?)l^'l-l^l), which gives the result. 

{a) Replacing V'* by ^2 := "^^z ° (^2 M^)" ™ (^)' obtain the result by similar argu- 
ments. □ 
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5.2.4 Basic function and distribution spaces 

We suppose in this section that E is an hermitian vector bundle on the exponential manifold 
(M,exp). Recall that if u e C°°{M\E) (resp. C^{M\E)) the Frechet space of smooth sections 
(resp. the LF-space of compactly supported smooth sections) of ^ M, we have for any z G M, 

:= T-^u e C°°{M,E^) (resp. C~(M,£;^)). We define for any frame {z, b) on M, 

r,,(,(u) :=tx^o(n^)-i. 

Thus, Tz^i, sends sections of ^ M to functions from to and is in fact a topological 
isomorphism from C'^{M;E) (resp. C^(M;E)) onto C~(M",F^) (resp. C^{W\E,)). 

In the following, a density (resp. a codensity) is a smooth section of the complex line bundle 
over M defined by the disjoint union over a; G M of the complex lines formed by the 1-twisted 
forms on T^M (resp. T*{M)). Recall that a 1-twisted form on a n-dimensional vector space V 
is a function on F on A„F\{0} such that 

F{cv) = \c\F{v) for all v e An^\{0} and c e R*. 

For a given frame {z,b), let us note Idx^'''! the density associated to the volume form on M: 
dx^'^ := dx^'^'^ A • • • A dx/^'^'^ and \dz^b\ the codensity defined as |9i,2,fa A • • • A dn^z,b\- 

Any density (resp. codensity) is of the form cjda;^'''! (resp. cl^^^bl) where c is a smooth function 
on M, and by definition is strictly positive if c{x) > for any x G M. For a given strictly positive 
density dfj,, we also note by dfi its associated (positive, Borel-Radon, cr-finite) measure on M. 
This allows to define the following Banach spaces of (equivalence classes of) functions on M: 
WiM.dii) {I <p < oo). Actually, L°°(M) := U^iM.dii) does not depend on the chosen d^x, 
since the null sets for d/Lt are exactly the null sets for any other strictly positive density d/x' on 
M. 

For a given z G M, we denote U'{M,Ez,dix) (1 < p < oo) and L°°{M,Ez) the Boclmer 
spaces on M with values in E^. E^ is a hermitian complex vector space, so we can identify E^ 
with its antidual E'^. There is a natural anti-isomorphism between E'^ and the dual of E^ but 
there is in general no canonical way to identify E^ with its dual with a /mear isomorphism. Thus, 
we shall use antiduals rather than duals in the following. However, E^ is anti-isomorphic with 
its dual by complex conjugaison on E'^. We shall note x the image under this anti-isomorphism 
of X & Ez and Ez the dual of Ez. 

We denote LP{M;E,dji) := { V' section of £^ M such that IV'I^ G L^(M,d/x)}/ ~a.e. 
and L°°{M;E) := { section of £; M such that G L°°(M)}/ ^a.e. where ~a.e. the 
standard "almost everywhere" equivalence relation. Since the r^y maps are isometrics, for any 
z G M, the map ip T~^ip defines linear isometrics: LP{M; E, dfi) ~ LP{M, Ez, djj,), and 
L°^(M;F) ~ L'^{M,Ez). In particular, LP{M;E,dix) and L°°{M;E) are Banach spaces and 
L?{M; E, djj) a Hilbert space. Moreover, we can define for any V' € L^(M; E, djj) and z ^ M the 
following Bochner integral / r~-^V ^ ^z- We can canonically identify L°°{M;E) as the antidual 
of L^(M; E, djj) and L'^(M; E, dfi) as its own antidual. The (strong) antiduals of C^{M; E) and 
C°°{M;E) are noted respectively V'{M;E) and £'{M;E). 

We define Go-(M^, £) (resp. Sa{R^)), where a G [0, 1], as the space of smooth functions g from 
W into (£ (resp. M) such that for any p-multi-index 7^ (resp. any p-multi-index v), there exists 
C^> such that Wd^giv)]] < C^(v)-'^(l'^l-i) (resp. \d''g{Y)\ < C^(v)-'^i''l) for any v G W. We 
note Om{R^, *£) the space of smooth ^-valued functions with polynomially bounded derivatives. 
We use the shorcuts G^{W) := Ga{W,W) and Om{R^) := Om(MP,M). 
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We have the following lemma which will give an equivalent formulation of or OM-bounded 
geometry. 

Lemma 5.2.14. (i) Let f G G^(MP, <E) (resp. S^{W)) and g G G^(M",MP) such that, if a > 0, 
there exists e > such that {g{v)) > e(v) for any v e M". Then foge Ga(IK", <£) (resp. ^^(M") ). 
(a) The set (W) of diffeomorphisms g on W such that g and g~^ are in Go-(MP) is a .subgroup 
o/Diff(MP) and contains GLp(K) as a subgroup. 

(iii) We have C'm(MP,(£) o ©^(M",^^) C C'm(M",(£). In particular, the space C'a/(MP,MP) is 
a monoid under the composition of functions. The set of inversible elements of the monoid 
Om(KP,MP), noted Olj{W,W), is a subgroup o/Diff(MP) and contains G'^{W) as a subgroup. 

(iv) (M, exp) has a (resp. Om )-bounded geometry if and only if there exists a frame {zq, bo) 
such that for any frame {z,b), ^p^olz G G^(M") (resp. ©^^^(M", M");. 

(v) The set, noted S^{M.P) (resp. OIj{RP)), of smooth functions f : M.P ^ R* such that f and 
1/f are in S'a-(M^) (resp. Om{R^)) is a commutative group under pointwise multiplication of 
functions. Moreover, S^{RP) < S^,{RP) < OIj{RP) ifl>a>(j'>0. 

(vi) If g e G^{RP) (resp. OIj{RP,RP)) then its Jacobian determinant J{g) is in S^{RP) (resp. 
O^jiRP)). 

Proof, (i) The Faa di Bruno formula yields for any n-multi-index i' ^ 0, 

d''{fog)= i9'f)°9Pu,x{g) (5.10) 

l<|A|<|iy| 

where Pu,\{g) is a linear combination (with coefficients independent on / and g) of functions 
of the form llj=ii9^' d)'"' where s G { 1, • • • >| }. The ^ are p-multi-indices and the P are n- 
multi-indices (for I < j < s) such that \y \ > 0, |P| > 0, Ei=i = ^ and Y.j=i WW = ^- As 
a consequence, since g G Go-(K",MP), for each z/, A with 1 < |A| < \v\ there exists Cy^\ > such 
that for any v G M", 

|P.,a(9)(v)| <C,,a(v)-'^(I'^I-I^I). (5.11) 

Moreover, if / G G^(MP,(£) (resp. 5„(]RP)), there is > such that for any v G M", 
||(5^/)oc/(v)|| < C;(v)-'^(l^l-i) (resp. \{d^f) o g{v)\ < C7;(v)-'^l^f). The result now follows 
from Km and Km . 

(ii) Let / and g in G^{RP). We have dig~^ = 0(1) for any i G {I,-- - ,p}. Taylor-Lagrange 
inequality of order 1 entails that {g~^{v)) = 0{{v)) and thus there is e > such that (^(v)) > s{v) 
for any v G M". With (i), we get f o g £ Gf^{RP). The same argument shows that g^^ o f^^ g 
G^{RP). 

(Hi) Direct consequence of Theorem 15.2.111 

(iv) The only if part is obvious. Suppose then that for any frame {z,b), tpzolz G G^(M") (resp. 
0]^(R'^,M"). Let {z, b), {z', b') be two frames. We have V'J? = V'li" ° i'zoi''- So, by (ii) (resp. 
{iii)), V'Jy e G^(M") (resp. 0^(M", M")), which yields the result. 

(v) By Leibniz rule, the spaces 5(j(IR''') and Om{R^) are M-algebras under the pointwise product 
of functions. The result follows. 

(vi) Consequence of (ii), (iii), 1/J{g) = J{g^^) ° g and the fact that 5a-(M?') (resp. 0^/(1^''')) is 
stable under the pointwise product of functions. □ 
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Remark that for any g G G^{EP), we have g x Mrp. The multiplication by a function 
in 0]^(M") is a topological isomorphism from the Frechet space of rapidly decaying E'^-valued 
functions 5(M"',£'z) onto itself. If we denote J^'"'^, the Jacobian of V'^'^, , then l/'/^ z'/ = Jz''z°''J^'z''z' 
and J^'^z' ° n''J,{x) = dx^^^ / dx^' {x) = dei Ml,^{M^J, = Aei{M'^, Ml^. We deduce from 
Lemma 15.2.141 {vi) that if (M, exp) has a (resp. Om) bounded geometry then J^'^, is in 
5^(]R") (resp. 0];^(M")). 

Definition 5.2.15. Any smooth function / is in 5a- (resp. Om) if for any frame {z, b), fo{n\)~^ S 
^^(M") (resp. ©Af (M")). Similarly, any smooth function / is in 5^ (resp. O^^) if for any frame 
(z,b), /o(n,b)-i G S^{W-) (resp. Ol,{W-)). 

Lemma 5.2.16. If {M, exp) has a Sa-bounded geometry then a smooth function f on M is in 
(resp. ) if there exists a frame {z,b) such that f o (n^)^^ £ ^^(M") (resp. S^{W^)). Similarly, 
If (M, exp) has a OM-bounded geometry then f is in Om (resp. O^^) if there exists a frame {z, b) 
such that fo{nl)-^ G C'm(M'^) (resp. Ol^iW")). 

Proof. Let (z', h') be a frame such that f o (n^',)~^ G 5o-(M'^), and let {z, b) be another frame. By 
Lemma r5.2.10l Hi), if (M, exp) has a 5o--bounded geometry then for any n-multi-index a, 

0<|a'|<|Q!| 

where (/„,„/ o (n^)-i)(x) = 0((x)-'^(l"l-l"'l)). As a consequence a"(/ o (n^)-i)(x) = C'((x)-'^l°l) 
and the result follows. The case of Om bounded geometry is similar. □ 

Definition 5.2.17. A smooth strictly positive density d^ is a 5^-density (resp. O^^-density) if 
for any frame (z, b), the unique smooth strictly positive function f^^b such that d^ = fz,b\dx^'^\ is 
in (resp. O^^). In this case, we shall note ^z,h the smooth stricly positive function in ^^(M") 
(resp. Ol^{W)) such that d/i = {^Xz,b ° n\) \dx'''^\. 

We shall say that (M, exp,(i/i) has a (resp. Om) bounded geometry if (M, exp) has a 
(resp. Om) bounded geometry and d^ is a (resp. O^j) density. 

Lemma 5.2.18. // (M, exp) has a (resp. Om) bounded geometry then any density of the 
form uo n^,\dx^'^\ where u is a smooth strictly positive function in S^(M") (resp. Oa/(M"')J and 
{z,b), {z',b') are frames, is a -density (resp. O^j-density). 

Proof. Let {z" , b") be an arbitrary frame. Noting d^ := uon'^,\dx^'^\, we get dfi = iuon^,)\J^'^„ \o 
n^J,\dx^"'^"\. We already saw that the function j]''^' is in S^{W) (resp. O^^iW)). By Lemma 
[5XT61 (n o n^^;)(| Jj5l ° ^.^'') is in 5^ (resp. O^^). □ 

Remark 5.2.19. By taking u := x i-^ 1 in the previous lemma, we see that for any exponential 
manifold (M, exp) with (resp. Om) bounded geometry, we can define a canonical family of 
-densities (resp. O^^ -densities) on M: T) := {\dx^'^\)(^z,b)£l where I is the set of frames on M. 
If the map exp is the exponential map associated to a pseudo-Riemannian metric g on M , we 
can also define a canonical subfamily ofD by Vg := (\dx^\)z(zM where \dx^\ := \dx^'^\ with b any 
orthonormal basis (in the sense 5^(bj, bj) = r]i5ij where rji = 1 for 1 < i < m and rji = —1 for 
i > m, where g has signature {m,n — m)) of Tz{M) (\dx^\ is then independent of b). A priori, 
the Riemannian density does not belong to the canonical M -indexed family Vg. 
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We shall need integrations over tangent and cotangent fibers and manifolds. We thus define 
dfi* := ifJ-^l, o n^) \dz,b\ the codensity associated to dfi, where := and {z, b) is a frame. 

Note that since |9x,b|/|92',b'| = |(ix^'''''|/|(ix^'''| = (/U^^t, ° ^z)/(/^2',b' dfi* is independent of 

{z, b). For a given x G M, the density on Tx{M) associated to is d^x '■= (^2,6 ° f^\{^)) \dxx^\ 
and the associated density on T*[M) is dn% := {^^~\ ° f^^i^)) \dz,hx\ - ^ function / defined on 
Tx{M) or T*{M), we have formally: 

f{Od^^M) = ^^z,b°n\{x) [ fo{Ml,)-Hc)dC, 
f{e)df,*x{e) = fi;U<{x) I fo{Ml,r\^)dd, 



and it is straightforward to check that these integrals are independent of the chosen frame {z, b). 
5.2.5 Schwartz spaces and operators 

Assumption 5.2.20. We suppose in this section and in section [5.2.6\ that (M, exp, E, dfi), where 
E is an hermitian vector bundle on M , has a Om -bounded geometry. 

The main consequence of the exponential structure is the possibility to define Schwartz func- 
tions on M . 

Definition 5.2.21. A section u E C°°{M, E) is rapidly decaying at infinity if for any (z, b), any 
n-multi-index a and p G N, there exists Ka^p > such that the following estimate 

\\d%u^{x)\\^^<K^,p{x);P (5.12) 

holds uniformly in x € M. We note S{M,E) the space of such sections. 

With the hypothesis of OM-bounded geometry, we see that the requirement "any (z, b)" can 
be reduced to a simple existence: 

Lemma 5.2.22. A section u S C°°(M, E) is in S{M, E) if and only if there exists a frame {z, b) 
such that (KJM) is valid. 

Proof. Suppose that (|5.12l) is valid for {z' , b') and let {z, b) be another frame. Thus, with Lemma 
15.2.101 (a) and Leibniz rule, 

d^,,u^{x)= E /"Xr;)C'/(^7'^.')9f,,,n^'(x). (5.13) 

0<|a'|<|a| l3<Oi' 



Moreover \fa,a' {""p) {t^^Tz>)\ < C„(x)^;'(, for a C« > and a g« > 1. Now (I5l2]l and 
(|5.4p entail that for any p G N, there is K > such that (9"f,ii^(x) < K{x)^-^. The result 
follows. □ 



Remark 5.2.23. Let u G C°°{M,E) and {z,b) a frame. Then u G S{M,E) if and only if 
{t-^u) o (n^)-i G S{R"',Ez). In other words, if v e ^(M'^,^^) then Tz{v o n^) G S{M,E). 

The following lemma shows that we can define canonical Frechet topologies on S{M,E). 
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Lemma 5.2.24. Let {z, b) a frame. Then 
(i) The following set of semi-norms: 

qa,p{u) := sup(x)^ J|9^t,n^(x)|| . 
defines a locally convex metrizable topology T on S{M,E). 

(a) The application T^^b is a topological isomorphism from the space S{M,E) onto S{W^,Ez)- 
(Hi) The topology T is Frechet and independent of the chosen frame {z, b). 

Proof, (i) and (ii) are obvious. 

(Hi) Since [, is a topological isomorphism, T is complete. Following the arguments of the proof 
of Lemma r5.2.22l we see that there is r G N* such that for any n-multi-index a and p G N, there 
exist Ca,p > 0, ra,p G N*, such for any u G S{M, E), 



U 



l/3|<|a| 



The independence on {z, b) follows. 



□ 



Remark 5.2.25. // {M,exp, E,dfj,) has a So-bounded geometry, then it is possible to define 
the Frechet space of smooth sections with bounded derivatives B{M, E) by following the same 
procedure of S{M,E), with Lemma \5.2.1H 

Classical results of distribution theory [139] and the previous topological isomorphisms T^^b 
entail the following diagrams of continuous linear injections {{M;E) ommitted and 1 < p < oo): 



LPidfi) 



■S' . 



The injections 5 — > ;S — > L°° are valid in the case where M has a So-bounded geometry. In the 
case of a general OM-bounded geometry, only the injection S L°° holds a priori. The injection 
from functions into distribution spaces is given here hy u ^ {u,-) where {u,v) := f{u\v)dfi. 
Note that the following continuous injections S ^ S' and S U'{d^) ^ 5', (1 < p < co) have 
a dense image. 

Using the same principles of the definition of S together with the Ojv/-bounded geometry 
hypothesis and Lemma [5.2.13l (ii). we define the Frechet space S{M x M, L{E)) such that for any 
{z, b) the applications f, jv/2 := K i— > o (n^ az/s)"^ are topological isomorphisms from S{M x 
M,L{E)) onto S{^^''^,L{E^)). Noting the continous dense injection from S{M x M,L{E)) 
into its antidual S'{M x M,L{E)) defined as {jM^{K),K') = fj^^j^Tr{K{x,y){K'{x,y))*)dfi0 
diJ,{x,y), we have the following commutative diagram, where j is the classical continuous dense 
inclusion from S{M.'^"', L{Ez)) into its antidual, and M^^^ is the multiplication operator from 
S{R'^'',L{E^)) onto itself by the OljiR"^"-) function fi^^b ® l^z,b- 



S{M X M,L{E)) 



SiR'",LiE,)) 



S{R'^,L{E,)) 



■S'{M X M,L{E)) 



,[j.m2 



,L{E,)) 
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Since S is nuclear, L{S,S') 2± S'{M x M,L{E)) and S{M x M,L{E)) ~ 5 g 5 where S := 
S{M,E). Thus, S'{M x M, L{E)) ~ 5', where S' is the dual of S which is also the antidual 
of S. Note that the isomorphism L{S,S') ~ S'{M x M,L{E)) is given by 

where Ak is operator associated to the kernel K, u,v G S, and U(y) := Formally, 

{Ak{v),u) = I {K{x,y)v{y)\u{x))dn®djjL{x,y), {Akv){x) = I K{x,y)v{y)dn{y). 
JmxM Jm 

Thus any continuous linear operator A : S ^ S' is uniquely determined by its kernel Ka £ 
S'{M X M,L{E)). The transfert of A into the frame {z, b) is the operator A^^b from S{M.",Ez) 
into <S'(R", E^) such that 

Thus, if Ka is the kernel of A, we have Ka^^, '■= T^^^^M^i^A) as the kernel of A^.b, where 
Tj. fy]^2 here is the inverse of the adjoint of (,jv^2. (,jv^2 is a topological isomorphism from 
S'Im X M,L{E)) onto ^'(R^'*, L(£:^)). 

Definition 5.2.26. An operator A G L{S,S') is regular if ^4 and its adjoint A^ send continously 
S into itself. An isotropic smoothing operator is an operator with kernel in S{Mx M, L{E)). The 
space regular operators and the space of isotropic smoothing operators are respectively noted 
3fi(5) and 

Note that this definition of isotropic smoothing operators differs from the standard smoothing 
operators one where only local effects are taken into account, since in this case, a smoothing 
operator is just an operator with smooth kernel. Clearly, A is regular if and only if for any frame 
(z, b), Az^b is regular as an operator from S{W^,Ez) into S'{W^,Ez). Remark that the space 
of regular operators forms a *-algebra under composition and the space of isotropic smoothing 
operators \1'^°° is a *-ideal of this algebra. 

Let us record the following important fact: 

Proposition 5.2.27. Any isotropic smoothing operator extends (uniquely) as a Hilhert- Schmidt 
operator on L'^{diJ,). 

Proof. An isotropic smoothing operator A (with kernel K) extends as a continous linear operator 
from S' to S, and thus it also extends as a bounded operator on L^{dix). Let {z, h) be a frame. If 
U is the unitary associated to the isomorphism L^{di.i) onto Tlz,b '■= L"^ 0^"" , Ez, fJ.z,b dx) we have 
A = U*Az^bU where Az^b is a bounded operator on Tiz^b given by the kernel K^ o (ra^,n^)~^. 
Since this kernel is in 

'Hz,b<S)'Hz,b = L^(M?"',Ez0Ez, {iJLz,bdx)®'^), it follows that Az,b is Hilbert- 
Schmidt on T^^^b) which gives the result. □ 

5.2.6 Fourier transform 

Fourier transform is the fundamental element that will allow the passage from operators to 
their symbols. In our setting, it is natural to extend the classical Fourier transform on M" to 
Schwartz spaces of rapidly decreasing sections on the tangent and cotangent bundles of M, and 
use the fibers T^i^M), T*{M) as support of integration. 
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Definition 5.2.28. A smooth section a £ C°° {T* M , L{E)) is in S{T*M,L{E)) if for any (z,b), 
any 2n-multi-index and any p £ N, there exists Kp^i, > such that 

\\dl,a'ix,9)\\^^j^^^ < Kp^u{x,e)~l (5.14) 

uniformly in {x^O) € T*M. A similar definition is set for S(TM, L{E)). 

Following the same technique as for the space S{M, E), using the coordinate invariance given 
by Lemma [5.2.131 we obtain the 

Proposition 5.2.29. (i) A section u £ C°° {T* M , L{E)) is inS{T*M,L{E)) if and only if there 
exists a frame {z,h) such that (5.141 ) 'is valid. A similar property holds for S{TM, L{E)). 
(a) There is a Frechet topology on S{T*M, L{E)) such that each 



is a topological isomorphism from S{T*M,L{E)) onto S{M.'^'^, L{Ez)). A similar property holds 

z,t) 



for S{TM, L{E)) and the applications Tz^h,T := a o (n'' ^ 



Proof {i,ii) Suppose that Km is valid for {z',b') and a £ C°° {T* M , L{E)) and let {z,b) 
another frame. With Lemma [5.2.13l and Leibniz rule, noting = (a, P),v' = (q', /?'), A = (A^, A^) 
and p = [p^,p^), we get 

V= E E ^^'^^^A,P^^:^fa''(^7'^.05?/^(«^')</(r,7V,) (5.15) 

0<\v'\<\v\ P<>^<1^' 
l/3'l>l/3| 

where C^'^p = V.A^ V-p^ ( a')0 ■ Using now the fact that for any x,?? G M", (x)i/2(^)i/2 < 
((x, -i?)) < (x)('i?), and (|5.4|) . (|5.5p . we see that for any 2n-multi-index u, and p G N, there is 
r,y,p G N* and C„^p > such that qi^,p\a) < Ci,^pJ2\p\<\,y\ Qp'/^'J (o-) , where 

qifHa):= sup {x , Of^ Jd^.a^x , e)\\ 

{x,e)<^T*M ^ 

The results follow, as in the case of S{M,E), by taking the topology given by the seminorms 
Quip for an arbitrary frame (z, b). □ 

Remark 5.2.30. // (M, exp,i?) has a So-bounded geometry, we saw in Remark \5.2.25\ that a 
coordinate free (independent of the frame {z, b) ) definition of a space of smooth E -sections on 
M with bounded derivatives is possible. However, a similar definition cannot be given in the 
same manner for L{E)-sections on TM or T*M with bounded derivatives, due to the fact that 
the change of coordinates of Lemma \5.2.13\ impose an increasing power of (9) (when \(3'\ > \f3\). 
However, the independence over {z, b) would still hold for the space of smooth sections of L{E) 
T*M (resp. TM) with polynomially bounded derivatives. 

We note S'{T*M,L{E)) and S'{TM,L{E)) the strong antiduals of S{T*M,L{E)) and 
S{TM, L{E)), respectively. We have the following continuous inclusion with dense image 

jT*M ■■ SiT*M, L{E)) ^ S'{T*M, L{E)) (resp. jtm : S{TM, L{E)) ^ S'{TM, L{E))) 
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defined by 

{jT*M{a),b):= [ TT{ab*)dpi* (resp. (jtm (a), 6) := / Tr{ab*)dfi^) 
Jtm* Jtm 

where d/j* is the measure on T*M given by di^*{x,9) := diJ,*{6)diJ,{x) and d/s'" is the measure on 
TM given by d^t^{x,^) := dijL^{^)dijL{x). Note that for any {z,b), diJL*{x,e) = \d^^i,J\{e)\dx^'^\{x) 
(this is the Liouville measure on T*M) and d^jF{x,9) = /x^ o n^{x)\dxx''\{^)\dx^'^\{x) . We have 
the following commutative diagram, where M^2 is the multiplication operator by the 0^{M?'^) 
function (x,C) i-^ l^l^bi^), 



S{TM,L{E)) 



Jtm 



■S'{TM,L{E)) 



S{R^^,LiE,))—^SiR^\L{E,))—^S'iR^^,LiE,)) 

and, in the case of S{T* M, L{E)) a similar diagram is vaUd if M^2 is replaced by the identity. 
Definition 5.2.31. The Fourier transform of a G S{TM,L{E)) is 



: {x,e)^ [ 

Jt 



Proposition 5.2.32. is a topological isomorphism from S{TM,L{E)) onto S{T*M,L{E)) 
with inverse 



^(a) := {x, 0^ [ e2-<«'«) a{x, 9) d^il{9) . 
Jt*(m) 



IT*{M) 

The adjoint of !F coincides with T on S{TM, L{E)), so we still note T* by T and T* by T . 
Proof. Let {z, b) be a frame. It is straightforward to checli that the following diagram commutes 

S{TM, L{E)) S{T*M, L{E)) 



p2n 



5(M^-,L(E,)) 



where Tz,\3 = J^p ° Mjj, = o {Fp, with the multiplication operator on S{W'^'^, L{Ez)) 
defined by M^{a) := (x, C) "-^ /i2,[,(x) a(x, C) and J^p the partial Fourier transform on the space 
S{R?^ ,L{Ez)) (only the variables in the second copy of M" in M^" being Fourier transformed). 
It is clear that Tz,h is a topological isomorphism from S{R?''^\ L{Ez)) onto itself with inverse 
= Mij^ o JTp. The fact that T coincides with on S{TM, L{E)) is a consequence of the 
following equality 

/ Tr{a{^{b))*) dfi'^ = [ TV(JP-(a)6*)cZ/x* 

Jtm Jt*m 

for any a € S{TM,L{E)) and b e S{T*M,L{E)), that is a direct consequence of the Parseval 
formula for JTp. □ 
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5.3 Linearization and symbol maps 

5.3.1 Linearization and the '^t diffeomorphisms 

Recall that a hnearization (Bokobza-Haggiag [9]) on a smooth manifold M is defined as a 
smooth map u from M x M into TM such that tt o = vri, i'{x,x) = for any x G M and 
[dyv)y=x = IdTa;M- Using this map, it is then possible by restricting on a small neighborhood of 
the diagonal of MxM, to obtain a diffeomorphism onto a neighborhood of the zero section of TM 
and obtain an isomorphism between symbols (with a local control of the x variables on compact) 
and pseudodifferential operators modulo smoothing ideals. These isomorphisms depend on the 
linearization, as shown in [9, Proposition V.3]. We follow here the same idea, with a global point 
of view, since we are interested in the behavior at infinity. We thus consider, on the exponential 
manifold (M, cxp, d/i) a fixed linearization ifj that comes from an (abstract) exponential map 
■0 on M (also called linearization map in the following), so that jp{x,y) = ip^^V^ ^^'^ V-'x- is a 
diffeomorphism from T^M onto M, with Jpx{^) = x, {dtpx)o = ^dr^M- For example, V may be 
the exponential map exp. 

Let A G [0, 1] and $a be the smooth map from TM onto MxM defined by 

$A:(x,0^(V'x(Ae),V'x(-(l-A)0)- 

Assumption 5.3.1. We suppose from now on that whenever the parameters A, A', are in ]0, 1[, 
it is implied that the linearization map tp satisfies for any x,y ^ M and i G M, ipxiti^x^ iv)) — 
V'2/((l —t)tpy^{x)). This hypothesis, called (H^) in the following, is automatically satisfied if the 
linearization is derived from a exponential map of a connection on the manifold. 

A computation shows that ^\ is a diffeomorphism with the following inverse <I>^^ : {x, y) i— ^ 
- A) for A 7^ and ^Q^{x,y) -.^ -a^j^(O), where axy{t) := ij;x{tijjx^ (y)) . Noting 
^^^{x,y) =: {mx{x,y),^xix,y)), we see that mx{x,y) = axy{\) and, if A / 0, i\{x,y) = 
i^m^(T "^'^'hile ^{){x,y) = —ijj~^{y). In all the following, we shall use the symbol W (for 

Weyl) for the value A = i, so that mw '■= mi, <I>vk '■= ^l, and similar conventions for the 
other mathematical symbols containing A. Note that mx is a smooth function from MxM onto 
M, with mx{x,x) = x for any x G M. Moreover, for any x,y E M, mx{x,y) = mi-xiv^x), 
mw{x,y) = mwiy,x) (the "middle point" of x and y), Cxix,y) = -(,i-xiy,x), Cw{x,y) = 
—(,w{y,x) and x ^ ^^^{x,x) is the zero section of TM M. Noting j the involution on 
MxM: {x,y) {y, x), we have ^x = j ° ^i-A ° — Mtm- 

For any t £ [—1,1] (with the convention that if (H^) is not satisfied, we are restricted to 
t E { —1, 0, 1 }), we define, 

'^t:ix,0^{MtO,^^;plito(x)) 

with the convention -^''t'^^^toi^) •= C if * = 0) so that Tq = Utm- A computation shows that 
Tj~^ = T_t. The $A and Tj diffeomorphisms are related by the following propertv: for anv 
A, A' G [0,1], <^>^^o^x' = Ta'-a- We will use the shorthand Tt^rix,^) := -j-ip^^^^^-^ix), so that 
Tt = (V'o tldTM,^t,T)- 

Remark 5.3.2. Note that (H^) entails that {Tt)teR is a one parameter subgroup o/ Diff (TM). 
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Remark 5.3.3. Suppose that if) is the exponential map associated to a connection V onTM, and 
Oix,(, the unique maximal geodesic such that a^^(O) = (x,^). It is a standard result of differential 
geometry (see for instance [97, Theorem 3.3, p. 206]) that for any v := {x,ri) G TM, and ^ G 
Tx{M), there exists an unique curve /3| : M ^ TM such that Va[,Pv = 0, vr o /?! = a^, (in other 
words, Pv is a^-parallel lift of ay) and /3|(0) = (x,^). By definition of geodesies, (3x,ri = ot^^^. 
Moreover, Px,rii^) G '^ij>l{-^)j ™^ ^'^^ define the following linear isomorphism of tangent fibers: 
P,,^ : Tx{M) ^ T^n{M), i ^ /?|,^(1) . Note that P-] = = P-r,i.,n) = PrM-,-,)- 

The Px^^ are the parallel transport maps along geodesies on the tangent bundle. These maps are 
related to the Tj diffeomorphisms, since a computation shows that for any {x,ri) € TM and 

teR, Px,tr,{v) = '^t,Tix,v)- 

If {z, b) is a frame, we define ^x,z,b '■= m'^°^^°(''^zt)~^ denote J\,z,b its Jacobian. 

We also define Tt,z,b = n^T°'^t° ('^zt)"^ the smooth maps from M^" to M": 

: (x,y) ^ M^^^(„,)_,(,) o o (n^)-i(y). 

Noting V2,x(C) := i^zi^X) and i^l^iy) := V'Kxjy), we have (V'z.x)"^ = V'^.x- A computation 
shows that for any (x, ^,y) G R^", 

fv,b(x,C) = (V',^x,AC),V.'(x,-(l- A)C)), ^i,(x,y) = (mA,.,fa(x,y),^A,.,b(x,y)) (5.16) 

where we defined the following functions: ??^A,z,b(x, y) := V'zCx, A'i/'^(x, y)), ^o,2,b •= ~V'z and for 
A 7^ 0, 6,z,b(x,y) := ^^(mA,2,b(x,y),x). We also obtain for t G [-1, 1], (x,C) G M^", 

Ti,,,t,(x,C) = (V',^x,tC),^^(V'.'(x,tC),x)) =: (V.'(x,iC),T|;^(x,C)) , (5.17) 

and To,z,b = Id]j2n . Note that Tt^z,b{'^i 0) = (x, 0) for any x G and T^'^ = jTj'^ o Ii f where 
Ir.r' is the diagonal matrix with coefficients /jj = r for i < for 1 < z < n and In = r' for 
n + 1 < i < 2n. 

5.3.2 CM-linearizations 

We intent to use the linearization to define topological isomorphisms between rapidly decaying 
section on TM and M x M. We thus need a control at infinity over the derivatives of the 
linearization tp. 

We note r^'^ = T^o(n^^^2)-i G C°°{R^'\ L{E,)). Remark that for any (x,y) G M^", r^'''(x,y) 
is an unitary operator on Ez. We will also need the following functions parametrized by i G M: 
Tt{x,r]) := TxiMtv)) for any {x,r]) G TM and n'\x,C) := r^'^x, ^,^(x, tC))- 

Definition 5.3.4. A linearization tp on the exponential manifold {AI,exp,E,dfi) is said to be 
a OM-hnearization if for any frame (z, b) the functions V'^ and are in OmIR'^'^R"') and the 
functions t^'^ and {t^'^)'^ are in C>m(]K^", ^^(-E^)). We will say that {M,exp,E,dfj,,il;) has a 
C^M-bounded geometry, if it the case of (M, exp, E, dji) and is a OM-hnearization. 
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Lemma 5.3.5. Suppose that ip is a Om -linearization. Then for any frame {z,b), A G [0,1] and 
t G [-1,1], 

(ii) Tj,,,fa G 0^iR^^,R^'^) and J{Tt,,,b) G Om(K'"), 
fm; Tj^''' anJ are in C'm(M2", L(£^)). 

Proo/. (i) By (|5.16p, we have $A,2,b = (^2 o A.AjV'^ o h,x-i) and = (mA,2,t„ ^A,z,b) where 

"i.A,2,fa = ° -^i,A o an d if A 7 ^ 0, ^a = jtpz ° ("lA.z.a, tti), while ^o,z,b = -'>Pz- Thus, the 

result is a consequence Lemma [5.2. 141 (in) and (vi). 

(ii) By (l5T7ll . we have for t / 0, T^^^^b = (V'z ° h,t, ° (^^ o A,t,vri)). The result follows 
again from Lemma [5.2.14l (iii) and (vi). 

{Hi) We have r^^' = r^' o /^.t and (r^^' = (r-^' o Ii ^ so the result follows from Lemma 
15.2.141 (Hi). ' ' □ 

The following lemma shows that we can obtain topological isomorphisms on spaces of rapidly 
decaying functions from the functions Tf and $a- 

Lemma 5.3.6. Let p G N*, r G Olj{W,GL{E,)) and ^> G Olj{W,W). Then the maps Lr := 
u 1-^ Tu, Rt := u UT and := uo ^ are topological isomorphisms of S{W, L{Ez)). 

Proof. Since L^^ = L^-i, R^^ = R.^^i and Cj^ = C$-i, we only need to check the continuity 
of Lt-, Rt and C$. The continuity of L,- and Rr is a direct application of Leibniz formula. Let v 
be a p-multi-index and r G N. Theorem l5.2.11l implies that for any u G 5(M^, L{Ez)), 



qu,N{uo<^)< ^ sup(x)^|P,,a(^>)W| (5^n)o$(x) 

\M<W """"" 



where the functions Pu,xi^) are such that \P^^x{^){-k)\ < C,,(x)9'^ for a q„ e N* and a C^, > 0. 
Since (<I>^^(x)) < C(x)'' for a r G N* and a C > 0, we see that there is C;^ > such that 
qu,N{uo^) < ClJ2\\\<\u\ Qx,{q.+N)r(.u), which gives the result. □ 

Lemma 5.3.7. If {M , exp , E , dfi) has a OM-bounded geometry andip is a linearization such that 
there exists {zQ,bo) such that the functions 1^^°, ■0^0 are in 0^/(1^^", K") and tI°'^° , {^1°''^°)"^ 
are in Om{R-'^"' , L{Ezo)), then ijj is a Om -linearization. 

Proof. The result is a direct consequence of the formulas ip^ = ipz',zo ° ° ^^q'z T' ^z.xCy) = 



5.3.3 Symbol maps and A-quantization 



Assumption 5.3.8. We suppose in this section and in section ed. 3. 4\ that {M,ex.p, E,dfi,tp) has 
a OM-bounded geometry. 

The operator ^ is a topological isomorphism from S'{TM, L{E)) onto S'{T*M, L{E)). We 
shall now introduce a topological isomorphism between S'{M x M,L{E)) and S' {TM, L{E)). 
We define the linear application Ta from C~(M x M,L{E)) into C^iTM, L{E))): 
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As a consequence, Tx{K) = {K o tx-i and ^(a) = {tx a t^^-^) o^x^ ■ ^ given frame 
{z, b), we denote Tx^z,b •= '^z,b,T°^x°T^^ j^2- A computation shows that for any smooth function 

Let us define the smooth strictly positive functions on E?^ and M x M respectively: 

It is straithtforward to check that ^x is indeed independent of (z, b). Note that fii^x{x,y) = 
Hx{y, x). Since iJ,x,z,b S C']^(M^"'), the operator of multiplication M^^ is a topological isomorphism 
on S{M X M,L(£;j). Note also that La o M^^ = M^^o*;, o Ta- 

Proposition 5.3.9. Fa is a topological isomorphism from S{M x M,L{E)) onto S{TM, L{E)). 
Moreover, Fx o = Jtm o Ta o M^^, where Fx := F^^* . 

Proof. Let {z, b) be a frame. It suffices to prove that rA,2,b is a topological isomorphism from 
5(M^", L{Ez)) onto itself. Since TA^z^t, = L^^z,si^_i oR^z,b oC$^ ^ , the result follows from Lemma 

15.3.61 and Lemma [5.3.51 (i) and {iii). Let u,v £ S(M?''^, L{Ez)). We have (with j the canonical 
inclusion from SiR"^"", L{Ez)) into ^'(M^", L(Sz)): 

irx,.,bojiu)){v) = [ Tr(7.(x,y)(r-i ,(t;)(x,y))*)dxdy 

= / Tr (K'")-! o <i>,-l,,(x,y) n(x,y) r^^ o cl>-i^,(x,y) 

= / Tr(rA,2,b(n)(m,C)t'*(m,C))|JA,z,b|("i,C)c^"idC 

= ij°^J,,...\°^X,z,bN)i^) 

where we used the following change of variables (m, () := j,(x, y). Thus, we have FA.z.fa ° j = 
j o Af| j_ I o rA,2,t,. The relation Ta o j]^.j2 = Jtm o Ta o M^^ now follows since M| j^^^ | o rA,2,b = 

rA,2,boM|^^_^^|„^-i^ , T*t,,T°i°^ML = ^TMoT;It and T;t, M2ojoM^,,e®M.,b = iM2°^~b,M2- ° 

As a consequence. Fa is a topological isomorphism from the space of tempered distributional 
L(£;)-sections on M x M, S'{M x M,L{E)) onto S'{TM,L{E)) and when restricted (in the 
sense of the previous continous inclusions) to S{M x M, L{E)), is equal to Fa o M^^, so provides 
a topological isomorphism from S{M x M,L{E)) onto S{TM,L{E)). Fourier transform coupled 
with Fa lead us to the following natural isomorphism from S'{MxM, L{E)) onto S'{T*M, L{E)). 

Definition 5.3.10. Let A G [0,1]. The A-symbol map is the topological isomorphism from 
S'{M X M,L{E)) onto S'{T*M,L{E)): ax := J^oFx- The A-quantization map is the inverse of 
ax, noted Dp a- 

Thus, the data of a tempered distributional section on the cotangent bundle (i.e. an element 
of S'{T*M, L{E))) determines in an unique way (for a given A), an operator continuous from 
5 to 5', and vice versa. Remark that ax ° j^p = jr*A/ o ^ o Fa o M^^ and Opx°jT*M = 
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jM2 o Mi/^^ o ^ ojT. If {z, b) is a frame then, noting Opx,^,b ■= ^^,t.,M2 ° Op\ °T^,l*, we obtain 
^pA,z,b = n,z,b ° K.,^ ° so that for any u € <S(R2n, l{e,)) and b G Om(M2", L(E,)), 

(Dp;,,,,(,(6),u) = / e2-«''^)TV(/x6(x,^)(r;,,,,(,M)*(x,C))cZCd^dx. (5.19) 

where fj,b : (x, i?) i— > fx^^bi^) b{x,'i}). 

5,3.4 Moyal product 

The appHcations Opn, Dpi , Dpw := Dpi are respectively the normal, antinormal and Weyl 

2 

quantization maps. Remark that for any T G S'{T*M,L{E)), Opx{T*) = {Opi_x{T)y ■ In 
particular 

Dpo(r*) = (£)pi(r))t , OpwiT*) = (Dp^(r))t 

where f is the topological isomorphism of S'{M X M,L{E)) defined as {K\u) := {K,u* o j) 
with j the diffeomorphism on M x M : {x,y) ^ {y,x) and u G S{M X M,L{E)). The kernel 
of the adjoint A'^ of any operator A G L{S,S') is (i^/i)^- As a consequence, (T;^ is a hnear 
topological isomorphism (and a *-isomorphism in the case of the Weyl quantization) from the 
algebra ^{S) = L{S, S) n L{S' , S') of regular operators onto its image fStx := ax{^{S)). We can 
transport the operator composition in the world of functions, by defining the A-product on dJlx 
as 

To, T':=aA(Dp;,(r)Dp;,(r')) 

so that 9JIa forms an algebra, and 9Jt^ = 9?ti-A. In the case of A = ^, we recover the Moyal 
*-algebra dJlw and the Moyal product o^r. The space ^'~°°(M) ~ S{M x M,L{E)) of isotropic 
smoothing operators being an *-ideal of 3f?(5), the space S{T* M, L{E)) = c7a(^'~°°(M)) forms 
an ideal of Tlx- Since we will focus on the pseudodifferential calculus over M, we shall not 
investigate in this chapter the full analysis of the Moyal product over T*M. Note however the 
following property on S{T*M) := S{T*M,L{M x C))"~ S{T*M,C)- 

Proposition 5.3.11. {S{T*M),ox) is a (noncommutative, nonunital) Frechet algebra. Moreover, 
a ox b {x, rj)= j dn^iOdniy) [ d//*,^,,(e, 6') 5^,^,, e''^<^.y^^^'''\{y',^^, 9) 6(^^74, 6') 

where y^^^ := mx{ipl^,z), y^^^ := i\{i^x^,z) and 

v^^^y := r\ (m) X T*, (M) , d,,i^^y{e,e') -.= dfi*, (e)dfi\, {e') , 
<^,y{r,,e,e') := {9,t,^) - {e',yl-;_\) - {ri,0 . 

Proof. The product a 6 on S{T*M) is obtained by computation of o T^ o M^^ o {{M~^ o 
o J-'{a)) oy {M~^ o o ^(6))), where oy is the Volterra product of kernels. Since ax is a 
topological isomorphism between <S(M^) and S{T*M), the continuity of the Moyal product is 
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equivalent to the continuity of oy, which is equivalent to the continuity of the following product 
on 5(M2"): 

K ■ K'{x, y) := / K{x, t)K{t, y);U,,t,(t)dt. 
The continuity of this product is obtained by the following estimates 

Qp,{a,l3){K ■ K') <Cq2(p+r),{a,0){K)qp,(0,p){K'), qp^^{K) := sup ((x, y))P|a''K(x, y)| 

(x,y)6lR2" 

where |/x^,fa(t)| < Ci{iY'''~^ and C := Ci 4„(t)-("+i)dt. □ 

Remark 5.3.12. {S{T*M), oyy) is a *-algebra since (ao^6)* = b*o^^a* for any a,b e S{T*M). 
We can also construct another ^-algebra on S{T*M) with the product a-kh := ^(a oq 6 + a 6). 
This proves that when (H^) (see Assumption 15.^."?]) is not satisfied (so that no middle point 
exist in the classical world) we can still have a canonical star-product on S{T*M) which satisfies 
(a ★6)* = 6** a*. 

5.4 Symbol calculus of pseudodifferential operators 
5.4.1 Symbols 

Assumption 5.4.1. Let a G [0, 1]. We suppose in this section that (M, exp, E) has a S^-bounded 
geometry. 

The algebra 3^(5) and are respectively too big and too small to develop a satisfac- 

tory pseudodifferential calculus that allows an efficient utilization of symbol maps. We shall in 
this section define some spaces of symbols that will be used to define later special algebras of 
pseudodifferential operators that lie between and 

Definition 5.4.2. A symbol of degree (/,m) G of type a, on M is a smooth section a G 
C°° {T* M , L[E)) such that for any (z, b) and any n-multi-indices a, /3, there exists > such 
that 



< {0)Zl'^ (5.20) 



is valid for all {x,6) G T*M. The space of symbols of degree {l,m) and type a is noted S^"^. 

Remark that Sq is independent of Z, so we denote this space S^. We note 5"°° := n^^^X'"^ 
and in the case ct > 0, we define 5"°° := 3'°° = S{T*M, L{E)) (it is independent of a > 0). We 
set S"^ := Ui^mSa"^. We define similarly 5^'™ := Sa"^ {M."^"^ , L{Ez)) , without reference to a frame. 

Since M has a ^^-bounded geometry, we get the following coordinate independence of the 
previous definition: 

Proposition 5.4.3. Let a G C°°{T*M, L{E)). Then a G 5^™ if and only if there exists a frame 
{z, b) such that a satisfies /i5.20\) . 
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Proof. Suppose that (|5.20p is satisfied for {z' , b') and let {z, b) be another frame. For (x, 9) G T*M 
and a, (3 two n-multi-indices with u = (a, /3) ^ 0, we get from Equation (|5.15p and Lemma [5.2.13l 

a',f}' p<\<u' 

Using (|5.2p . (|5.3|) and the fact that \a\ > \p^\, we get the result. □ 

Corollary 5.4.4. If a £ C°° {T* M , L{E)) , then a £ 5"^" if and only if for any {z,b), 
fl^ ° ("-2*)"^ ^ 5'ct'"(M^", or equivalently , there exists {z,b) such that o {n^ ^)~^ G 

5^'"(M2",L(ii;,)). 

We see that 5^™ ■ Sa'"^ C S'ct^' where • is the composition of sections induced by the 

matrix product on the fibers of L{E). Moreover, S\f^ C S^'"^ for m < m' and I < I' . Thus, 5^ is 
a *-algebra, which is bigraduated for cr > and graduated for cr = 0. Remark also that S~°^ ■ 
and S^-S-"^ are included in 5"°°. Note that if / G Sl;"'{T*M) (a symbol where M has its trivial 
bundle MxC), then a/(x, 9) := f{x, 9)1^^^^ defines a symbol in 5^'™". Such symbols will be called 
scalar symbols. Note also that if a E 5^'™, then d^^f a := {T,o7r){d^^^'^ a'){T-^o7r) e 5^"'"''™"'^'. 

If / G 5<,(M") then (x,t?) ^ /(x)ldL(i5^) G 5°'°(M", L(E^)). In particular (x,t?) ^ 
/iji(x)ldi(s^) G 5°'°(R",L(^,)) if is a 5,^-density 

Remark 5.4.5. We note PS^j"'(M.^"',L{E^)) the subspace of Si;"'(M.'^'^,L{E,)) consisting of 
functions of the form J2i<i<{dimEz)^ ^i^i where (cj) is a linear basis of L{Ez) and Pi are of 
the form '^«,/3(^)^^ (finite sum over the n-multi-indices j3), where for any d'^Ci^fs{x) = 
C'((x)'^('-I°l)) for any n-multi-indices a, and m = maxj deg^ Pi . We check that this definition is 
independent of the chosen basis (cj). 

We call polynomial symbol of order l,m and type a any section of the form {tz o tt){P o 
n^ ^,){t^^ ovr) where P G P Sa"^ {M.'^'^ , L{Ez)) and {z, b) is a frame. This definition is independent 
of {z, b). We note PS^"^ the subspace of Sa"^ consisting of polynomial symbols of order I, m and 
type a. Remark that the section I : {x,9) i— > I^i^e^c) PS^'^. 

We now topologize the symbol spaces: 

Lemma 5.4.6. The following semi-norms on S\f^ , for G N, 



g(.,,)(a):= sup {xC''^^'\e)f,Jd^:fa\x,9) 

{x,e)&T*M 



HE,) 



determine a Frechet topology on S^^, which is independent of {z,b). The applications Tj, are 
topological isomorphisms from S\f^ onto S\f^{^'^ , L{Ez)). The following inclusions are continous 
for these topologies: Sa"^-Sa'"^ Q 5"^^' ,m+m ^ gi^m ^ ^-^'"^ < ^fK^i < ['J and S^°° Q S^"^ . 
Moreover, the last inclusion is dense when S^"^ has the topology of S^'^ form < m' and I < I'. 
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Proof. The independence of the topology for {z, b) follows from the easily checked estimate for 
any (a,/3), 

0<|(a',/3')l<l(a,/3)l 
W\>m,l<a' 

where > 0. By construction the applications T^^j,,* are clearly topological isomorphisms from 
Sb"^ onto Sb'^{R''^,L{E,)). The continuity of Sb"^'- is^''"*' C ^^'W^ gl,m ^ gV,m' ^ ^, 
and I < I') and S~°° C Sa"^ are straightforward. Following [105], to prove the density result, we 
shall prove the stronger property: for any a G Sa"^{M.'^'^, L{Ez)) the sequence 

ap(x,^) := (p(x/p))i-^-VWp)a(x,7?) 

converges to a for the topology of 5*^'™ {M.'^'^, L{Ez)) where m' > m and I' > I. Here p £ 
C~(M", [0, 1]) with p = 1 on 5(0,1) and p = on W\B{0,2). First, it is clear that ap G 
5-°°(M2n,L(S^)). Noting Rp{^,'&) := (x)^(l°l-'')(^)l/3|-m' ||a(«'/3)(a - ap)(x,??)||^(^^^ for a given 

2n-multi-index v := we get with Leibniz rule, for a if > (by convention u' < u ii and 

only if v' < v and v' ^ v): 

^Rp{^,'&) < Ap(x,i?)(x)^('-'')(7?)"^-"^' + ^ |9'^-'^'Ap(x,??)|(x)^('-''+l'*|-|°^'l)(7?)"^-'"'+l''|-|^'l 

where Ap(x,i?) := 1 — (p(x/p))^~''<^'Op(??/p). Suppose that cr = 0. In that case, |Ap(x,i?)| < 
l[p,+oo[W and if u' < u, 

\d''-'''Ap{^,{})\ < l[p,2p](^?) (5.21) 

where l[r,r'] is the characteristic function of the annulus A^y :={??€ M** : r < Wi^W < r' } and 
if/9 := 



/3 := sup^/<^ 



As a consequence, for if' > 0, 



^Rp{^,^) < {p)"'+Kp ^ 6a,a' lb,2p](^) ^-"'1 + '^'' < if'(p)"' 



and the result follows. Suppose now a 7^ 0. In that case |Ap(x, i9)| < l_Pp(x, -t?) where Fp := 
]^2n _ S(0,p)2 and if u' < u, for a constant if > 

|a'^--'Ap(x,^?)| < if.l[sg„(a-a')p,2p]W l[sgn(/3-/3')p,2p] W • (5-22) 

As a consequence, for if', if" > 0, and with r := max{m — m', ail — /')} < 0, 

^i?,(x,^9) < ij>Y + K' ^ l[sg„(a-a0p,2ri(x) l[sgn(/3-/3')p,2p] (^) {^T^'-'H^)"' < K" ^ 

u'<u 

and the result follows. □ 



Note that 5 °° := Cii^mS^^ = S{T*M, L{E)) and the equality is also valid for the topologies, 
e f I 
T*M. 



The following lemma shows that the symbols of Sa"^ are tempered distributional sections on 
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Lemma 5.4.7. The application Jt* m is injective and continuous from S/^ into S'{T*M,L{E)). 
Proof. Since we have the following commutative diagram 

gi,m ^rJi£ ^ 5'(r*M, L{E)) 

Sl;'^{R^^,L{E,))—^OMi^^'',L{E,))—^S'{R^^,L{E,)) 

where T*(,^^ is the adjoint of T^^b,* on S{T*M,L{E)) and Om{R'^"', L{Ez)) is the locally convex 
complete Hausdorff space of L(i?2)-valued functions on M^" with polynomially bounded deriva- 
tives, it is sufficient to check that the natural injection i is continuous from Sa"^{M?^, L{Ez)) into 
Om{R^"',L{Ez)). This is obtained by the following estimate, for any ip G SiR?'^) and u = {a,/3) 
2n-multi-index, 

sup \\ipd''a{^,^)\\m^ ) < K^^^q^{a) 
(x,i?)eM2" 

where K^,^ := sup(,_^)eR2„ |(/.(x, ^9)(x)-('-l"l) |. □ 

Definition 5.4.8. Let {aj)j^fq* be a sequence in S^'"^^ where {Ij) and (rrij) are real strictly 
decreasing sequences such that limj_>Qo Ij — limj_>Qo nij = — oo. We say that a is an asymptotic 
expansion of (aj)j^f^* and we denote 

oo 

ifae C°°{T*M, L{E)) is such that a-Y!^Zl aj G Sl^'""' for any A; G N with A; > 2. In particular, 
we have a G Sa'^^ . 

We need asymptotic summation of symbols modulo S~°°. The following result of asymptotic 
completeness is based on a classical method [127] of approximation of series by weightening 
summands aj (x, 0) with functions which "cut" a neighborhood of zero in the domain of x (if 
£7 7^ 0) and 6. The idea is that the part we cut is bigger and bigger when j — > oo so that 
convergence occurs. 

Lemma 5.4.9. Let (aj)jeN* be a sequence in S^'"^^ where {Ij) and {rrij) are real strictly decrea- 
sing sequences such that limj^oo^j = limj^oo ^n-j = — oo. Then 
(i) There exists a G 5^'™^ such thai a ~ Yl^=i '^j- 
(a) If another a' satisfies a' ~ Sj^i "^j; then a — a' E S~°° . 

Proof, (ii) is obvious. Let us prove {i) for a sequence (aj)jgN* in S^'"^^ {M?^, L{Ez)) and with 
a ~ YlJLiO'j G Sa'"^'-(M.'^"',L{Ez)). The result will then follows for a sequence (bj) in Sa"^ by 
taking b := T^^^(a) where aj := r^^b^*(6j). Define 

4(x,^) :=Ap,(x,7?)a,(x,^) 
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where Ap^ is defined in the proof of Lemma [5.4.61 and (pj) is a real sequence in [1, +oo[. For any 
j G N, a'j — Qj £ S~°°(M?'^,L{Ez)). Thus, the result will follow if we prove that for a specified 
sequence (pj) and for any > 0, there exists ko{N) > 2 such that for any k > kQ{N), 

oo 

X] QN,h,nn,iaj) < oo (5.23) 
j=k+i 

where qN,i^.,nn. '■= sup|,^|<7v 9!y,Zfe,mfc , and qu,ik,mk are the semi-norms of 5a"'""=(M2",L(S^)). Indeed, 



with 



< '7|^|,Zj.,mfe(Q^j) for k > ki{i'), a' := Yl'jLi^'j is a well defined smooth function 

and we have then a' — Yl^Zi^-j ^ Slp'"^''{M?'^,L{Ez)). Using Leibniz rule, we see that for any 
2n-multi-index u := (a,/3), and any j £ W, there is K,yj > such that 

+ |a''-'''Ap(x,??)|(x)'^('^-l°'l)(7?)'"^^l'^'l. 
Let us suppose that ct = 0. The estimate (I5.2ip yields for any > 0, /c > 2, j > + 1, 

for a constant K^j > 0. If we now fix pj as pj = (2-' supjv<j{ 1 then we see 

that for any > 0, A; > + 2, j > A; + 1, we have qN,ik,mk 

(a'j) < and (OHIl is satisfied. 
Suppose now a ^ 0. The estimate (|5.22|) yields for any N > 0, k > 2, j > k + 1, 

for a constant K'^ ■ > and with rj := maxjmj — m'j_^,a{lj — Ij^i)} < 0. If we now fix pj as 

Pj = (2^ sup^<j{ K'^ 1 })"'"•' , then we see that for any A^ > 0, A; > A^ + 2, (|5.23p is satisfied 
as for the case cr = 0. □ 

5.4.2 Amplitudes and associated operators on SiW-^Ez) 

We shall see in this section amplitudes as generalizations of symbols of the type 5"^™ := 
S'ct™(M^"', L{Ez)) where z E M is fixed. For each amplitude, a continuous operator from 5(M"', Ez) 
into itself will be defined. Here the spaces L{Ez) and Ez can simply be considered as A^„(C) 
and C". The results in this section will be important for pseudodifferential operators on M in 
the next section. 

Definition 5.4.10. An amplitude of order l,w,m and type a € [0, 1], k > 0, is a smooth function 
a G C°°{^'"' ,L{Ez)) such that for any 3n-multi-index v = (a,/3, 7), there exists Cj^ > such 
that 

' 9("'^'^)a(x, C, i9) < a (x)'^('-l"+'5|) (^)™-l7l (5_24) 

for any (x,C,??) G M^". We note n^;^^;^ := H^^^i'^lM^", the space of amplitudes of order 

/, w, m and type a, k. 
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Remark that Hq'^'™ is independent of we denote this space IIq^'^. We note IIct,^,'J" ■= 
ni^mlla^'™- We set n^^^^ := Lli^w,nJ^a'%'^ and 11;;^" := Cii^m ^w,k We see that n|;^'™ • 

C n^i;.- +-'.-+™' and Ut.'!^ C U^'Xr' for m < m' , w < w' , and I < I'. Thus, 
is a *-algebra, which is trigraduated for a > and bigraduated for a = 0. Note also that if 
a G U'^,':^, then d^'^'^^^^a € ny^+^l'^+'l^+^l'™"!-^'. 

Amplitudes and symbols in Sa^ are related by the following lemma: 

Lemma 5.4.11. (i) For any a G 11^^'^^ we have a^=o := (x, ??) ^ a(x, O,-!?) in Sa^ . 



(ii) For any s G Sa^, the function (x, C,-!?) i— > s(x, ??) is in HJq™. 
fmj For any / G S'o-(M'^), i/ie function (x, C,-!?) i— > /(x) Id2,(£;^) is m IL^ 



0,0,0 

o,z- 



Proo/. (i) follows from the fact that d^l^a o P) = (d^^'^'^a) o P where P(x, ??) := (x, 0, -d). 

(ii) Noting Q(x,C,i?) := (x,??), the result follows from 9"'^''>(s o Q) = 5/3,o(5"''^s) o Q. 

{Hi) follows from {ii) and the fact that (x, ??) i-^ /(x) Idj;^^^;^') G 5ct,'2. □ 

As the spaces of symbols, the IIct^'^ are naturally Prechet spaces: 
Lemma 5.4.12. The following semi-norms on IIct^'^^; 



^f.(a):= sup (x)'^(l"+^l-')(C)~'"~''l"+'^l(^?>'^'""' '9^"'^'^^«(x,C,??) 



(x,C,i?)6M' 



determine a Frechet topology on 11^^'^^. The following inclusions are continous for these topolo- 
c?,K,2 • y^a\K,i C n^^K^i , IIc^.kU c: n^^'^.^ (m < m , w < w ana I < I ) and 

^a^,'^" Q n^^'^^. Moreover, the last inclusion is dense when 11^^'™ has the topology ofHaln,'!^ 
for m < m' and I < I' . 

Proof. The continuity results are straightforward. For the density result, we prove as in Lemma 
15.4.61 that for any a G 11^^'™ the sequence 

ap(x, C, ^) := (p(x/p))i-^-° p{^/p) a(x, C, ^) =: (1 - Ap(x, ^)) a(x, C, ^) 

converges to a for the topology of XIct^'k'™" (M^",L(i?^)) where m' > m and I' > I. First note 
that the application (x, ??) i-^ {p{'^/p))^~^'^'" p{'&/p) IdL(E^) is an amplitude in Il~'^f- Thus, 
(ap)pgN* is a sequence in 11^,^2"'. We define the function Rp such that g| 



I' ,w,m' I 
{",/3,7) 



.a - a„ 



sup(x,^,^)eK3n Rp{x, (,{)), where m' > m and > /. For a given 3n-multi-index 1/ := (a,/3,7), we 
get with Leibniz rule, for a K > 0, 



^Rp{^,C,^) < Ap(x,^) (x)-('-'') (^?)"' + J2 \d''-''Ap{^,{})\ 

u'<u 

^ + \a+P\-\a'+P'\) ^0K{\a'+P'\-\a+f3\) 

Suppose that cr = 0. In that case, |Ap(x, -i?)] < l[p^+oo[{^) and if u' < 
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As a consequence we find Rp{x, (, -d) = Op-^ooi{p)"^~"^' ) , as in Lemma [5.4.61 Suppose now a ^ 0. 
In that case \Ap{x,'d)\ < li7p(x, where Fp := M^" - i?„(0,p) x i3„(0,_p) and if u' < u, for a 
constant K^, > 

Id"^" Ap(x, 19)1 < 6f3-i3'fiK^ l[sgn{a-a')P.2p](^) l[sgn(7-7')p,2p] ("i?) P"''^'^''^ ' ■ 

As a consequence, we find iip(x, C, "i?) = Op^oo{{pY) where r := max{m — m', a{l — /')} < and 
the result follows. □ 

We shall note the differential operator Y17=i ^Ci ' "^^^ following formula is valid for any 

i9, C G M" and p G N, 

{^fPe^^'i^'O = (1 _ (27r)-2A^)f e'"'^'^'^^ =: e^"'^'^'^^ . (5.25) 



A computation shows that (1 — (27r) ^A^)^ = X]o<|/3|<p '^p,/? ^c^i where the summation is on n- 
multi-indices /? and Cp^p := (-1)1^1 (27r)-2|/3|/3!. We shall also use the following useful formula 
valid for any i? G M", C G } and p G N, 

^2M^,,0 ^ ^ ^ 5^ ,2..(.,c) ^. e'-^^^'O (5.26) 
l/3|=p 

where := /?!(2^)-l/5lil/^l. We define 'uf := J^^pi^pXpi-lY^d^. 

Definition 5.4.13. We note C/,^, where /i,/2,/3 : N'^" M, and / := (/i,/2,/3), the space 
of smooth functions in C°°{M.^"', L{Ez)) such that for any 3n-multi-index u = (a, /3,7), there is 
Cu > such that 

||a-a(x,c,^)IL(^,) < a(x)/iH(c)^^('^)w^^(^) 

uniformly in {x,(,'d) G 



J- 

The vector space C/^^ has a natural family of seminorms qt given by the best constants Ci, in 
the previous estimate. With this family, Of^z is a Prechet space. Obviously, amplitudes in 11^^'™ 
form an Of^z space where /i(j^) := cr{l — \a + /3|), f2{i^) -=10 + K\a + /3| and fsiv) := m — \'y\. 
For a given triple / := {fij-ijz) and p G M, we will note h,p,aa '■= sup^ /3(a, /3, 7) - p\P\, 
f2,p,a,i3 ■= sup^/2(a,/3,7) -p|7| and /i,p,a,/3 := sup^ /i(a, /?, 7) -p|7|. 

Proposition 5.4.14. Le< F a continuous linear operator on the space S(M?^, L{Ez)), and f := 

(/i) f2, f'i) 0. triple such that there exists p < I such that /3,p,o,o < 00. 

(i) For any function a G Oj^z the following antilinear form on S(M?^ , L{Ez)) 

{Dpria),u) := [ e^"^'''^) Tr(a(x, C, ??) F(n)*(x, C)) di9dx 

IS m cS'(M2",L(^^)). 

(a) For any given u G S(M?''^, L{Ez)), the linear form Lu,r '■= a (Dpp(a),n) is continuous on 
Of^z- In particular Lu,t is continuous on any amplitude space 11^^'™. 
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Proof, (i) We have Dpp(a) = /(a) o r, where 1(a) is the antilinear form on 5(M^", L{Ez)): 
{I{a),u):= [ e^'''^^'^^Tr{aix,C,^)u%x,C))dCd^dx. 



We shall prove that /(a) G ^'(M^", L(S^)), which will give the result. Let u G 5(M2",L(^2)) 
and let us fix for now x and -& G M". We can check that the map C ^ a(x, C) "*?) '"*(x, C) is in 
5(M", L(£'z)). As a consequence, with (I5.25P and integration by parts, we get with i?(x, ■!?) := 
/^n e2-<'''^>a(x,C,^?)n*(x,C)(iC, 



R{x,^) = / e2"*<^''^>(i9)-2p(i_(2^)-2A^)Pa(x,C,??)n*(x,C)dC 

0<|/3|<p /3'<2/3 -^"^ 

Thus, for any x, G M*^, we get by fixing p such that 2{p — l)p + /3,p,o,o ^ — 2n (this is possible 
since p < 1) that for any N £ 'N, 



<1N,(Q,2I3-P')\U) 

0<|/3|<p/3'<2/3 

for a Cp > 0, where Vp := max|^/|<2p |/i(0, /?', 0)| + 1/2(0, /?', 0)| . If we now fix such that 
—N + rp < — 4n, we see, using the inequality (x, < {x)~^{()~^, that there is Cpj > such 
that 

\{I{a),u)\ <Cpj E ^o,/3',o(«)9iv,(o,2/3-/3')(«) (5-27) 

0<\l3\<pl3'<2l3 

which yields the result. 

(a) The continuity of L^^r on Of^z follows directly from (I5.27P since Lu^r(a) = (-^(o^)) r(u)). 
Since 11^^'™ = Of^z for a triple / = {fi,f2,h) such that /3,o,o,o < 00, -^«,r is continous on any 
amplitude space. □ 

For any amplitude a, we will also note Dpp(a) the continous linear map from 5(M", Ez) into 
5'(M"',£'2), associated to the tempered distribution u ^ (Dpr(a),ii). 

Remark 5.4.15. If {M,exp,E,dfi,ip) has a O^-hounded geometry, we saw that for any frame 
(z, b) and A G [0,1], the T\^z,b maps are topological isomorphisms on S'{M.'^'^, L{Ez)). Thus, 
Lemma {5.4- 14\ implies that for a given a G Ha^'^ , we can define a family indexed by X £ [0, 1] 
of operators Cpp^ ^ ^ (a) which are continous from 5(M", Ez) into 5'(]R", Ez). 

Remark 5.4.16. Suppose that {M,exp, E,dfi) has a Sa bounded geometry and that 4) is a 
Om -linearization. We deduce from (5.19\) that if s is a symbol in 5"^™ and X G [0,1], we have 
{Dpxis))z,b = i3pr;,,,,f, (/^■s^.fa) where {z,b) is a frame, Sz,b ■= ^z,b,*(s) and fj.Sz,b ■= i^X,^) ^ 
Aiz,fa(x)s2,b(x,T9) G n^°o™. We will also note fi-'^Sz,b{^,C,^) ■= /^~b(x)s2,fa(x, i9) G n^°o™. 

We now establish a sufficient condition on F and a in order to have Dpp(a) stable (and 
continuous) on S(W^,Ez). The result will be used to establish regularity of pseudodifferential 
operators. 
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Lemma 5.4.17. Let F be a continuous linear operator on S{M.'^^,L{Ez)) of the form T = Lj-^ o 
Rr, o C$, where n G Oa/ (M^", L(^^)) (for l<i<2), and ^ := (tti, V) G C°°(M2",M2") is such 
that Tp G 0^/(1^^",^") and there exist c,e,r > 0, such that for any (x, () G M^"^ (V'(x,C)> > 
c{x.y{Q~^' and for any x G M", i/iere is Cx > such that (■0(x, C)) > Cx(C)'^ uniformly in C, & . 

Suppose that f = (/i,/2,/3) «s suc/i i/iai i/iere eaiisi {pi,P2:Pz) G s«c/i i/iai /93 < 1, 
{r/£)p\ + /32 < 1 a?ic? /or an?/ 2n-multi-index p,, /i,pi,^ < oo, /2,p2,M ^ /s.ps.m ^ °° '^^^ /^'^ 
any n-multi-index a fs.p-j^.a '■= sup^ /a.p.^.a,^ < oo. Then for any function a G O/.z, i/ie operator 
Dpr(a) is continuous from S(W^,Ez) into itself. In particular, this is the case for any amplitude 

a e ii^,k:,z ■ 

Proof. Let u,v e S{W\Ez). By definition, (Dpr(a)(w), u) = O^Y{a){u®v) and V{K) = ti{Ko 
T2. Noting a'(x, C, t?) := Ti*(x, C) a(x, C, "&) rKx, C), we obtain 



(Dpr(a)M,^) := / e^'^^^^'O ( a'(x, C, i^(V(x,C)) | n(x)) dCd^dx 
= / (5(x)|«(x))dx 

where ^(x) := /^^^ e^"^'''^) a'(x, C, t?) o ^^(x, C) dQ dd. 

A computation with the Faa di Bruno formula shows that for any 2n-multi-index v, any iV G N 
and any x G R" there is Cx,n,v > such that \\d'''{v o ij;)(yi,Q\\^^ < Cx,n,v{0''^ uniformly in 
C G M''. As a consequence, the map C ^ 9"''"o/(x, (, t?) o V)(x,C) is in S{R",Ez). We 

can thus successively integrate by parts in g{x) so that for any p G N*, 

c,(x)= / e2"*<'^'^>(t?)-2PL^(a'(t;o V))(x,C,^?)(iC^^^?• 



By takings such that {p3 — l)2p+co < — 2n where := sup(^/<fj fz,p3,a>, we see that the previous 
integrand is absolutely integrable, and we can permute the order of integrations dC.d'Q d'QdC,. 
Since all the successive -(^-derivatives of ('i?)~^^L^(a'(w o ?/;))(x, -i?) converge to when (i?) goes 
to infinity, we can then integrate by parts in '& so that for any g G N and p > po 

gix) = / e2-<^'^)(C)-'U^((??)-2fL^(a'(t;oV^)))(x,C,^)dCd??. 

Noting hp^q the previous integrand, we see that for any n-multi-index a, d'^hp^q is a linear com- 
bination of terms of the form 



where |7| < 2p, 7' < 7, < 2q, (3' < (3 and a' < a. A computation with the Faa di Bruno 
formula shows that for any 2n- multi-index 1/ there is r^, G N* such that for any N > 0, there 
is C^^N > such that for any w G S{W,Ez) and any (x,C) G M^**, o V')(x, C)!!^^ < 

Cu.N{^,Cy^~''{0"^+^"^'^''E\u'\<W\me]+iyi'^)- Moreover, we check that there is Ka,p > 
such that 

5(a',/3',7')a'(x, ^) < C'„,p,g(x)^«'^+''l2«(0^«.P+P225^^^c„+p32p _ 
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As a consequence, we get the estimate 

\v'\<\v\ 

or equivalently, replacing K'^^ + pi2q — N by —N, 

XI (l[N+K'^^p+pi2q/e]-^l,v'{v) ■ 

k'l<IH 

Fixing now, for a given A^, p such that (ps — l)2p + Cq < — 2n and q such that K'^ .^ + (p2 — 1 + 
{r/e)pi)2q + {r/e)N < — 2n, we obtain the result. □ 

The following lemma gives a characterization of smoothing kernels in the cases a = and 
cr 7^ 0. If s is in a space of symbols and F is a continuous linear map on 5(M^"', -L(S^)), we 
will note Dpp(s) := Dpp((x, C, -i?) i-^ s{x,'d)). We shall use the Frechet space O^™^ of smooth 
functions a in C°°(R3", L{E^)) such that for any := (/i, 7) g N^" x N" 

We will note Oq'™^ =: Of^j,^^^. Clearly, Opr{a) (see Lemma EUll) is defined as an antilinear 
form on 5(M^", L{Ez)) whenever a S O^j^ with m + /3(0) < —n. We note F the set of functions 
/2 : N^" M such that there is p < 1 such that for any (a, (3) G N^"- f2,p,a,i3 '■= sup^ /2(a, /5, 7) — 
/9I7I < 00. 

Lemma 5.4.18. Let K £ S'(M?"-,L{Ez)), and T a topological isomorphim on S{M?^,L{Ez)) of 
the form T = Lr, o R^^ o with ti,T2 e Olj{M.'^'',GL{E,)), $ G ©^^(R^^^RSn)^ y^^g^ 

(i) Case a = 0. The following are equivalent: 

(i-1) There is /s : N^*^ M such that for any m < —fsiO) — 2n, there exist /2,m G F, 

o-m S m /s z ^'^^^ ^^^^ ^ ~ -*-'Pr(om)- 

(i-2) K G C°°(M2", L{E;,)) and for any 2n-multi-index i/, iV G N, i/tere is C,,,Ar > such that 
for any (x, C) G M^-, ||a'^i^r(x, C)|Il(£;,) < a,7v(C)-'^, «;/iere i^r := o F = n K o $ ?2 I J^l • 

("2-5^ There is s G S^ "^ such that K = Dpr(s). 

(ii) Case a > 0. The following are equivalent: 

(ii-1) There is fi, fs : N^" M such that for any m < —fsiO) — 2n, there exist f2,m S F and 
am e 0'^^'f^f^„^Js,z ^'^^^ ^^"-^ ^ = Opr(«m)- 
(ii-2j K E 5(M2",L(S^)). 

(ii-3) There is s £ S^'^ such that K = l)pr(s). 

Proof, (i) The implication (i-3) =^ (i-1) is trivial. We will prove (i-1) (i-2) =^ (i-3). Suppose 
(i-1). Thus, for any m < —2n — /3(0), there is /2,m & F, am & hz such that for any 

uG5(R2",L(E,)), 

{KoV-^,u)= [ e2'^*<'''^>TV(a^(x,C,??)n*(x,C))dCdi9dx. 
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Since m < —2n — /3(0), the preceding integral is absolutely convergent and we can permute the 
order of integration. As a consequence, we get {K oT~^,u) = /j[j2n Tr (C/^(x, ^) 'u*(x, ^)) d^dx 
where Um{x,() := Jjg„ e^'^*^'''''^ am(x, Cj f?) we check easily that Um is a continous function 
on M^", so we deduce that Um =■ U is independent of m and K o is a distribution which 
is continous function equal to U. Noting '■= e^'^*^'^'''^ am(x, f?) we see that for any 2n- 
multi-index /x := (a,/?), d^^^bm = e'^'''^^'^^ J2p'<p {'^){2'Ki^f~^'d^'^''^am and we have then the 
estimates 

where = sup^/<^ fsict, P') + • Defining := — 2n — sup|^/|<|^| c^/ , we see that U is smooth 
and 

di'U = [ d%m,d^ = V (^,) (27ri)l^-^'l / e^-^^'^'O^/^-^'s^'/^'-Oa^^ (x, C, ^) • 

All the i?-derivatives of i— > t^^^^^^ d"''^ '^aTO^(x, ^, i9) converge to zero when — > oo so we can 
we integrate by parts in •& so that for any p eN: 

Since G O^^^ ^ and /2,m^,pp,A < oo for a < 1, we see that the integrand hp of the 
previous integral satisfies the estimate 

Given A'' > and fixing p such that (p^ — l)2p + sup^/<^ f2,m^,Pf_,,a,/3' < —A", we finally obtain 
that K oT-^ = U is smooth and satisfies for any € N^" and A^ > 0, ||a^A: o T~^{x, C)\\^e,) - 
C^,,N{0~^■ We also have for any u G S{R'^'', L{E^)), {K,u) = {U,r{u)) = J^2„Tt{U'{x,C)u* o 
$(x, (^))dxd(^ where J7'(x, C) := r*(x, (^)i7(x, (^)r|(x, (^). Using the change of variables provided 
by the diffeomorphism ^, we get {K,u) = /jg2n Tr(ii'(x, y)'u*(x, y))dxdy where if(x, y) := 
(|J(^>-i)|(x,y))[/' o $-i(x,y). The result follows. 

Suppose now (i-2). It is not difficult to see that J^p sends Sq"^' (seen as a subspace of 
S' (M?"' , L{Ez))) into S^"^ . In particular, we have s := J^p{Ky) G 5*0"^- A computation shows 
that {K,u) = {Opr{s),u) for any u G S{M.^'' , L{E^)). 

(a) Suppose (i-l). Following the proof of (i), we see that it is sufficient to prove that U is in 
L{E^)), where U{x, () := e2^*<'^'^>am(x, C, d'd (independent of m). Let us fix AT > 0. 
For any 2n-multi-index fi := (a,/3), a^_^6^ = e^^^^^'^^ X;^,<^ (^,) (27rii?)^-^'9"''^''°a^ and we 
have the estimates 

ll^^^mll < C^^^(x)'""*+'^'^''(C)'"P'3'^'3^''"'^"'^''°^ 

where = sup^,<^ 73(0;, /?') + and df, := sup^,<^ /i(a;, /?')• Defining 

N := min{—2n — sup Cni,—N/a— sup d^u/} 
|M'I<N Im'I<IH 
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we see that U is smooth and 



/3'</3 

All the i9-derivatives of ■(? i— > ??^~^'9°'^''°am^ ^(x, i?) converge to zero when Hi?!! — > oo so we 
can we integrate by parts in i? so that for any p G N: 

/3'</3 -^K" 

Since G jCT'^Js.^ ^"^"^ /2,m^,jv,p^,jv,A < oo for a p^,Ar < 1, we see that the integrand 

/ip of the previous integral satisfies the estimate 

||/ip(x,C,^)|| < Cp,^,^(x)-^(C)~'''+"'''"^''^^""-^"'-^-''"+''''''^'"W-'" . 

Fixing p such that (p^,Ar - l)2p + sup^/<^ f2,m^^N,p,^,N,a,l3' < we finally obtain the follo- 

wing estimate ||<9'^f^|lL(£;^) < C'^,Af(x)~'^(C)~'^i which yields The other implications are 

straightforward. □ 

Corollary 5.4.19. Same hypothesis. We have (for a = or a > 0), Dpp(S'~§°) = r\i^„i ^w,k 
Lemma 5.4.20. Let u £ S{R'^"- , L{Ez)) and (5 a n-multi-index. 

(i) For any triple f := {fi, f2, fa) such that there exists p < 1 such that for any 2n -multi- index 
(a, 7), f3,p,a,'y < 00, the following linear forms are continuous on Oj^z 



R/3,u-a^ / C'^e^^'^'^'^^Tr(a(x,C,??)u(x,C))dCdi?dx, 

: (f/2^)l^l / e^'^*^''''^^ Tr(9^a(x, C, n(x, C)) dC di? dx . 



(a) Rp^u = Sp^u on any H^^'™ space. 

Proof, (i) The continuity of Rp^u is a direct consequence of Proposition [Q. 141 since Rp^u = Lupoid 
where ti/3(x, Q := C^n(x, C)- Suppose that uq is a 3n-multi-index, we denote f^^ := u /(z^ + i'o)- 
A computation shows for any p, and n-multi-indices 0,7, f^°pay ^ /3,p,a+ao,7+7o +Pl/'o|- Thus if 
there is p < 1 such that for any 2n-multi-index (a, 7), /3,p,o,7 < 00, then for any 2?i-multi-index 
(a, 7), f^^pay < OO- If o G 0/,2 then d'^°a £ Of^o,z and the linear map a 1-^ d'^^a is continuous. 
As a consequence, since Sp^u = -^u,id ° D/B, where Df^ := (i/27r)^5^, the continuity of Sjj^u on 
Of^z follows from Proposition 15.4.141 

(a) The equality is easily obtained on Ilcr^,'^ by an integration by parts in i) and permutations 
of the order of integration d^di) d^dC, in Rp^u{o) (authorized for a E I{a^,'z")- The result now 
follows from {i) and the density result of Lemma I5.4.121 □ 

If > 1 and /3,7, n-multi-indices, we denote for any amplitude a G n^^'^^, the smooth 
function a/3, 7, at as a/3, 7, at (x, C,??) := - t)^(5(°'^'^)a)(x,tC,i9)dt- It is straightforward to 

check that the linear map a 1— > ap^^^N is continuous from 11^^'™ into J.^''"''"'''^'^'''" 
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The following lemma shows that A-quantization of amplitudes and symbols yields the same 
operators. This result of "reduction" of amplitudes to symbols will be important for Theorem 
15.4.301 and thus, for a A-invariant definition of pseudodifferential operators. 

Lemma 5.4.21. (i) For any a G U^^'^';^, {d^''^'f^a)^=o £ 5^^''""'^' for any n -multi- index (3. 
(ii) Let r he as in Lemma \5.4-l^ and let a G 11^^'^^. Then for any symbol s G 5^'™ such that 
s ~ X^/j — (9°'^'^a)^=o, there is r G S~'^ such that Dpp(a) = Opp(s + r). In particular 
there exists an unique symbol s{a) G 5"^™ such that Opp(a) = Dpp(s(a)). Moreover, we have 

(Hi) Suppose that {M,exp,E,dfi) has a S^-bounded geometry and is a Om -linearization. 
Let a G 11^^'™, A G [0, 1] and {z, b) be given a frame. Then there exists an unique sym- 
bol s\{a) G Sa"^ such that Dpj-^ ^ ^{a) = {Dpx{sx{a))z^b- Moreover, we have Tz^b,*{sx{o.)) ^ 

Proof, (i) is a direct consequence of Lemma r5.4. Ill (i). 

(ii) Using a Taylor expansion of a at C = 0, we find that for any u G S(M?'^ , L{Ez)), N G N*, 
(Dpr(a), u) = Eo<|/3|<iV + E|/3|=7V+i ^Rp,N where 



I^:= / C^e2"'^'^'^>Tr(^(a(°'^'°)a)^=o(x,??)r(u)*(x,C))(iCf^^?rfx, 
Rf3,N-= [ CV^^<^'^>Tr(a;3,o,Ar(x,C,^?)r(tx)*(x,C))dCdi?dx. 
We get from Lemma r5. 4. 201 (ii). 

^2m{^,0 xr ( (IZ^ (a(o.A/3)a)^=o(x, i9)r(n)* (x, C)) dC d^ dx . 



Let s G 5ct,T be a symbol such that s ~ X^/j ^^^^r~"(c^'^'^'^o)^=o- Then noting sat := 
s - E|/3|<jv^^^|r^(^°''^'^«)c=o e 5MAf+i),m-{Ar+i)^ ^.^j^ ^^^^^^ [5X20] (ii) that 

Dpp(o — s) = Dpp(rAr) where 

E(Af+l)(i/27r)'^+l 
^ ^^^gr^ a/3,/3,Af - SAT . 

\l3\=N-i-l 

We check that r^v G nCT^i,^'''"'^^'"'^'™ where wat = \ w\ -ir k{N + 1) . Corollary 15.4. 191 applied to 

Dpp(a — s) now implies that there is r G S~f^ such that Dpp(a) = Dpp (s + r). As a consequence, 

there exists s{a) G 5^™ such that Dpp (a) = (Opp(s(a)). The unicity is a direct consequence of 
the fact that Dpp = T* o J^-* on ^'(M^'^, L(^^)). 

(iii) Direct consequence of (ii) and that fact that {Dpx{s))z^b = ^Pr^ ^ h{f^z,bSz,b)- D 

5.4.3 ^cr-linearizations 

In order to have a full symbol-operator isomorphism, a polynomial control at infinity on the 
linearization is not enough. As we shall see, a stronger, "amplitude-like" control on the ip^ maps 
and a local equivalent of the Px^s^ parallel transport linear isomorphisms (see Remark I5.3.3|l 



176 



Chapitre 5. Global pseudodifferential calculus on manifolds with linearization 



appears to be crucial for pseudodifferential calculus on {M,ex.p, E) and the A-invariance (see 
Theorem EXSO]). 

We define H^^^{(B) (resp. E^^^{(B)), where w e R, a £ [0,1] and k > 0, as the space of 
smooth functions g from M^" into ^ such that for any 2n-multi-index u, there exists C^, > 
such that for any (x, C) € M^n^ ||9'^5(x, C)|| < C^{^)-^(H-^) (Q^+'^iH-^) (if u ^ 0) (resp. 
||5-5(x,C)ll < a(x)-HH(0«'+-IH). We note H^,^{e) := U^6Mi/-,(e), if,(G;) := U«>oi/a,«(e), 
= U^eR^^K(*S) and £;<,(e) = U^>oE^^^{(B). Remark that by Leibniz rule, and 
-£'o-,k(-A4p(IK)) are M-algebras (graduated by the parameter w) while -Ecr,K,2 := E^^i^{L{Ez)) is a 
C-algebra (under pointwise matricial product). Thus, if P e Ecr^K{-M.p{R)) , then det P G ^o-,k(IK)- 
Note also that / G //o-^k(^) if and only if for any i G { 1, • • • , 2n }, 9j/ G £'o-^k(^)- In particular, 
/ S ffo-,K(I^^) if and only if df := (x, (") ^-^ (4f)x,c is in i?o-,K(-A4p^2n(I^))- As a consequence, if 
/ £ -f^o-,K(I^^"), its Jacobian determinant J(g) is in i?o-,K(I^)- Note that any function in E^ ^{(B) 
is bounded and if / G H^^{(B) then there is C > such that ||/(x, < C{x,Q for any 
(x, C) G M^". The following lemma will give us the behaviour of the Ect^k and H^j^k spaces under 
composition. 

Lemma 5.4.22. (i) Let f G H^'^{(B) (resp. E^'^{(B)) and g G ^^^(M^") such that there exists 
C,c > 0, r > 0, such that (5i(x,C)) > c(x)(C)~'' (if a / and (52(x,C)) < C'(C) M any 
(x,C) G M^n, ^/jere g =: {g^,g^). Then f o g e ^^1:1^(2:) (resp. ^^^.^.^(C:);. 

//P G P-JA^„(M)), then (x,C) Px,c(C) G 
fmj Le< / G Go-(M",S;) and 5 G i?'^^(M"') such that there exists c > 0, r > 0, such that, if 

a / 0, (5(x,C)) > c(x)(C)-''- /or any (x, C) G M^". Then f o g e Moreo^;er, 
z// G G.(MMRP), i/^en d/ o 5 G <,„ax{..,«}+|.|(-^P,"(K)). 

Proof, (i) The Faa di Bruno formula yields for any 2n-multi-index 7^ 0, 

dnfog)= Yl i9^f)°9 Pu,x{g) (5.28) 

l<\X\<\i^\ 

where Py^\{g) is a linear combination (with coefficients independent of / and g) of functions of the 
form ]Xj=i{d^^ g)^' where s G { 1, • • • , l^^l }• The and P are 2n-multi-indices (for 1 < j < s) such 
that \y\> 0, |P| > 0, X;j=i = A and Yl]=i WW = i^- As a consequence, since g G H^^^iR?""), 
we see that for each v, A with 1 < |A| < \v\ there exists Cj^^a > such that for any (x, Q) G M", 

|P,,a(5)(x,C)I < a,A(x)-'^(l'^l-l^l)(C)"'l"'+'^^'"'-'"l). (5.29) 

Moreover, since / G ^^^(M^") (resp. £;^),(M2")), there is > such that for any (x, C) G M^", 
the estimate ||(a^/) o ^(x, C)|| < c;(x)-'^(l^l-i)(C)l'"'l+(''+'''")(l^l"^) (resp. ||(a^/) o ^(x, C)|| < 
^i^l^^ya\\\i^Q^\w'\+{>^+ra)\\\-^ is vahd. We dcducc then from Km and (lOflll that fog belongs to 

{ii) We note P^'^ the matrix entries of Px,(;- Each component (/*)i<i<n of the map / := (x, Q ^ 
-Px,c(C) is of the form /* = X]j=i P*'"* Cj- It is straightforward to check that the applications 
(x,C) ^ satify for any v G N^", d^'Cj = C'((C)^"I''I (x)'^(i~l'^l)). The result now follows from an 
application of the Leibniz rule. 
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{in) Following the proof of (i), (I5.29P is still valid, this time with A as n-multi-indices and as 
2n-multi-indices with 1 < |A| < Using the fact that (^(x, ()) > c(x)(C)~'' for any (x, () G M^", 
we obtain the following estimate 

(d^f) o 5(x,C) < c;^(x)-'^(l^l-i)(C)'''"(l^l"^) < C';(x)-'^(l^l-i)(C)"'^^^'^'''''^^l^l"^^ 

which, with K29\\ and KOM . yields fog belongs to ^fi'"iiax{raK}+|,i;|(^)- ^he fact that df o g is 
™ -^°max{ra,K}+|i«|(-^P'"W) "^^^^ f ^ G^(M",MP) is bascd on the same argument. □ 

The Hfj^K and i?CT,K spaces are related to the symbol and amplitude spaces by the following 
lemma. 

Lemma 5.4.23. (i) If f G E^^^^^, then (x,C,i9) ^ /(x,C) is in n°;^;°. 

(a) Let s G S'ct™, m G i7^^(M") such that there exist C,c,r > such that, if a 0, for 
any (x, C) G K^", c(x)(C)~'' < (m(x,C)) < C(x)(C)'', and P G ^°^(7M„(R)) smc/i that for any 



(x,C,i9) G M3", (Px,cW> > cW. T/jen (x,C,t?) ^ s(m(x, C), Px,c W) in n;;;;;|'[;™_^^^|^^. 
(Hi) If s G ^^(M"), m G H^^{W^) such that, if a ^ 0, there exists c, r > such that for any 
(x,C) G (m(x,C)) > c(x)(C)-^ ^/^en (x,C,^?) ^ 5(m(x, C)) Idi(s^) ts tn n°J°|^,_,^^|_,. 
(^iwj //a G n^^'^^ and P G -E^ ^(A^„(M)) is SMc/i </iai i/iere is c > smc/i </tai /or any (x, -i?) G 
M3«, (Px,c(^?)) > then ap : (x,C,i9) ^ a(x, C, Px,c(i?)) G n^^"'"- 

Proof, (i) is straightforward. 

(ii) Let us note ^(x, -i?) := (m(x, (^), Px,c(^))- For any i,j G { 1, • • • , n }, we denote P^'^ the (i, j) 

matrix entry of Px,c- Since P G £'° ^(A1„(M)), we have P.*:-' G £'° ,.(M). Faa di Bruno formula in 
Theorem 15.2.111 yields for any u ^ 

d-'{sog)= ^ (P,,,(^;)) (a"s)o5 (5.30) 

i<\\\<\i^\ 

where Pu,\{g) is a linear combination of terms of the form \Yj=i{d^^ g)^\ where 1 < s < |z/|, the 
y (resp. V) are 2n-multi-indices (resp. 3n-multi-indices) with \y\ > 0, |P| > 0, "^j^ik^ = A 

and l^^ l^^ = ^- =■ (^^'^^^'^^^''^): =: A:^'^) where ,P'\k^'\ k^'^ 

are n-multi-indices. We have, noting (5(x, C,-!?) := (x, C), 



j=l i=l k=l 

and we get, for a given s, (Z-'), (k^) such that {d^^ g)^^ / for all 1 < j < s. 



if ^ {d^' gf' = C)((x)"'^I''II^'I+''I'='''I(C)'''''"''''"'''''''''+"''''''''(t9)'^''''') , 

if \P'^\ = 1 , k^'^ = and (9''9)'=' = o((x)"'^l''ll'='l+'^l'='l(C)'^l''ll'='l-''l'='l) . 

The case \P'^\ > 1 is excluded since y ^ and {d^^ g)^^ / 0. By permutation on the j indices, 
we can suppose as in the proof of Lemma r5.2. 131 that for 1 < j < ji — 1, we have P'^ = and for 
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ji < j < s, we have = 1, where 1 < ji < s + 1. Thus, we get 

We check that Y.f=i = l^^l - ItI and Ej=i(K^ I - 1)1^^1 = H - \M where A = (A\ A^) and 

u = (a,/3, 7). As a consequence, 

PuAg) = o((x)-'^(l"+'3l-l^'l)(c)"'l^'l+'^(l"+^l-l^'l)(^?)l^'l-l^l) . (5.31) 

Since there exist C,c> such that for any (x, C) S M^" (m(x, C)) < C(x)(C)'' and (m(x, ()) > 
c(x)((^)~'', we see that there is Ki, > such that for any 1 < |A| < \v\ and any (x, (") G K^", 
(m(x,C))''('"l^'l) < K^(x)'^('-l^'l)(C)'^''l'l+'"'^l-^'l. As a consequence, we see that there is > 
such that for any 1 < |A| < and any (x,(,'d) £ M^", 

|(9Mog(x,C,i9) 

Thus, since we can reduce the sum in (|5.30|) to 2n-multi-indices A such that |A^| > I7I (and thus 
|A^| < |a + we obtain the result from (15. Sip and a straightforward verification of the case 

17=0. 

{in) is obtain exactly as (ii) (with Px,c = 1"^)) since (x, (^) 1-^ ^^^^(x) Idj;^^^;^) G S^,^. The hypo- 
thesis m(x, C) = 0{{x){(Y) is not necessary since / = here. 

(iv) We have, noting g(x, (','(9) := (x, C, -Px,c(^))) for any 3n-multi-indices 7^ 0, 1 < |z^'| < |z/|, 
P^yid) as a linear combination of terms of the form nj=i(^'^5)^^ ' with = 17 and 

A;-' = v' , noting = {k^'^,k^''^),P = (P'^,P'^), where k^'^ and P'^ are 2n-multi-indices, we 
get, following the proof of (ii), 

P^^,(^g) = c)((x)-'^(l"+^l"l°'+^'l)(()''(l"+^|-|"'+^'l)(T?)l'y'|-|Tl) . 
Since Px,c = C'(l) and (Px,c(^)) > e(^) we get the result. □ 

Definition 5.4.24. Let a £ [0,1] and -0 a linearization on (M , exp , E , dfi) . We say that ^p is a 
S'o-linearization if for any frame (z, b), there is K^^b > such that 

(i) G ^(M") with ipl{ii,0 = 0{{x){CY) for a r > 1 and ^ e ©^(K^",^") , 

(ii) there is P^'*" G (:7°°(M2", GL„(R)) such that P^-'' and {P^'^)~^ are in pO ^ (7W„(M)), and 
for any (x, () G M^", ^^^'^"(0 = Tj;^(x, C) and P^;^ = Mm™. 

(iii) r^''' and (r^^''')-! are in El^^^^^{L{E^)). 

We shall say that the combo (M, exp, P, d^, ■0) has a 5(j-bounded geometry if this is the case of 
{M,exp, E, dfi) and is a ^^-linearization. 

It is clear that a S(j-linearization is also a OM-hnearization. Moreover, in case of 5(j-bounded 
geometry, we check the properties (i), (ii) and (iii) in just one frame: 

Lemma 5.4.25. If {M , exp , E , dfi) has a Sa-hounded geometry andijj is a linearization such that 

there exists (zq, bo), /^^o.bo — 0; such that the functions '4'zo! '4'zo satisfy (i), (ii) and (iii), then 
il) is a Sa-linearization. 



< C,{x) 



a(Z-|Ai|)^0<Tr|/|+ar|Ai|/,,^m-|A2| 
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Proof. This follows from applications of Lemma 15.4.221 □ 

Remark 5.4.26. The condition (ii) in Definition \5.4-24\ encodes an abstract parallel trans- 
port isomorphisms in normal coordinates. Indeed, in the case where the linearization ip is de- 
rived from a connection on M, the GLn{^)-valued smooth functions on M^".- P^'^ := (x, (^) 
^2,expo(n'' j,)-i(x,C)^("^T)"'(X'C)(^^^n|)-i(x))^^ w/iere the applications P:^^^ are the parallel trans- 
port isomorphisms on the tangent bundle (see Remark \5.3.3\) . satisfy for any (x, (^) G M?^, 
-^x'c^O = '^iT^-^^O ^'^'^ -f'x'o' ~ Idign. Thus, in this case, (ii) is satisfied if P^'^ and (p^'l")-! 
are in jA1„(M)) for a k,^^ > 0. 

Remark that for any t G R and (x, C) G M^", if P'^''' G C°°{R'^'' ,GLn{R)) satisfies (ii), then 
P^f^iC) = '^t'M^^O- We shall note P^'^ := (x, C) ^ P^f^, so that Pf'^ = P^'^ and P^'^ = Idnn. 
Thus, Tt^z,b{'^X) = ("02 (x, tC)) -P/x\(C)) we define the following diffeomorphism on M^", 

:= (x, C, T?) ^ (Ti,,,i,(x, C), ^^t^i^^)) • (5.32) 

We also define the M^^-valued function Ht,^,t, : (x,C,??) ^ (^'^(x, iC), We check that 

J{Et^z,b) = J{Tt,z,b) (detiP^^'Y^) and JlH-ij = J(T_t,,,t,) (det(P,"''' o T_i,,,b)). Note also that 

for any (x,y) G M^n, ^(y,x) = -P''^ Mi^,y)). 

x.V'l (x,y) 

Lemma 5.4.27. Let {z,b) be a given frame. A, A' G [0,1] and t G [—1,1]. Suppose also that 
{M,ex.p, E, dfi,jp) has a S^-bounded geometry. Then 

(t) (P,^'")-! are pO ^, (A^^M)), «nd are P" ^, (L(i?,)). 

fiij m^''' := ■i/'^ o G i?^,^^ (, (M") and there is c> r > I such that for any (x, C) G M^", 

(mf(x,C))>c(x)(C)-^ 

('mj T/iere is c,e > smc/i that for any (x, C) G M^", (V'^^(x,C)) > c(C>^(x)~^ 
r^^^J ^A,2,& G /n particular Jx,z,b S (K). 

'''"<,2,6 ^ -f^o-,K^ I, (M^"). /n particular J{Tt^z,b) G -E-o-a^ i, (I^)- Moreover, there is C > such that 
((T,^/)(x, 0) < C(C) /or any (x, C) G M^". 
("mj J(Hj_^^b) and are m E^^^^ ^^{M.). 

Proof, (i) The case t = is obvious. Suppose t 0. Since P^'^ = P^'^ o Ii^^ and Ii^t £ -^^ct.k^ i, 
the result follows from Lemma [5.4.221 {i). The same argument is applied to (P/''')~^, t'^'^ and 

(ii) We shall use the shorthand mt := m|' . In the case t = 0, mo = tti, so we obtain the 
result. Suppose t / 0. In that case Lemma [5.4.221 (i) entails that mt G iJo-,^^ i, (^")- Since 
^t,z,b = ("T-tj^iT)) we see that (Tj 2^(,(x, C)) = C'((x)(0'") for a r > 1. Thus, there is C > such 
that for any (x, C) G M^", we have (mi(x, C))(Pt,x,c(C))'' > C(x,C)- Since there is > such 
that for any (x, C) G M^", (P/x\(C)) ^ ^iC), we obtain the desired estimate. 

(iii) F := (vri, ip^) is a diffeomorphism on M^" with inverse = (tti, V'^). Since ^/^^ = 0((x, y)'') 
for a r > 1 by hypothesis, we see that there is c > such that (x, ■i/'^ (x, C)) > c(x, C) for any 
(x,C) G M^". This yields the result. 

(iv) Direct consequence of (ii) and the fact that $A,2,b = ("t-a, "za-i). 
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(v) follows from a straithforward application of (ii), Lemma [5.4.221 (ii) and the fact that for any 
(x,C) G M2«, T,,,,t,(x,C) = {mt{^,0,Ptt((0)- 

(vi) By (i), (v) and Lemma[5X22](i), Pt'^oT_t,z,b G E^,Ki^ni^)). Thus the result follows from 
(i), (v), and the formulas J{Et^z,b) = J{'^t,z,b) (det(P^^''')"^) and = J{T_t,z,b) (det(P^'''''o 



5.4.4 PseudodifFerential operators 

Assumption 5.4.28. We suppose in this section and until section [F7S\ that {M,ex.p, E,dfi,tp) 
has a Sa-bounded geometry. 

Definition 5.4.29. A pseudodifferential operator of order /, m and type a is an element of 
^;;'":=Dp;,(5^'"),whereAe[0,l]. 

By Lemma [5.4.7l 5^*" can be seen as included in S'{T*M, L{E)), so Dp;,(5^"') is well defined. 
The following theorem shows that it does not depend on A, and thus justify the notation ^a"^. 
We note r^'^ := (r^''')"-^ o T x'-x,z,bTy'' and r^'^ := (r^;!^i)" V^l^^ o T^',^;^. If ■0 = exp, we have 
'^R^ = TR,y-X and r^'^ = (rL^A'-A)^"^ where TL,t ■= if t / 1 and TL,t ■= ("^ff)"^ o '^i,z,b if 
t = 1, and TR^t ■= T^''^ if t / -1 and TR^t ■= {ti^)~^ ° ^-i,2,fa if * = "l- 

Theorem 5.4.30. Let A, A' G [0,1] and K = DpA(a), with a € 5^™. Then there exists (an 
unique) a' G 5^™ such that K = DpA'(a')- Moreover, for any frame (z, h), 

where a^^b •= ^z,fa,*(fl); b ^Zje,*!*^'); "^'^ ^t''' ^■^ ^^^^ amplitude defined for any t S [—1, 1] as 
(x, C, ^) := ^^^^15^1 JHi,,,,(x, C)| (a,,, o Ht,.,t,(x, C, ^)) . 

Proof. Let us fix a frame {z,b) and note a^^t := Tz^b,*{o)- We saw in Remark 15.4.161 that 
Dpx{o)z,b = ^Pr^ z b (z^'^^.b))- Thus, for any £ 5(M x M,L{E)), we have with w^^t, := 
r,,b,M2(n)G5(R2";l(£;,)j, 

{K,u) = [ e2-'<'^'^>Tr(/xa,,b(x,i9)(rA,.,faKt,)(x,C))*) dC^^^dx. 

Suppose that m < — 2n so that the integral is absolutely convergent. We now proceed to the global 
change of variables provided by the diffeomorphism of M^" {'^t,z,b is defined at (|5.32ll ). We 

get {K,u) = {Dpy z f,{^T^'^ ay'^_^T^^ ),Uz^b) ■ We check with Lemmas 15.4.271 and 15.4.23) that 

T^'^ ciy^^x'^R^ i^ an amplitude in 11^^'^ for a k > and a t;; S M. We also see that the linear 

map Oz^b t^^L^ '^x'^-x'^R^ i^ continuous on 5"^™, which yields, using Proposition 15.4.141 (ii) 

and the density result of Lemma [5.4.61 the equality {K,u) = {Opy z bil^'^L^ '^x'^-x'^R^ ),Uz,b), 
for any order m of the symbol a. The result now follows from Lemma [5.4.211 (Hi). □ 
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Proposition 5.4.31. For each A G [0,1] and /,m € M, a\ is a linear isomophism from "^/^ 
onto S/^ and a\{A^) = {ai^\{A))* for any A G '^f^. In particular a pseudodifferential operator 
A is formally self adjoint (i.e A = A^ as operators on S) if and only if its Weyl symbol aw [A] is 
selfadjoint (as a L{E) T*M section). 

Proof. The fact that ax is a linear isomophism from ^^"^ onto 5^'™" is a consequence Theo- 
rem I5.4.3QI and the fact that a\ is a topological isomorphism from S'{M x M,L{E)) onto 
S'{T*M,L{E)). We check that for any T G S' {T* M , L{E)) , Opx{T)^ = Dp^^xi^*) which is 
a direct consequence of the fact that ^x{x, — = j ° ^i-x{x,S,) where j{x,y) = {y,x). □ 

Proposition 5.4.32. Any operator in vj/^™ is regular. Moreover, for any A G qi'-f^ and v ^ S, 
we have 

A{v):x^f df^liO) [ d^.iO e''^'^''^^aoiA)ix,9)TZl{x,Ov{i^^^). 
Jt*{m) Jt^{m) 

Proof. Let A G and a := aQ{A). Thus, for any frame (-z, b), Az^b = Dpp^ ^ (//a^^b) so by 
Lemmas 15.4. 171 [5.4.271 (zi) and (in), Az^^ is continuous from S(W^.,Ez) into itself. By Proposition 
15.4.311 is a pseudodifferential operator in ^^^^ , so we also obtain {A^)z^b continuous from 
^(M'',^^) into itself. The result follows. ' □ 

5.4.5 Link with standard pseudodifferential calculus on M" and L^-continuity 

We suppose in this section that E is the scalar bundle. If A G then Az^b belongs to the 
space, noted ^'o-,^, of regular operators B on 5(1^"), of the form 

where a G ^^(M^"). We study in this section a sufficient condition on t/;, such that this space 
^'cr,^ is in fact equal to the usual algebra ^a,std pseudodifferential operators on M" with the 
standard linearization tp{xX) = x + C- Here ^'o,std corresponds to the Hormander calculus [81] 
on M" and ^i^std is the S'G-calculus on M". 

We will note := Kc(C) := -V'(x, -C) + x, M,,^ := [Jq d,iV~^y{tOdt],j and iV,,^ := 
[Jq djV^{t()dt]ij. We consider the following hypothesis, noted {Hy): 

(i) there is e,6,r] > such that for any (x, C) G M^" with ||C|| < e(x)'^^, we have detMx,^ > 6 
and det A'x^^ > 5, 

{a) the functions ((iK)x,c and (dK^^)x,c are in £'°(A4„(R)). 
Proposition 5.4.33. If the hypothesis {Hy) holds, we have ^a,'ti> = ^u,std- 

We set X£,r,(x, C) := h{ jfj^,„,, ) where h G [0, 1]) is such that 6 = on R\] - 1, 1[ and 

6 = 1 on [-1/4,1/4]. 

Lemma 5.4.34. Suppose {Hy). If a & 5ct™(M^"), then the application 

a^^M ■■ (x,C,^?) ^X.,,(x,C)a(x,Mx,c^)l^(K~'l(C) (detMx,^)-' 
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is an amplitude in Uk^w ^ct%'',T i^^"") ■ Similarly, 

a^^N ■■ (x,C,T?) ^X.,^(x,C)a(x,iV,,^i9)|J(14)|(C) (detiV,,^)"i 

m u,.n[;-:r(M3"). 

Proof. The result follows from Lemma r5.4.23l Hi) and applications of Proposition [5331 □ 

Proof of Proposition \574. . 33\ Suppose that a e S^f^i^^'^) and define A as the operator in '^a,ip 
with normal symbol a. We obtain for any v G 5(M^") 

A{v){^):= [ e^'''^^''^'^a{x,^)v{i;{x,-C))dCd^. 

JIR2n 

We suppose first that o G S^'^{M.'^^). We have after a change of variable, and cutting the integral 
in two parts A{v){yi) = Ai{v){x) + A2{v){x) where 

A^iv)ix) = [ e2-<'''^^-c(^»x.,,(x,C)a(x,^?)|J(K-i)|(C>(x-C)'iCd^?, 
A2iv){x)= [ e2-<'''^>=-'«)>(l-x.,r,)(x,C)a(x,^?)|J(T/-i)|(C>(x-C)(iC^^^. 

JIR2n 

In Ai, we permute the integrations dC, and di} and proceed to a change of the variable i?, while 
in A2 we integrate by parts in i) using formula (|5.26ll so that for any p £ N, 

A,iv)ix) = [ e2-<'^'^>a^,M(x, C, ^)^(x - QdCd^ , 

A2iv)ix) = [ e2-<^'^'^"«))(l-x.,,)(x,C)*M^'"'''"(^)(G)|J(K-i)|(C)^(x-C)d^^^ 
As a consequence with Lemma EXMl and with the density of ^^^(M^") in S'^'"(m2")^ 

we see 

that A is the sum of two pseudodifferential operators in '^a,std' ^ = ~^ ^ where R G 

and A^ has a^,M as (standard) amplitude. The implication in the other sense is similar. □ 

Remark 5.4.35. In the case of pseudodifferential operator with local compact control over the x 
variable and with ■0 coming from a connection, by cutting-off in the (^-variable or in other words 
taking y := tpi^x, —() and x sufficiently close to each other, we have in fact ^a,ip equal to ^'o-,std 
modulo smoothing elements (see [125]). 

As a consequence, we see that if the hypothesis {Hy) is satisfied for a frame (2;, b), then 
'^a,ip{= ^cT,std) is stable under composition of operators and the symbol composition formula is 
then given by a quadruple asympotic summation modulo smoothing symbols. 

We will show in the next section that we can also obtain stability under composition directly, 
without using a reduction to the standard calculus on M". We shall obtain with this method a 
simpler symbol composition formula on '^a,ipi analog to the usual one on ^a,std- 

As a direct consequence of the previous proposition, we have the following L^-continuity 
result for pseudodifferential operators on M . 

Proposition 5.4.36. If (Hy) is satisfied for the function in a frame {z,b), then any pseu- 
dodifferential operators on M of order (0,0) extends as a bounded operator on lP'{M,dp). 

Proof. Since [Hy) is satisfied for , the proof of the previous proposition entails that ^^Jlp C 

^CTsM' result follows from the L^-continuity of standard pseudodifferential operators [81]. 

□ 
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5.4.6 Composition of pseudodifferential operators 

The goal of this section is to prove that pseudodifferential operators of are stable under 
composition without using the hypothesis of the previous section, and to obtain an adapated 
symbol composition formula. We shall adapt to our situation a technique used for Fourier integral 
operators in Coriasco [42], Ruzhansky and Sugimoto [117,119]. 

Let us note for (x,0 G TM and i' € T e(M), := il^'i^, r^(^,f ) := V^^HV'x,^,^') and 

<lx{i,i') '■= i^^^ We define Vx the 2n dimensional smooth manifold as 14 := { (^,^') G 

T^{M) X Uy(zMTy{M) I ^' G r^-e(M)}. Each Vx manifold is diflfeomorphic to M^" the 
map, defined for any fixed frame {z, b), y (4,^') := (M^ ^{S^), and has a canonical 

involutive diffeomorphism defined as 

In all the following we fix a frame {z,b), and note also tp the function m^^i- We note x^'^' := 
'i/'('0(x, (^'). For each X G M", -Rx y ^ °-^(n5)-i(x)°('^2 y (, is a diffeomorphism 

on M^"^, and we define Rx =: (rx, ^x), r = f^'^ ■= (x, CO ^ '"x(C) CO and g = q^'^ := (x, C, CO ^ 
Qx(C, CO- Remark that rx(C, CO = -Vl(x,xf'fO =: ^.o^^oiC') (?x(C, CO = -P-l^i^xU'^^'^- 
The map rx,,j : C' ''xICjCO a diffeomorphism on M" such that r^^ = f-^t^i^Q^^^ f)(x) 
(rf?'x,c)c^^ = (^^^x(C),V^^(x,c)W^''-.c(^')- ""''^^ shorthand r := (r!'i)-^ 

We note .s(x, C, CO — '^(x, C, CO " C- ^'^''e have s(x, C, CO = «x,c(CO where Sx,c = ^-C°V'xoV'Vx(C) 
is a diffeomorphism on such that Sx,c(0) = 0- also define 

<^x,c(CO :=rx,c(CO-C-(rf^x,c)o(CO 
so that (/7x,^(0) = and (d</'x,c)o = 0, and 

F(x,C,CO := ('^^x,c)c' 

as a smooth function from M^" into J\An{^)- We shall note (x, C) ^ Lx,( '■= — *(drx,f)o- 

We define Ok"i,c(e), where c e N, Z G R, w := iwo,wi) G R^, e := (eo,ei), £o > 0, 
ei > 0, £7 G [0, 1] and /t > 0, as the space of smooth functions g from M^" into C such that for 
any 3n-multi-index i/ = {/j,, 7) G N^" X N", there exists C,, > such that for any (x, CO G I^^", 
||5^£?(x,C,COII < C^{x)^('-I'^I-^iItI=){C)^o+''I''I+^°I^I(C')""^''''''- Here, we denoted |7|c := if I7I < 
c and |7|c := I7I — c if I7I > c. We note Oa,K,e{^) '■= ^c,i,w(^a^,e,c{^) ■ We check that for any multi- 
indices 7,7' and c,c' G N, |7|c + |7'|c > |7 + 7'lc+c', and |7 + 7'|c > |7lc + lYIc- Thus, O^.K.eW, 
(^a,K,e{-Mp(M.)) and 0^,^,6, z '■= (^(t,k,£{L{Ez)) are algebras (graduated by the parameters c, I, 
ti;o'and ^1) and d-&^^,^,c{<t) C oHH-il7|c,«.o+«IH+^o|7l,-i+K|H(g). If ^ ^ 0^;^,.,c(«£), then 
(x,C) ^ /(x,C,0) G and if / G 0^,'^,.,c,z, then (x,C,??) ^ /(x,C,0) G n^:^°i°. Remark 

that any monomial of the form (x, C,CO ^ C'^ where (5 G N", is in C^^'^'^^i^iCl^) for any k > 
and Co > 0, ei > 0. 

In the definition of 5^ bounded geometry, we only require a polynomial control over the tp^ 
functions. It appears that for the theorem of composition, a stronger control over these functions 
is important. We thus introduce the following: 
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Definition 5.4.37. We shall say that (Co-) is satisfied if there is a frame {z,b), {Kv,Wy) £ 
with Kv > 1, and g]0, 1[, such that 



V G 0°;°'::,;,,^,o(A^„(M)) , and (d^PlJy = ■ (5.33) 

In particular (Co-) entails that (drx,^)o and thus L are in -E'^^^(A4„(M)). 

We note TZa'kleli^) (ei > 0) as the space of smooth functions g such that for any nonzero 
u = (/i,7) G N^'^ X N", d^g = C'((x)'^(i-lA'l-eil7l)(()«'o+«{kl-i)((')«'i+«(kl-i)). it follows from 

(C.) thatrGU^,,^,7^^-;;^^/2(I»")■ 

The following lemma will give us the link between the the O, TZ, H, E spaces and the 

behaviour under composition. 

Lemma 5.4.38. (i) Let f G -f/^«(€) (resp. E^^^{(B) ) and g e 7^o,«,£^ (K^") such that 52(x, C, C) = 
OiiO'^HCT'^) for aik2,k'^)e Rl and, if a ^f), {g,{x, (,('))> c{x){0-'HC')-''^ , for a {h,k[) G 

Rl and c > 0. Then, foge TZZtir'^'''"" ^ (resp. ol'tZ'ts^A'^) ) ^^^^^ := ^ + 
max{ \wq + kia + k2K\, {wi + k[a + ^2^1 } and ke '■= k + max{ |u;o + kia + {k2 — 1)k|, |wi + k[a + 
(A:^-1)k|}. 

(if) (x,c,C') ^ (V'(x,C),C') g <X°i(^'") ^ ^ ^-''^'^'1 -^^^ ^ (^^'^'^^ ^ 

(in) The functions q, (x,C,C') ^ (-f-!'i',v>(x,c),C')~"^ ""'^ (x, C, C) ^ ^^^iP-i-<P(x,<;),<'^~^ ""^^ 
pectively in 7^<,,«„l(M-), 0°;°'°,^,i,o(-Mn(K)), OS°'°.„i,o(I^). /^^ « S > 0- Moreo?;er, </iere 
exisis C > such that for any (x,C,C') G 1^^", \\qACX')\\ < C{C). 
(iv) (x,C,C') ^ -'"(x^'^',gx(C,C')) «s ^li'!,K^,i,o,z f(^r a > 0. 

Proo/. (i) If = (a,/3,7) / is a 3n-multi-index, we have d^fog = Y.i<y\<\y\ Puy{g){d''' f)°9, 
with Puy{g) a linear combination of terms of the form \Yj=i{d^^ g)^\ with 1 < s < 
^^P l/c-' l = V, Z^i ^"^ = a consequence, we get the following estimate for any 1 < 

W\ < W'\, Puy{g) = C)((x)'^(I'^'I-I^'I-^iItI)(C)"'"I'''I+''(I''I"I'''I)(C')""'''''^''^''''"'''''^)- Moreover, for any 
1 < W\ < W\, there is Cj^ > such that for any (x, C) G M'^", the following estimate is 
valid {d"' f)og{x,C,C) < C^(x)-'^(l'^'l-i)(C)(^i'^+'=2^)(l'^'l~^)+^2"'(C')^''i'"+''2«)(k'l-i)+fc> (resp. 

(d^'f) o c/(x,C,C') < C^(x)-'^l'^'l(C)('=i''+'=2K)k'|+fc2«'^^'){fci^+^«)k'|+fc>). The result follows. 

(a) By hypothesis, ip G Ha,t^. We deduce that (x, C,C') V'(x, C) G ^^t^i ^'^'^ ^^^^^ 
statement now follows from (x, C, C') C' S i- '^^e second statement follows from (i). 



(iii) Since <?x(C)C') = "-f'-i ^(x f) c'^'''^' ^'^^ ^^^^ ^^^^ ^ ^cr,K,,i(IK") for a Kg > is a conse- 
quence of (i), {a) and Lemma [5.4.221 (iii). We also have by (i) and (ii), (-P^'^^'^^^ c) C')~^ ^ 

O5°'^„l,0(-^nW)- 

(iv) Since r G f,{L{Ez)) for a k > 0, the result follows (i), (ii), (iii) and the estimate 
(x^'f') > c(x)(C)"''(C')"^' for c,k>0. □ 



s, G Oo;°:";,,„,i(M") and ^ G 0,;«:f;;J:,2(K") where := + 1 and := 2 + + k,. 



Lemma 5.4.39. Suppose {C„). Then 
rz;s,v.GOj°'::,;,,„,i(M") and ^ go; 
(ii) V = ((irx,^)^' and {drx,(^)^^ are bounded on R^^. 
(ill) The function J [R) : (x, C, CO ^ ^(i?x)(C,C') U,,^o,m,eo,.iO°~ei,o W and{x,Q,C) 
r(x,rx(C,C')) «5 OoJ°«.,e„/2,o,^ ^ 0- 
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Proof, (i) We have 5^,^(0 = 12^=1 CI 1^ d^'r^M') dt ■ Since V e O°;°'j;',;^o(-^n(l^)) each func- 
tion (x, C, CO ^ /o dcr^,dtC) dt is in Oj^'J^^^^ol^") and thus, since (x, (, C) ^ Cl e 0°J'^^^,^_i(M), 
we see that s E We have also v5.,c(C') = E|;3|=2 ^(C')^ /o (l"*) 5?^x,c(*C') and 

each function (x, C, C) ^ /o (1-*) 5f,r,,c(tC') is in 0;;::f/;,7+"" (M"). With (x, C, C) ^ iCf G 
0°;°f,..,2(IK), we get ^ G 0;;C::,7(M"). 

(ii) Direct consequence of (C^) and the following equalities for any (x, CC) G R^", (drx,^)^' = 
(c^V'x)xC,c'(c^V',^„{C))c' and (dr^.c)^/^ = Wv>x(C))x C.c' Wx )r,,^(cO- 

(iii) The first statement follows from Lemma [5.4.381 (ii). The second statement follows from 
Lemma [5X38] (i) and the estimate r^{C,C) = C((C)(C >"'")- □ 

We shall use a generalization to four variables of the 11^^'™ spaces of amplitude. We define 
'n.a^K,ei'!z"^ (0 < £1 < 1) as the space of smooth functions a € C°°{M.'^"' , L{Ez)) such that for any 
4n-multi-index {v,6) G N^" x N", (with f = (^,7) G N^" x N") there is C^,5 > such that for 
any (x,C,C',^?) GK^", 

These spaces have natural Frechet topologies and form a graded topological algebra under point- 
wise composition. 

Lemma 5.4.40. (i) If a ^ HCT^'^e^^y™, then a<;'=o : (x, C,"!?) 1— > a(x, (",0, -i?) is in I^a^K,z^- 
(^0 If he 0'ZT.k,,,., then (x/cC,^) - K^X.C) ^s ^n ^tZXeols^,^- 

(iii) There is k^, ki > such that for any b G Saz , the application 6 o H, where H(x, C, C,' , '&) '■= 

^ -P'-iM.,cu'(^))' n:; Ji|if ^I'l'-. 

Proof, (i) and (ii) are direct. 

(iii) If Id = {1^,6) 7^ is a 4n-multi-index, we have 9^(6 o H) = I^i<|^/|<|^| {d^ b) o E 

with P^^^'(H) a linear combination of terms of the form 0^=1 (^'^ ^)'^^ ) with 1 < s < P = 
E N^" X N", A;^' = e N" x N'^, such that P'^ = for 1 < j < ji < s, and 

El = El = m'- We have 

n n n 

i=l 1=1 A:=l 

where P*''^ are the matrix entries of — -Pf '^''^(x f) Lemma [5.4.381 (ii) and (iii), x^'^ E 

^r^TM^"^ and the are in O^J'^^^^^^i^olI^) for a {k^,wo,wi) E Mi[. We obtain thus the 
following estimate 

with fi' =: {a',l3'). Since b E 5^™ we also have the estimate 

(d^'b) o H(x, C, C') < C;(x'^''^y('-I"'l)(^9)"^-I^'l 

so the result follows now from the estimate (x^'^yC"!"'!) = C)((x)'^('-l"'l)((C)(C'>)''''''''^''''''"''), 
with Ks '■= + max{ \wo + aki — k^\, {wi + aki — }. □ 
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Lemma 5.4.41. Let s G C°°(M^,M"'). Then for any p + n-multi-index v = (a,/3) 7^ 0, we have 

^^^^ gi(tf,.{x)> =p^(x,^9)e^<'''^W> 

where is of the form ^|^|<|„| ^'^ T,y^'y(x), and T^^^ is a linear combination of terms of the form 
YYjLii^^^ ^)^^ where 1 < m < (P) are p-multi-indices and (fi^) are n-multi-indices. Moreover, 
they satisfy Ifi^ > 0, Y.f=i l^^'l = ItI + IPl, EJLi l/^^'IK-'l = !«! <ind if \p\ = 0, then |P| > and 

ItI >o. 

Proof. We note g(x, ??) := s(x)). By Theorem 15.2.111 we get the following equality for any 
1/ / 0, a^^^e^^'^'^W) = P^(x,i?)e*<'^'^W> where P^(x,??) = Ei<k<\u\ P-^Ad) and P^^k is a linear 
combination of terms of the form njli(^'^5)'^^ such that |P| > 0, A;-' > 0, J2T ~ ^ and 
kH^ = V. If we suppose that the term YYj=i{d^^ d)^^ is non-zero, then |P| < 1 and if we 
define ji such that for any 1 < j < ji, P'^ = 0, we obtain, noting P = (P'^,/-''^), 

m ji m 

i=i i=i i=ii+i 



|7j|=A;i,l<j<ji j=l j=ii+l 

Thus, we have P^^k = X]|7|=fc-|/3| ^''^ ^i^,7,fc(^) where r^^^-y^fc is a linear combination of terms of 
the form Wf^iid^''^ sY' W%j^+i{d^''^ s'i^f\ where 1 < < n, 1 < j < m < 1 < ji < m, 
pM e NP, A;^' G N*, A^' G are such that X^f fe^' = k, |AJ'||P'i| + Y.J^+i k^l^'^ + 1| = and 
A;^' = The result follows. □ 

Lemma 5.4.42. Suppose that (Co-) is satisfied. Then 

(i) Representing by u the letter s or Lp, for any 3n-multi-index v = (/U,7) G N^*^ x N", we 
have the equality S^^^^^e^^^^'^'^-^cCO) = (X]|^|<|^| i?^7;,^,u(x, C, C')) e^''*^'''""'^^^'^^ where each term 

particular, it satisfies the following estimate valid for any (x, G M^", and any n-multi-index 
P, 

(11) For any n-multi-mdex (3, we have a^,e2'^*<'''^->c(^')> = P^^<^(x, C, C', i9)e2'^*<''''^''.c(^')> where 
P/3_^(x, ^, C, i9) is a linear combination of terms of the form 'd^C,''^'tu),\{^iC-,C') where uj and A 
are n-multi-indices satifying \uj\ < \(3\, (2|w| — |/?|)+ < |A| < \lo\, and ta;,A o,'>'^ functions in 
^o-K^'e'^e'^f/?!''"''''^'^^)' particular they are estimated by 



where w', := Ws + 2k,. Moreover, (x,C,??) ^ P/3,^(x, C, 0, i9) U(s^) G n"",:''^!/''"''''^'''^!/'. 
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(in) If P G N" and f S Ila^K,£^^z"^ then the function 

belongs to j];|^^^il^l''^o+'^2|/3|,m l/3|/2^ where e[ := min{ ei/2, } > 0, ki := msix{ k^, k} , K2 := 
K + |e„ — k|, and the application f ^ fjs^ip is continuous. 

Proof, (i) By Lemma fS. 4. 411 if 7^ 0, we have the following equality, valid for any (x, C'j S 

1^^"' 9^^^^^e2^^<'^'"->c(^')> = (E|..|<|^.|^''^^^,o.,u(x,C,C'))e^^*^'''""'^^^'^^ where r^,^,u is a linear com- 
bination of terms of the form IlJLil'^x c^)'^^ with 1 < m < |z^|, /x-' / 0, X^JLi — 1'^ + 7l 
and EJli lAi^ll^^l = ImI- Since by Lemma [5339] (i), s G 0°;°'^"^^^^^^^ ^(M"), it is straightforward 

to check that T,,^,s G O^Lltll'^l+^r'"''"'''' Moreover, since ^ G O;^':;^:^^'')^ 
T.^^ G 0-|/.i-..|a.+7k.l-+7l+-.lMl,-.l-+7l+K.|Ml(jj)_ Tl^g g^g^ estimate is direct and the second 
estimate follows from the inequality |u; + 7I + |p|2|a;+7| > 

(ii) By Lemma 15.4.411 if /? 7^ 0, we have for any (x, i^, C', "!?) G K^"', the following re- 
lation 5^,e2'^*<'''^->c(^')> = (Ei<|<..|<|/3|^'^^/3,t.,v(x,C,C'))e^''*^'''^'''«^^'^^ where T^,^,^ is a linear 
combination of terms of the form nj=i(^'^¥'x,c)^^ with 1 < m < /x-' / 0, P 7^ 0, 
Z^jli I/""*! = l"^! YlJLi = l/^l- Let us reorder the P indices so that for any 1 < j < ji, 
\P\ = 1 and for any j > ji + 1, \P\ > 1, where ji G {0, •••m}. Thus Ilj^liC^'Vx.c)''' = 
njLi(^'^'/'x,c)'^^ nj>ji+i(^'^¥'x,c)''^ ^iid with a Taylor expansion at order 1 of (9'^(/?x,c ™ C around 
when 1 < j < ji, we get 9'Vx,c = Ei<i<nC'i-, where t^- = a^^'+'Vx,c(K')t^i- Thus, using 
the fact that ip G O^'^^^^^ we see that rij'LiCf^'^'/'x.c)'^^ is a linear combination of terms 
of the form C'^Vx where |A| = EjLi l and 

As a consequence, we see that YYjLii^''^ y^x^)^' a linear combination of terms of the form C'^l^A 
where |A| = EjLi Ia*''! and 

where v := J2Y=j +1 ~ I'^l ~ l^^l- ^he first statement now follows from the inequality 2v < 

m-\x\. 

Since (/7x,c(0) = and ((i(^x,c)o = 0, P^^^{x, (,0,'&) is a linear combination of terms of 
the form i?"^ njli(^°'°''V(x, C, 0))^' with 1 < |w| < |/3|/2, 1 < m < |/?|, /i^' / 0, \P\ > 2, 
Ejlil/""'! = 1"^! ^'^d EJLi = l/'l- We check with Lemma [5.4.391 (i) that any function 

of the form 117=1 C, C'))''' is in O^^I^f^/f W, and thus, (x,C,t?) ^ 

n7=i(9°'°'^V(x,C,0))'^^ iLiE.) G n-^.fj/''^"l''l'°. Since (x,C,^?) ^ S n°'°fj/' we ob- 

tain (x,c,^) ^ P/3,^(x,c,o,7?) ii(^^) G n-l^i/''""""'''^'/'. 

(iii) We have 

/3'</3 

= E (^^')^'/3',^(x,C,0,^9)90'0''3"/^''^/(x,C,0,Lx,c(^?)). 
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Since (x, C) ^ i>x,c ^ Ea,K^i^nO^)) and L^J = 0(1), we deduce from Lemma (i) and 

Lemma [5X23] (iv) that (x,C,t?) ^ a°'°'^-'^'''^/(x, C, 0, Lx,c(i?)) belongs to the amplitude space 

(T,max{ 1,2; ^ ' 

We now introduce two parametrized cut-off functions that will be used later. Let b £ 
C~(M, [0, 1]) such that 6 = 1 on [-1/4, 1/4] and 6 = on R\] - 1, 1[. We define for e, 5, ??2 > 
with e,5 < 1, 

xM^') ■■= b{^), 

Lemma 5.4.43. The cut-off functions Xe o-'nd X5,ri o-fe repectively in the spaces C°°(M^", [0, 1]) 
and C°°(M3«^ [q, 1]) and satisfy: 

(i) For any (x, C, C) G K'", ^/ IIC'II < ^d{xr^^{Cy^\ then X5,r,{^,C,C') = 1, and if \\C'\\ > 
(5(x)'^'?i(C)"''2, then x<5,r?(x,C,C') = 0. /n particular, for any (x, C) G M^", x<5,»?(x,C,0) = 1 and /or 
any 2>n-multi-index 7^ 0, (9'^X5,»;)(x, C) 0) = 0- 

(ii) For any G M^n^ < 1^^^^^ ^^^g^ Xe(i?,t?') = 1, a^i^^ > ^W, ^/ien 
XeC??, 1?') = 0. In particular, for any '& G M", Xei^iO) = 1 and for any 2n-multi-index u ^ 0, 

{Hi) For any 3n-muti-index v = (a,/3, 7), we have d''xs,r]i^,CX') = ©((x)"'"' (C)~^(C')~'''^'); 
and d''x5,v{^, CO = C'((x)-'^l'^l(C)(~^+''2/^i)l'3|+{'?2/r?i)|7l(^')(r?r^-i)l7l+'h M/^l), In particular, the 
function X5,r] is in 0°'!!/°^/ i o(I^) for a k'^ > 0. 

(iv) For any 2n-muti-index v, d^Xei^,^') = ©(W"!^!) and d^Xei^,^') = 0{{'d')-\''\). 

Proof, (i) and {ii) are straightforward. For any u ^ 0, d'^xs,rj = Yli<u' <\u\ -^^y id) (d'^' b) o g 

|^||2 

where g(x, (, (,') := s2{xy^''^i{()^'^'^2 ■ obtain from a direct computation the estimate Puy{g) = 
Q^l^^y2ariW-H(^C,)2y^2u'-m^QYu'-\^\y gj^^^g f^^. ^^.^ zy E N, wc havc d""' h = 0{l) wc obtain 
d'^X5,r] = 0((x)~'"' (C)"^(C') '^'l-D^) where is the set of triples (x, (^,C') satifying the inequa- 
lities <5/2 < (C')(x)"'"''(C)'" < \/2. The estimates of {Hi) follow. The proof of {iv) is similar. □ 

We will use in the following lemma the space 0« (k > 0, j G N, (to,ti) G M^) of functions 
/ G C°°(M'^",C) such that for any a G N", there is C„ > such that for any (x,C,C',i9) e K"^", 
|a^,/(x,C,C',^)l < Ca(C)*"+''l"l(C')*'^'''"'(^9)"^^'- Clearly, C 0*o+ti,ti+ti,i+i' 

Lemma 5.4.44. . Defining h{x,C,C' ,'&) ■= (l + ||*(c?'Sx,c)c' - (V2vr)(??, (Asx,c)(C')))"\ "'e 
/lawe i/ie following relation, valid for any (x, C, C, {}) G M^", p G N, 

g2.*(^,s.,,(C')> = (/i(x,C,C',^?)^C')V"'^'''''''«^^'^^ 

where L^i := 1 — (27r)~^A^'. Moreover, if {C^) holds, there is kl > such that for any p G N, 
there is Np G N*, {h^)i<k<Np functions in Q'^^L,'ipK,L,p ^ {(i^'^)i<k<Np n-multi-indices satisfying 
I < 2p, such that {L^. h)P = J^kli K d^''\ 
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Proof. We obtain L^,e^''*^'''*^.c(^')^ = (l//i)e^'^*^'''*'''f('^')^ through a direct computation. Let us 
show the remaining statement by induction on p. Note that by Lemma f5.4.39l (ii), we have 
\l/h\ > c{'d)^ for a c > and we check that S Hafi^J^^lz where w'^ = max{ 2w„, w^+Ky }. With 
a reccurence or using Proposition l5.5.4l we check that h E O^f where kl := max{ 2ey, w'^+Kv }. 
The property is obviously true for p = 0. Suppose now that the property is true for p > 0, so that 
ih' = Ekli K^c''" with Np G N*, {hl)i<k<Np functions in o2p«i'2pKi.P and (/3'='P)i<fc<7v^ 
n-multi-indices satisfying < 2p. We also have 

k=l k=l 
n 

i=l 

SO the property holds for p + 1. □ 



We note Sa^cO^^'^ , L{Ez)) the space of smooth functions / such that for any N £ W and 
V = (/x,7) e X N", 5^/(x,C,i9) = O ((x)-'^^(C) '0+^1 ^+^^2 1^1 It follows from Lemma 

15.4.181 that if / E Sa,c(^^'', L{E^)), then Dpr(/) G Dpr(5'-f ). Here and thereafter T satisfies 
the hypothesis of Lemma I5.4.181 

Lemma 5.4.45. Assume that (C^) holds. 

(i) For any l,wo,wi,m, k, 5m„«,i (n^^'i'eT.V'™) ^ Sa^cO^^"^ , L{Ez)) for a triple c := (co,ci,C2) and 
the linear map Sm,wi '■ f ^ Sm,wi (/) is continuous, where 



and Pm,wi '■= max{ m + 2n, |] + 1 + 2n } . 

fiij For any u E ^(M^", ^(£^2)), ^/le linear application f {Opi' Sm,wiif),u) is continuous. 

Proof. We fix E N*. First note that Sm,wiif) is well-defined since for any (x, C) E M^", there 

is Cx,^ > such that ||*M^r™i'^'(/)(x,C,C',^')(l-X5,,,)(x,C,C')|| < Cx,c W"'"(C')-'". Since 

for any n-multi-index 5, d^, ^M^,™'"'^'^ (/) decrease to zero with we can successively integrate 
by parts with ()5.26|1 . which is valid since 1 — xs,^ assures that ||C'|| > ^6 on the domain of 
integration. We obtain thus for any g E N*, 

5„,.,(/):(x,C,^)- [ e2-^«''''^')+<'''^^.c(C')))*M,r'-+'''^'(/)(l-X.,,)<i^'<iC'. 



We note fq the integrand of the previous integral. If 1/ = (a, /?, 7) = (/i, 7) is a 3n-multi-index, 
we see with Lemma [5.4.411 that 

\S\=Pm,w+q 
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By Lemma [5.4.431 (in), (x, CjC'i^') ^ X5,r){'^,CX')^L{E2) ™ ^^'^k'^'i z' ^° multiplication 
operator / i-^ /(I — X5,v) continuous from Ila^K,£^^z"^ into , where = max{ k,k'^}. 

Since ||C'|| > S/2 in the support of /(I — x^,?^)) we get from Lemma [5.4.421 (i) the following 
estimates, where k^' := k^, + + k^, 

^l'<^l 

^ ^^^I^Wi + {Kv+W s)\lJ,' \+K,r,\^l\-{pm,w-i+q)+W s\^\ (^y^^\^\ 

If A; G N*, and if we set q := such that wi + n'^k — Pm,wi — Qk 1^ — 2n, we see by applying the 
theorem of derivation under the integral sign that Sm,w{f) is smooth and for any 3n- multi-index 
u = {a,(3,j) and q £ N*, after integrations by parts in with i^' := (^',7), 



— — /P2n 

M'<M|a;|<|/i'| 



We note ff,(x,C,C',^') := e^-^'^''^^,, ^,,(x, C, C')*M;r'™^+''^'+''^'C,r' (/(I " Xs,,))- Using now 
Lemma 15.4.441 we get the estimates for any p G N, 

Np 

||(L^,/i)%(x,c,C',^')|| < Cp(cr^''MC)'^''M^?)-'^E||^r'^^''(^'^'C''^')| • 

A:=l 

Thus, with Lemma r5.4.42l (i), we obtain with ki := it;^ + + + k^, 
||(Lf//i)%(x,C,C',??')|| < C7;(x)'^l'l(CT^+(^P+l''l^''i~^™'"i"''l'^l~'^W"^P 

^^.^2p+™-p„,.,-gH-5(0{2p+|^|)fci+-o ^ ^ ^ g^,_^_j(/(l-X5,,))lD(x,C,C') 

|/3|<2pA''<M |5|=pm,»i+g|^|+g 

where L> := { (x,C,C') e I^^" I IIC'II > ^5(x)'^''i (C)"''^ }. If we now fix p such that -N - 2 < 
—2p+ < — A^, we see that by taking q such that Aq < —N/rji — where Ag := wi + (2p-|- 
1 1^1 — Pm.wi ~ Q\iy\ — q + 2n, and 2p + m — Pm,wi — — 9 < — 2n, we can successively integrate 
by parts in (' {p times) using the formula of Lemma 15.4.441 We obtain then the estimate for 
given constants co,ci,C2 > 0, 

ws^,^,{f)i^,c,n\ < a,^(x)-'^^(c)^°+^^^+^^i^iW"'^ 

|/3|<2p m'<M |<5|=p™,„i+g|^|+g 

which yields the result. 

(ii) This statement follows from (i) and Lemma [5.4. 141 (ii). □ 
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Lemma 5.4.46. Suppose (Co-). 
(i) Defining for any f G n^^'^l'f.V"*, 

n(/) : ix,C,^) ^ f e2-«^''^')+<'^''^-<(^')))/(x,c,C',^?' + ^x,cW)x<5,,(x,C,C0<^^^', 

there is 6,1], such that for any N > |m|, we have n(/) = njv(/) + Hu^Nif) where njv(/) = 
^0<\/3\<N ^^^"^p/ ^ fp,ip ^'^^ there is such that IiR,N{f) satisfies the estimates for any 3n-multi- 
index v = (/x,7) G N^" x N", 

where e'i,ko,ki > 0. 

(tt) We have for any 3n -multi- index v = (/U,7) G N^" X N", 

9''n(/) = C)((x)'^^(C)''o+''f''l+^''l^l(i?)"') 

where kQ,k'i > 0. In particular, for any u G S{B?^,L[Ez)), the linear application f i— 
{Op-pIL{f),u) is continuous. 

Proof (z) We proceed to a Taylor expansion of /(x, C, C', := /(x, C, C', ^' + ^x,c W) in 

around zero at order A'^ G N*, so that 

n(/)= E E ^RpMf)=--^Nif) + iiR,M{f) 

0<W\<N \I3\=N+1 



where 



and rp,Nj ■= .Qil " t)'' d^'^'^''' f^{x, (, C, td' + L^,^{d)) dt, f^ := G SJ;,?,','^^'"*. By Integra- 

tion by parts in C in the integrals Ipif), we get 

0<|/3|<JV 0<|^|<Ar 
Using integration by parts in C', we obtain R/3,N,f = (V^Tr)'^'-^/, where for any p G N, 

I/(x, C, I?) := / e2-<^''«')af,G(x, C, C', ^' , ^) dC d^' , 

G(x, C, C', ^) := e2'^^<'^''^-<(^')V;3,iv,/(x, C, C, ^) ■ 

Using integration by parts in C,' and e^'^*^'^''^'^ = (t?')^^^L^,e^'^*^'^'''''\ we check that // is smooth 
on R^'* and if is a 3n-multi-index, we see that d^If is a linear combination of terms of the form 

Jf := [ e2-(('^^0+(^,..c(0))5^;T., ,,,P,.,,5— dC d^' 
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where \uj\ < |/i'|, z^' < z^, = (3, |/3| = + 1. We now cut the integral Jf in two parts 

+ Ji-x^ where the cut-off function Xei'&j^') appears in J^. 
Analysis of 

Using Lemma [5.4.421 (ii) and integration by parts in we see that is a linear combination 
of terms of the form 



where p G N, |p| < 2p, \uj\ < l/J^I, (2|u;| - < |A| < \uj\, X' < X + p. We now fix e such that 

e < c/2 where c is a constant such that c{i}) < (Lx,^ Thus, in the domain of integration of 
<^X:^i have for any t G [0, 1], (tt?' + Lx,c(^)) ^ ci(t?) for a ci > 0. As a consequence, we obtain 
the following estimate: 

We also deduce from Lemma r5.4.42l the estimate 

As a consequence, by taking p sufficiently big, the integrand j{xX,C\'&^^') of Jx,uj satisfies the 
estimate, for a e'^ > and a ki > 0, 

Hill < c''(x)'^('~^'i(^+^))(c)'"''"^''^^^'^^'^'^'^"^'^"''^'(CV^'^('*^)''"^''''~^^'''"^^''^ ii) i^^'^') 

where is the set of {'&,'&') in M^" such that W-d']] < e{'d). We deduce finally that for any 

Jx = 0((x)'^('~^'i(^+^))(C)""'"''''^^^"'"^"^'^'^"^^"''^'('i?)'"+'^'"^^+"^^/^+") . 
Analysis of Ji-x 



We set u; := (C',i9') + (??, v3x,c(C0)- % Lemma [5X39] (i), we have Yli %V'x,c(C') 



< 



C(x) '^^^ l^C^Y^ {Q'Y'^) for C, ci,C2 > 0. The presence of X(5,r? in the integrand of Ji-x allows to use 



the estimate ((') < \/2(5(x)'^''i (C)""", so that Y.i 



dc[^.,dC) < C 2^2/2 by taking r/i < ejc2 



and 772 > ci/c2. As a consequence, we obtain the following estimate in the domain of integration 
of Ji-x, 

|Vf/u;|2 > ||T?'f (1- f C2'=2/2jc2)^ 

We now fix 6 such that | C2^2/2 ^ca < 1 go that there is A;> such that \Vi;'Uj\ > k Noting 
U(^, := (27ri|V^/a;|2)-i ^i{d^>uj)d^> we have (see for instance [119]) f/^/e^'^*'^ = e^'^*'^ and 

\p\ f;^ 

where is a linear combination of terms of the form {V d^l io ■ ■ ■ d^"^ lo , with |7r| = 2r, 
|(5*| > and Yl^j=i \^'^\ + lpl — 2'"- We thus obtain after integration by parts in C', for any r £ N*, 
that Ji-x is a linear combination of integrals of the form 
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where \uj\ < We noted -P/32 =: J2q ^Q,f3'^,'p'^'^ ■ By Lemma [B.4.421 (ii). we see that -Fb,/32 ,^ S 
^^^I'Sll'iJ/a^^f Let us note f := af,V,.,i,^P2,/32,^- Lemma E132] (0 yields T G 

^^i?i!!l!!2(HS'^'^^^^'"'^''^''^''''^^^(^) ^ f^onstant Co > 0. With our choice of the parameters 
r/i and r/2, we also have the following estimate, valid in the domain of integration of Ji-x^ 

In particular, noting the space of smooth functions / such that for any n-multi-indices A, 7, 
d^,dj,f = 0(((C)(C'))'^''"'^'(^?')"'), we see that |V^/cu|2 E , and for any A G d^,\V (^:uj\-^'' 

= Moreover, each term P^,^ is in O^f so that finally, for any A G N" 

We easily check that if r > 2n, then h := {^U(^/Y[d'^, Td^~^^^d^, r^,Arj)(l — Xe) satisfies the 
estimates for any g G N, < Cx,<;,<;',tf,g(t?')~^". As a consequence, we can permute the 

integration d('di}' — > d'd'dQ' and successively integrate by parts in so that finally Ji-x is a 
linear combination of terms of the form 

where Ylii ■^^ = l-^l ^ 2*7, X^jP* = \p\ ^ ^- We also have the following estimate for c'q,c!i > 0, 

With Lemma 15.4.431 (iv) we now see that the integrand j' of the previous integral is estimated 
by 

for constants ko, ki, k2, > 0. If we now fix r > 2n such that — r + |;u| + + 1 + 2n = 
m + lul — {N + 1) + n, and q such that —2q + ko + kiN + k2r + A;3|z/| < —2n we finally obtain 
the estimate u G N^", 

The result follows now from this estimate and the one obtained for J^- 

(a) The estimate is obtained by applying (i) and + 1 = max{ 2(n + |;u|), \m\ }. The second 
statement is then a consequence of Lemma [5.4. 141 (ii). □ 

Theorem 5.4.47. If {C^) holds, is a *-subalgebra 0/ Moreover, if A £ and 
B G ^(f^ , then AB G "^i^ ■.■m+m ^^^^ following asymptotic expansion of the normal symbol 
of AB, in a frame {z, b): 

where a := aQ{A)z^b, b := aQ{B)z^b, ■= (i/27r)l^l//3! and 
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Proof. We fix a frame {z, b). We note Kab the kernel of the operator AB. As a consequence of 
Proposition I5.4.32] we have for any u,v € S{W^,Ez), {{KAB)z,b:U 0v) = [Az^b{fi~^ Bz^b{v))\u) . 
We shall note g := Az i,{fj,~^Bz^biv))- A computation shows that for any x G M", g{x) = 
Jjg„ ij.a{x, ■&) b{x, '&) d-d, and 

We suppose at first that h G Sa~z'^^. Since C' ^ ^(x^'^') G S{K"',Ez)^ we can permute the order 
integration dC'di}' i-^ d-d' dQ' in 6(x, -i?). Thus, after integrations by parts in we get for any 

p G N*, 

6(x,^9)= / e2-<'''^)r.,a / e^-^^^^^') (C')-2p(L5,6)(V'(x, C), 'i^?') ^^(-,C),C' ^(^^'^VC' • 

With the estimate (x^'^') > c(C)(x)-i(C')"^ for a c > 0, we see that for any G N, 
z;(x^'^') < CNqo,Niv){^)^ iC')^ {C)~^ ■ As a consequence, we get the following estimates for the 

integrands bp of 6(x,'!9): for any x,C,C,'^,'&', any p G N* and any A^ G N*, \\bp{xX,C,'&,'^')\\ < 
Cp,Ar(C'>^"^^(x>''l'l+^(C)'''''"^(^?'>"^"- Taking A^ such that a\l\ - N < -2n and then taking p 
such that N — 2p < — 2n, we see that {i}' , C',C) ^ ^p(x, C; C\'&\ is absolutely integrable and we 
can thus apply the following change of variable {(, C', ^ {RxiC, C')t'&') to 6(x, -i?). After rever- 
sing the integration by parts in and applying the change of variable -d' = ~-Pf'i^^(x c) c'^^"-^' 
we get 



By Lemma 15.4.401 (ii) and (iii). Lemma 15.4.381 {in) and (i?;) and Lemma 15.4.391 (in), 
we see that G n^^'e^J^™ fo^' a (wijk) G and ei > 0, and the linear applica- 

tion 6 I— > /ft is continuous on any symbol space Sa^ into Ha^Kj^^'J^ ■ We have g{x) = 
/jj, e2'^^<^'''Va(x, Cfe(x, C, '&)v{i;{x, () dQ d'& and {{KAB)z,b. u®v) = (pp^^ ^ ^ (4), u (g) U) where 
4(x, C, ^) := /^«(x, Cb(x, C, r"^ (x, C) and 



Using now the cut-off function (x, C') ^ X5,»;(x, C) C) we see that 

Cf,(x, C, ??) = n(/5)(x, C, + (/6)(X, c, ^) . 

For this equality, we used the formula of Lemma [5.26l and integration by parts in i?' in the integral 
/k2„ e2^^«'''*-.cK')>+<''''^'>)/fe(x,C,C',i9')(l - X5,»?(x,C,C'))t^^'<, which are authorized since b G 
5^,1^" by hypothesis. In /jg^^ e'^^i{{^,s^,dC))+{'a' ,C)) f^^(^^^ i?')X5,,,(x, C, CO d^' dQ' , we translated 
the 'Q' variable by — Lx,c(^) and permuted the order of integration d'd' dC,' dC,' d-d' which is 
legal since b G Sa~z'^^ and C,' ^ x(x, C; C) is of compact support. We deduce from Lemma [5. 4. 451 
(ii) and Lemma [5.4.461 (ii) that b i— > (Oppg ^ ^ (dft), « I') is continuous on Sj^ , and thus, by 
the density result of Lemma r5. 4. 61 we have the equality {{KAB)z,bi u®v) = (Cprg ^ (, idb),u v) 
even when the hypothesis b G S'^^'^"' does not hold. 
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Let us recall the linear map s : a ^ s{a) given in Lemma [5.4.211 (ii) (for T = TQ z,b) which 
is such that £5pro,,,6(/) = ^Pro,^,fa(s(/)) for any / S 11^^'™. We define fa,b,i3 ■= ^'a{fb)i3,^T~'^ , 
:= fiaIlji^N{fb)T~^ , sq := fJ'0'Sm,wi{fb)T^^ ■ We now consider a symbol Sa,b such that 



V(i/27r)l'-i / _e \ 
- ■'^[fa,b,(3) 



Such a symbol exists since by Lemma [5.4.421 iiii). s{fa^b,/3) G sl^z ^i'^''™"'"™ l/^l/^^ gy Lemma 

I - J J^ l/.N , r Tir ^ I I / -i-r -In r^l + l' -e', (N +1) ,m+m' -(N + 1) /2 

\bAAbi[i), we have lor any A' > |m|, uat := s{^aiiN{jb)T ) — Sa,b £ "Jo-.z 

Thus, noting 5o := i'Pro,,,^ i^o), which is in Opr^,^ (, {S~f) by Lemma[5A45l -Rat := Opr^,^ j, (rAr) 
and ?7iv := ^Ptq z b^'^^^ have 

(i^AB).,b = £>Pro,.,, ('^b) = ^Pro,.,, {s{fiaUN{fb)T-^)) + Rn + Sq 

= Opro,z,, isa,b) + Un + Rn + So. 

Lemma [5.4.181 and Lemma [5.4.461 (i) now implies that the kernel Un + Rn (which independent 
of A^) is in Dpr^ ^ ^ (5'^^)- As a consequence, (i^As)z,b = ^Pfq ^ (, ('^a,?' + where r G 5*"^ and 
the symbol product asymptotic formula is entailed by Lemma [5.4.211 (ii) . □ 



5.5 Examples 

In order to be able to apply the previous results about the pseudodifi'erential and symbolic 
calculi on some concrete cases, we shall see in this section examples of exponential manifolds 
and associated linearizations that satisfy the hypothesis ^cr-bounded geometry. The Euclidean 
space M" seen as exponential manifold, has its own exponential map '■= exp(x,^) i— > x + ^ 
as a S'l-linearization, leading to the usual pseudodifferential SG calculus (if a = 1) or standard 
(if cj = 0) pseudodifferential calulus on M". However, we can define other kinds of linearization, 
leading to new kind of pseudodifferential and symbol calculi, with a non-bilinear linearization 
map. We will see in particular that we can construct on the flat M", a family of 5(j-linearizations 
that generalize the case of the flat euclidian geometry, and we obtain a extension of the normal 
(A = 0) and antinormal (A = 1) quantization on M". 

We will also prove that the 2-dimensional hyperbolic space, which is a Cartan-Hadamard 
manifold (and thus an exponential Riemannian manifold) has 5i-bounded geometry. This allows 
to define a global Fourier transform, Schwartz spaces 5(IH), 5(T*EI), S{TM.), B{M.) and the space 
of symbols S'f^iT*U). As a consequence, we can define in an intrinsic way a global complete 
pseudodifferential calculus on H, if one chose a fixed ^cr-linearization ijj on TH. There are many 
possible linearizations, for instance one can take ip such that in a frame (z, b) is the standard 
linearization x + ^ of W^. 



5.5.1 A family of S'^-linearizations on the euclidean space 

Recall that (M") (0 < a < 1) is defined as the subgroup of diffeomorphisms s on M" 
such that for any n- multi-index a / 0, there are C^, C'^ > 0, such that for any x G M", 
||5"s(x)|| < Ca(x)'^(i-I°l) and ||a°s-i(x)|| < C^(x)'^(i-I"l) . G^{W) contains GL„(M) and the 
translations Ty := w v + w. 
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We fix 7] g]0, 1[ such that for any matrix A £ A4„(IR) such that \\A\\-^ < rj, we have det(/„ + 
A) > ^, where \\A\\-^ := maxjj \Aij\. Taking now h G Go(M",R"') such that for any 1 < i,j < n, 
{djh^l < T//16, and g{x) := h{x) — h{0) — dho{x) we see that s := Id+g is a diffeomorphism on 
M" which belongs to (M"), satisfying s(0) = and dso = Id. 
We set, for a € [0, 1], 

i;{x, := X + e + i^rgijiy,) = x + (xrsij^). 
We obtain the following 

Proposition 5.5.1. {W^,+,d\,ip) has a Sa-hounded geometry and satisfies (Co-) (see Definition 

Proof. A computation shows that tp £ H(^{W^) and ^p{xX) = We have tp{x,y) = 

{x)''s-\^), and thus ^ e OmIK^^.R"). Noting g := g o {g + U)'^ o - Id G Go(M"), we also 
have 

= (id+y,,5+t^,,5)(o 

where V^^^ := [Jq djvl.{t^)dt]ij, W^^^ := [Jq djwl.^^{t£,)dt]ij, and := ogo M'^, Wr,^^ := 
^ip{x,^) °9 ° M^^x £,) °MxOsoM~^, Mx being the multiplication by (x)"' . We get dvx = dgoM~^ 
and dwx^i^ = dg o [M^^^ ^-^ o Mx o s o Mx^)ds o M~"^. and thus, after computations we check 
that Vx,^ and Wx^^^ are in E^. Moreover, we have < r]/2 and < f?/2, which 

proves that Px^^ := Id+Fj;^^ + Wx^(^ is invertible with detPa;^^ > ^. As a consequence its inverse 
p-^ = (det Px,i)~^ * cof is also in E^. We deduce then that (M", +, dA, ^) has a S^-bounded 
geometry. With r{x, = —tp{x,tp{'ip{x,—^),—^')), we get 

so that (drx^^)^' = {ds^^ o w) {ds o u) where w{x,S,,S,') := s{^^) + v{x, v{x,S,,S,) := 

^'''%]P'^ ■^( (^(xT-g))" ^' "(^'^'^') •= ~ (i^ix^'-O)" ■ ^^^^^ ^^^^ ^ satisfies 

= 0((V'(x,-e))""l^l(x)-"(l^'l+^)(C)"^l^l(C')'^'^^)- 

It follows from Peetre's inequality that for any e € [0,1] and x,y £ M", {x + y) > 2^^/^|^, 
which implies that {iJj{x,—^)Y = C'((x)^'^'^(0'^^). As a consequence we get the estimates 

Qii^n)^ — 0(^^3,^-o-(lMl+£|7l)^0KilA'l+el7l^^'^l-|7lj _ 

We deduce from this that (Co-) is satisfied. □ 

We also check that the hypothesis {Hy) of section [5.4.51 is satisfied so that the previous pseu- 
dodifferential calculus (for A € {0,1}) is then valid on (M", +, dA, V"), and proves in particular 
the space of operators of the form 

A{v){x)= I e'^^'^^'^^aix,9)v{iP{x,-O)d^d0 = [ e-^'^'^^^-'-y^^ a{x,e)v{y)\J{i^x)\{y) dy d0 
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where a G 5^(M^"), is equal to the standard algebra of pseudodifferential operators M". However, 
since (Co-) is satisfied, we have now at our disposal a new symbol composition formula given by 
Theorem 15.4.471 adapted to the new linearization V'- 



5.5.2 S'l-geometry of the Hyperbolic plane 

The (hyperboloid model of the) 2-dimensional hyperbolic space is defined as the submanifold 
H := {x = (xi,X2,X3) G : xf + - X3 = -1 and X3 > 0} of the (2, l)-Minkowski 
space M^'^ with the bilinear symmetric form (?;, w)2,i = viwi +V2W2 — v^ws. The induced metric 
on H: ds'^ = (dxi)^ + {dx2)'^ — (dx^)'^ is Riemannian and it is known that H is a symmetric 
Cartan-Hadamard manifold with constant negative sectional curvature (equal to —1). The map 
(/? : ]R2 ^ M given by 

(p{x,y) := (sinhx, coshxsinhi/, cosh x cosh y) 

is a diffeomorphism with inverse (/3~^(xi, X2, 2:3) = (argshxi, SiTgsh{ ^^^^^J^^^^^^^ )). As a conse- 
quence we can construct another model of the hyperbolic space, noted with domain E? and 
metric obtained by pulling back the metric on HI onto M^. A computation shows that this metric 
is ds^ := (dx)'^ + cosh^ x {dy)"^ . We will note ||-||p the norm on TpR^ ~ given by this metric, 
where p is a point in M^, and ||-|| is the Euclidian norm. The geodesic equation on leads to 
the following system of ordinary differential equations: 

x" — coshx sinhx (y')^ — j 

y" + 2tanhxa;'y' = 0. (5.34) 

For each p = (x,y) G and f G such that \\v\\p = 1 there exists an unique solution on M 
lp,v = {x{t),y{t)) of (I5.34P such that 7p,i,(0) = p and 7p_t,(0) = v. 

At each point p = {x,y) G M^, we can define the ellipse of unit vectors centered at in 
TpR^ ~ with equation X"^ + (cosh^ x)Y'^ = 1. The polar equation of this ellipse is 

ep{9) :-- 



\/ l+sinh^ X sirP 9 



Thus, any tangent vector v G TpR'^ with decompostion v = \\v\\ (cos 6*, sin 6*) also admits the 
following polar decomposition v = \\v\\p{coSp6,smp9) where coSp6 := ep{9) cos9 and sin^^ := 
ep{9) sm9. Remark that Cp, cosp, siup and ||-||p are in fact independent of the second coordinate 
y of p. We shall therefore also use the notations ex ■= e(x,y) and similarly for cosa;, sin^; and H-H^,. 
Note that for any vector v := \\v\\ (cos0,sin0), we have = \\v\\ /ex{9). 

If p G H and v G M.'^'^ are such that {p,v)2,i = and {v,v)2,i = 1, then the unique geodesic 
Up^v on H such that ap^„(0) = p and ap^^(O) = v is ap,t)(t) = coshtp+sinht t; (see for instance [85, 
p. 195]). As a consequence, the geodesies 7^^^ on the R^ hyperbolic space can be obtained by 
pushing forward the ap^y geodesies with the diffeomorphic isometry ip. We check after tedious 
calculations that for any given p = {x,y) G and 6* G M, the following curve 

7p g(t) = argsh (cosht sinhx + sinht coshx cos^; 9) , 

2 f,\ 1 / cosh t cosh X sinh j/+sinh t (sinh x sinh ?/ C0S3: 6+cosh a; cosh y siria; 6) \ qk\ 

IpfiV'} - argsn —, - r ) > (.o.^oj 

cosh I argsn(cosnt sinh x+smh i coshx cos^; u) I 
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where t G M, is the unique maximal solution of the geodesic system (|5.34|) satisfying the initial 
conditions: 7p,6i(0) = p and 7^5/(0) = (cos^(^), sinj;(^)). An explicit formula for the exponential 
map at any point can therefore be obtained, since we have expp(v) = 7p,6i(||^^|l2;) where v G 
TpR^ - { } and (9 G M such that V = ||u|| (cos^,sin0). The main interest of this hyperbolic 
model with domain equal to is that it is possible to find explicitely the logarithmic map (the 
inverse of the exponential map) at any point. We find, after an elementary but long computation, 
the following inverse, for any p = (x, y) and p' = {x' , y') £ R^, 

exT,~^(v') = ^^^^S^^ i -9p{p') \ 3g>) 

^ V(/p(p'))^-i V^osh x' sech x smh{y' - y) J ' ^ ' 

fp{p) := cosh(x') cosh(y' — y) cosh(x) — sinh(x') sinh(x) , 

9pip') •= cosh(x') cosh(y' — y) sinh(x) — sinh(x') cosh(a;) . 

We have ||exp~^(p')||^ = argch/p(p') which is the geodesic distance between two arbitrary points 
p,p' in the hyperbolic model. The goal of this section is to prove the following result. 

Theorem 5.5.2. EI has a Si-bounded geometry. 

We note := R'^\] - oo,0] x {0} and M| :=]0,+oo[x] - 7r,7r[. For any x G M, the map 
Xx '■ I^c" ~^ ^'p given by Xx{vi,V2) ■= (HuH^, , arctan(f i, ^2)) where arctan(tii, ^2) is the unique 
element 6 of ] — vr, tt[ such that vi+iv2 = \\v\\ exp(z^), is a diffeomorphism with inverse Xx^i'''^ ^) — 
(r cos^^ 9, r sin^; 9). 

Lemma 5.5.3. Let x eM. and f G C°°(M2,m) such that f o x~^ € C°°(M|„M) satisfies for any 
{a, (3) G N2\{(0,0)}, and {r,9) G o x'^r, 0)| < Cc,,/3(r)i-" where C^^ > 0. Then 

/gGi(M2,M). 

Proof. By Theorem EIIIl for any (a,/3) G N2\{(0,0)}, 9°'^/ = Ei<I(a',/3')|<|(a,^)|(^"''^'/ « 
Xx^) ° Xx Pa,f3,a' ,i3'(Xx) on M^, where Pa,p,a' ,f3'{Xx) is a linear combination of functions of the 
form Y[j=i{9^^ Xx)''^ where s G { 1, • • • , a + /? }. The and P are 2-multi-indices (for 1 < j < 
s) such that > 0, Ylj=i^'' — (q^'i/^O ^ind "^j^ilk^ll-^ = (a, By definition, Xx{v) = 
(xi(w), = (IkIL- , arctan(i;i, ^2)). It is straightforward to check that for any 2-multi-index 

^) \'^''xli'v)\ < Cjy(w)-'^~l^l and \d'^xl{v)\ < Cl{v)~^'^^ on M^. As a consequence, for each a, /3, a', /3' 
with l<a'+f3'<a + P there exists Ca,f3,a',p' > such that for any v G M^, 

\Pa,p,a',f3'{Xx){v)\ < C,, /3' (^')"'"("+^^ 

Moreover, by hypothesis, there is Ca',/3' > such that for any v G M^, \{d" f °Xx^) °Xx{v)\ < 
Co',/3'(f )^~" . This gives / G Gi(M^,M). The extension to Gi(M^,M) is a direct consequence of 
the smoothness of / on and the fact that is dense in M^. □ 

We shall use the following proposition, which gives a formal expression of the successive 
derivatives of the inverse (and its real powers) of a smooth function. 

Proposition 5.5.4. Let s > be given. For any nonzero n-multi-index (n G N*) a, there exist a 
finite nonempty set Ja, nonzero real numbers {Xs,a,p)p<^Ja and n-multi-indices p^'P'^ (withp G Ja, 
1 < j < \oi\) such that 
- for any p G Ja, T.i<j<\a\ /^"'^'^ = 
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- for any smooth function f € C°°(M",M;^), 

Proof. The result is true for the case \a\ = 1. Suppose then that the result holds for any n-multi- 
index a such that |q| = k, where G N* and let a' be a n-multi-index such that \a'\ = k + 1. 
Let i be the smallest element of { 1, • • • , n } such that a[ > 1, and set a := {a'l, • • • , a'^_i, oe[ — 
l,a'-^-^,--- ,<)■ Thus for any / G C°°(R",R^), 9"'-^ = 3^9"-^. Since |a| = k, there exist 
a finite nonempty set Jq, nonzero real numbers {Xs^a,p)peJa ^iid n- multi-indices p^^'P'^ (with 
p G Jq, 1 < i < |Q!|) such that for any p G Jq, X]i<j<|a| Z^"'*'''' = and such that for any 
/ G C~(M",R;), d^j, = Epej„ Ka,p ni^i As a consequence, with the formula 

di nfli 9j = Zgli U.\=i d^-i^^gj, we obtain for any / G C°°(M", R;), 

= ^( E -(i«i +«)A.a,.(n5'^"'^'V)5./+ E A,«,,(na^--+/^"-v)/) . 

PeJa j=l (P,q)eJa XN|„| j=i 

Thus, if we take Jo,' = JaWiJa X N|c^|), \s,a',p ■= -(« + \oi\)\s,a,p iip = p£ Ja, K,a',p ■= K,a,p 
ifp= {p,q) eJaX n\a\, := if p = p G Ja and 1 < j < \a\, := if p = p G 

and j = \a\ + l = \a'\, 13''' 'P'^ := SqjCi + P'^'P'^ if p = {p,q) e Ja x and 1 < j < \a\ and 
pa',p,j ._ Q j£ ~_ (p^qr) G Jq, X N|q,| and j = |a| + 1 = |a'|, the result now holds for a'. □ 

In the following we set the convention Jq := {1}, A^^o,! •= 1 and 11^=1 '■— 1) that the 
formula giving d'^js in the previous lemma is still valid when a = 0. When s G N*, the result is 
also valid for complex valued nowhere zero smooth functions. 

We note Hp the space of C°°(Rp,R) functions of the form (r, f?) ^ a(^?)coshr + &(^?)sinhr 
where a, 5 G .S(R), and Ap^k the space of functions / G C°°(Rp, R) such that for any 2-multi-index 
(a, /?) with a<keN, there is Ca,p > such that for any (r, 6) G R|, \&^'^f{r, e)\ < Co,,p{r)^~°' , 
and also such that for any 2-multi-index (a, (3) with a > fe + l, there is ^ > such that for any 
{r,e) e R^, |9"'^/(r,0)| < C^^^e-^''. Clearly, Ap,^ C Sp^k where 5p,fc is the space of functions 
/ G C°°(Rp,R) such that for any 2-multi-index (a,/3), there is Ca^p > such that for any 
{r,e) G Rl, |5"''^/(r,6')| < C„,a(r)^-". By Leibniz rule, Sp^kSp,k' ^'Sp^k+k'- We note Np the 
space of functions / G C°°(Rp,R) such that for any 2-multi-index {a,P) there is Ca,/3 > 
such that for any (r, 6*) G Rj,, |5"''3/(r, 6')| < C„,^e-2^ If ro > we define the spaces' i?p,ro, 
A.p,k,ro, Sp^kj'o and Np^ro exactly as before, except that we now replace the domain Rp by 
^P.ro :=]ro,+oo[x] - 7r,7r[. 

Lemma 5.5.5. Let f,g,h,w G -f^p,ro where ro > 0, such that there is e > 0, C > 1 such that for 
any {r,e) G M.^^,^^, f>C,f> ee'^nd h'^ + > ee^r 

(i) The functions j^rf^^, ^f2^i)i/2 and any function of the form {r,d) ^ ((^2^g2)('i+fe2+g2))3/2 ; 
where bk G -B(R), are in Np^ro- 

(a) The functions argch + + g^ and argch/ are in ^p,i,r-o- 
(Hi) The functions , and , are in Apr, rn- 
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Proof, (i) We give a proof for ^^2_|_g2)3/2 • The other cases are similar. By Proposition 15.5.41 and 
Leibniz rule, we have for any 2-multi-index 

^^"(^2+^2)3/2 = Yl iu') (ft2fg2)3/^+|.'| Yl ^3/2y,p]l^^ {h^ + 9^) ■ 

v'<v P&J^i j=l 

Note that we have for any 2-multi-index v, d^{h? + g^) = 0{e^^) and d^w = 0{e^). The result 
follows. 

(a) By (i), since df. argch y^l + h"^ + g'^ is of the form (r, 9) ^ ((fe2+g23(:i+fe2+g2))3/2 where bk S 
;S(M), and O^argch/ is of the form ^j2_!^)3/2 where w G Hp,ro, we only need to check that for 



< a < 1, and /3 G N, d°''^ argch ^yi + h'^+ g'^ = C'((r)i-'^) and S^'/^argch/ = 0((r)i-° 
Since 5, argch yiTT^T^ = ^Ij^^'^^j.^^^l'^.l^,^ ^ dr argch / = 5e argch yiTT^T^ 



/ — - — — — — and dQ argch / = —f£J= the result follows from an application of Proposition 

[5A41 

(iii) By (i), since 9,.— ^^== is of the form ^^2^2)3/2 where -wi G -ffp,ro: and dr^j=^ is of the 

form , 2 "'f\3/2 where W2 G Hprr., we only need to check that for /? G N, 9^'^ , ^ = 0(1) and 
1/ ~'-) ' ' +9 

d^'^ -j== = 0(1). This is a direct consequence of Proposition 15.5.41 □ 

Proof of Theorem 15. By Lemma 15.2.141 {iii) and Proposition 15.2.121 it is sufficient to prove 
that for any p := (x, y) G M^\{0}, exp"-*^ oexpg and expg"*^ oexp^ are in Gi(]R^). A computation 
based on (I5.35P and (|5.36|) shows that on Mp, 

exp-i oexpo ^ = (argch f){-^=, ^=^) , 

expo^oexppox-^ = (argch ^/l + h^+ g^){-j^, 7^^) ' 

where 

/(r, 9) := cosh r cosh y cosh x — sinhr(sinhx cos 9 + sinh y cosh x sin 9) , 
wi (r, 9) := — cosh r cosh y sinh x + sinh r (cosh x cos 9 + sinh y sinh x sin 9) , 
W2 {r, 9) := — cosh r sinh y sech x + sinh r sin 9 cosh y sech x , 
/i(r, 0) := cosh r sinh x -|- sinh r cosh x cos^: 9 , 

g{r,9) := cosh r cosh x sinh y -|- sinh r(sinhx sinh ycosa; 9 + cosh x cosh y sin^; 9) . 

All these functions belong to Hp and / > 1. Note that /(r, ^) = 1 if any only if expg Xo^ ^) — 
in which case exp~^ o expg 0X0 ^(^) ^) = 0) so that exp~^ o expg 0X0^ is well defined as a smooth 
function on the whole Mp. The same argument holds for expg ^ oexppO^"^. We check that 



i(coshxcoshy - -^cosh^xcosh^y - l)e'' < f{r,9) < coshr e^=^g='^(=°'^l>^™«l^S') 

so that by defining tq := log2/e where < e < min{ 1, ^(coshxcoshy — \/ cosh^ x cosh^ y — 1) } 
we have for any {r,9) G Mp^^, f{r,9) > ee^ > 2. Note also that for any v G M^, we have 
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argch/(xo(t')) = ||expp ^ o expo(?;)||^ and 



argch v^l + h'^ixxiv)) + g'^{Xx{v)) = \\expQ^ o expp{v)\\^ . 
The first equality entails (since exp~^ o expo(R^) is a dense open subset of M?) that for any v in 



cosh||t!||p < cosh ||expQ ^ oexpp(z;)||g e'^''S'^'^(™^'^^''^°'^^^\ We then obtain for any {r,9) G 



Vl + /i2 + ^2 > coshr e-'^=-g'=h{coshxcoshy) particular, defining 

Tq := argch(\/2exp(argch(coshxcosh?/))), 

we get for any r > Tq, the following estimate h? + > le-'^^'^s.'^H'^o^'^^'^'^^^y)^'^'^ , If we now apply 
Lemma [5.5.51 for the space Hpy^ where Tq := max{ rcrg}, we see that exp~^ o expg o^"^ and 
expQ ^ oexpp o^"! are in Sp^i. The result then follows from Lemma r5.5.3[ □ 
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Conclusion 



The Chamseddine-Connes spectral action is a fundamental object that lies at the interface 
of noncommutative geometry and its applications in particle physics. In this thesis, we stu- 
died the spectral action in noncommutative spaces such as the noncommutative torus and the 
quantum group SUq{2). We have also been interested in some mathematical questions about 
commutative geometries (compact spin manifolds) and deformation quantization on manifolds 
with linearization. In all these works, pseudodifferential calculus (on abstract spectral triples or 
on manifolds) has played a crucial role. It is with the help of the fundamental notion of pseu- 
dodifferential operators that the spectral actions on the noncommutative torus and on SUg{2) 
have been computed. 

In chapter 2, we presented a computation of the spectral action on the n-noncommutative 
torus (C°°(7q ), "H, P) , which is a simple spectral triple, even when pseudodifferential operators 
take into account the JAJ~^ operators. The spectral action in dimension 4 shows that a new 
noncommutative Yang-Mills term appears: t{F^^F^'^), where F^i, := 6^{A^) — 5u{A^) — [Afj,,A^], 
which extends the usual commutative F^i^ := 5n{Ay) — 6,y{Afj^). A number theoretical condition 
on the deformation matrix 0, related to Diophantine approximation theory, is crucial in the 
computation of the spectral action, when the perturbation D ^ D + A + eJAJ~^ is considered. 
An interesting question remains: is this Diophantine condition really necessary to obtain this 
spectral action, with exactly the same Yang-Mills term t{F^^F'^'^)7 We conjecture that it is, as 
suggested by some heuristic arguments (Remark 12. 4. 7|1 . 

We presented in chapter 3 the computation of the spectral action on the spectral triple of [48] 
associated to the quantum group SUq{2). Once again, we took into account the real structure J 
and used the pseudodifferential techniques previously described in sections 1.2 and 1.3. However, 
contrarily to the case of the noncommutative torus, some remarkable new phenomena appear 
in this g-deformed noncommutative space. First, the dimension spectrum of SUg{2) is bounded 
below, which implies that there is only a finite number of terms in the spectral action expansion. 
Moreover, in this space, tadpoles do exist whereas they vanish on the noncommutative torus. We 
also found that the limit g — > 1 (which corresponds to a limit from the quantum 3-sphere towards 
the commutative 3-sphere) of the spectral action does not exist automatically, and when it exists, 
such limit does not lead to the associated action on the commutative sphere S^. All these facts 
show that there is a "wall" between g-deformed geometries and the commutative world, that is 
nonexistent in the G-deformation of tori or Moyal planes. Naturally, it would be interesting to 
investigate other related cases like the quantum projective plane [45], Podles spheres [43,46] or 
the Euclidean quantum spheres [47,96], especially the 4-sphere [44]. 
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In the fourth chapter, we investigated possible cancellations of terms in the Chamseddine- 
Connes spectral action formula in commutative Riemannian spectral triples. We showed in par- 
ticular that there are no tadpoles, i.e. terms of the form are zero. More generally, the 
tadpoles are the A-linear terms in the internal fluctuation of the spectral action <l>, A). 
We considered, after Chamseddine and Connes [23], the case of a chiral boundary condition on 
the Dirac operator in a spin manifold with boundary. It turns out that, in this case, there are 
no tadpoles up to order 5. However, this approach is based on explicit computations of first 
heat kernel coefficients associated to a mixed boundary condition. We expect that there are no 
tadpoles at any order for a chiral boundary condition and shall investigate this question, using 
a spectral triple approach, in a subsequent paper [84]. 

We have seen, in chapter 5, certain hypotheses on the geometry {S^ or C'j\/-bounded geo- 
metry) of a manifold with linearization that allow a coordinate free definition of most of the 
topological vector spaces needed for Fourier analysis and global complete symbol calculus with 
uniform and decaying control over the x variable. Given a linearization on the manifold with 
some properties of control at infinity, we constructed symbol maps and A-quantization, expli- 
cit Moyal star-products on the cotangent bundle, and classes of pseudodifferential operators. 
We proved a result of stability under composition, and an associated symbol product asymp- 
totic formula under a hypothesis (Co-) of control at infinity of the linearization. The calculus 
presented here is a generalization of the standard and SG symbol calculi over the Euclidean 
space M" and can be applied to the hyperbolic 2-space since, as proven in section 5.2, it has 
a 5i-bounded geometry. L^-continuity of pseudodifferential operators of order (0, 0) has been 
established in section [5.4.51 under the hypothesis {Hy). We do not know however if this result 
still holds without this hypothesis. The full analysis of the obtained Moyal product on S{T*M) 
and spectral properties of pseudodifferential operators in xj/^™ remain to be studied. The main 
goal would be the construction of noncommutative noncompact spectral triples based on the 
algebra (5(T*M),o^), which could extend the spectral triple described in [58]. Moreover, ex- 
tension and connection of the symbol calculus presented here could be made with Fourier integral 
operators [42,117,118], regularized traces [110] and Gelfand-Shilov spaces [15]. 

Finally, the spectral actions that we computed are classical, and quantization through func- 
tional integration of these actions still remains an open and challenging problem. 
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Cette these constitue un recueil des travaux de recherche que j'ai eflectues ces trois dernieres 
annees en collaboration avec Driss Essouabri, Bruno lochum et Andrzej Sitarz. 

La geom6trie non commutative est un vaste domaine des mathematiques dont I'objet est 
la generalisation de I'ensemble des concepts apparaissant en geometric classique. Plus particu- 
lierement, a I'aide d'un formalisme issu de I'analyse fonctionnelle, de la theorie des algebres 
d'operateurs, de la theorie spectrale et de la geometric spinorielle, la geometric non commu- 
tative generalise notamment les concepts d'espace topologique localement compact, de variete 
riemannienne orientee compacte a spin et les calculs difFerentiels et integraux de la geometric 
differentielle. Au-dela de I'intcrct purement mathematique de la geometric non commutative, il 
existe des motivations physiques profondes qui poussent les physiciens theoriciens a utiliser ces 
concepts pour decrire les elements fondamentaux de la physique (Pespacc-tcmps et les champs). 
Plus specifiquement, la geometric non commutative apparait comme un cadre mathematique 
particulierement adapte a la formulation des concepts quantiques et des processus de quantifica- 
tion. 

II est possible de considerer que la geometric non commutative (ou tout au moins sa compo- 
sante topologique) est nee lorsqu'a cte etabli le theoreme suivant (premier thooreme de Gelfand- 
Naimark) : toute C*-algebre commutative unifere est isometriquement isomorphe a la C*-algebre 
des fonctions continues sur un compact, a savoir I'cspacc des caracteres sur I'algebre. Etant donne 
que toute I'information topologique d'un espace est contenue dans Tcnscmblc des fonctions conti- 
nues sur cet espace, on peut constater que la notion de C*-algebre unifere permet de generaliser la 
notion d'espace topologique compact. La generalisation non commutative nous fait done changer 
de point de vue : ce n'est plus I'ensemble des points (I'espace topologique) qui est fondamental, 
mais plutot Tcnscmblc des fonctions sur Tcnscmblc des points. 

Ce theoreme de Gelfand-Naimark a cte le point de depart de la geometric non commutative. A 
partir de ce rcsultat fondamental, il a ete possible d'etendre la generalisation au-dela des concepts 
purement topologiques et de construire une veritable geometric riemannienne non commutative 
avec ses propres versions non commutatives des notions classiques de calcul differentiel, de calcul 
integral, de fibre vectoriel, de mesure, de varietes riemanniennes a spin, etc. Ce travail colossal a 
ete realise principalement par Alain Connes [26-30]. 

Les deux aspects de la geometric non commutative (non-commutativite et "perte" de la 
notion de point) ne sont pas sans rappeler la structure fondamentale de la physique quantique. 
En effet, en physique quantique, les observables ne commutent pas forcement et revaluation f{x) 
d'une observable / en un point x, n'est pas definie. En revanche, la notion d'observable existe 
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toujours et x{f) a un sens, pourvu que x soit un etat, c'est a dire I'equivalent non commutatif 
du caractere (du point) pouvant evaluer les observables /. 

Cette ressemblance frappante entre la geometrie non commutative et la structure de la phy- 
sique quantique n'est pas anodine et constitue meme la source principale qui a motive le deve- 
loppement de la geometrie non commutative et son application en physique. En particulier, la 
geometrie non commutative fournit les concepts permettant d'appliquer I'idee fondamentale de 
la non-commutativite des observables a I'espace-temps lui-meme, donnant par la meme une de 
ses motivations fondamentales a la physique. 

Les deux theories des interactions fondamentales, a savoir la theorie quantique des champs 
(modcle standard) pour les interactions clectrofaibles et fortes, et la relativite generale pour 
I'interaction gravitationnelle, n'utilisent pas le meme formalisme (la premiere est quantique, la 
seconde est classique) et ne voient pas I'espace-temps de la meme fagon (celui-ci est fixe et 
minkowskien pour la premiere, et dynamique pour la seconde). Ces differences fondamentales ne 
sont pas genantes pour I'ctude des phenomenes favorisant I'interaction gravitationnelle devant 
les autres ou reciproquement, car ces theories ont chacune un grand succes experimental dans 
leur domaine d'application. Cependant, pour I'Stude des phenomenes mettant manifestement en 
jeu toutes les interactions (objets compacts, trous noirs, big-bang), il est necessaire de rendre 
compatible ces deux theories, et de les reunir sous un meme formalisme. L'idee generalement 
poursuivie par les thcoriciens consiste a generaliser le formalisme de la theorie quantique des 
champs a la gravitation, autrement dit, realiser une gravitation quantique. La poursuite de cet 
objectif s'est developpee a travers plusieurs approches differentes, dont notamment la theorie des 
cordes, qui utilise une augmentation du nombre de dimensions, dont certaines sont compactifiees, 
et la theorie de la gravite quantique a boucle, qui utilise une structure en "spin foam" pour 
I'espace-temps sans utiliser de metrique spatio-temporelle en "background" comme le fait la 
theorie des cordes. Aucune de ces theories n'a regu de confirmation experiment ale, les predictions 
theoriques etant elles-memes difficiles. 

L'approche suggeree par la geometrie non commutative consiste a utiliser une generalisation 
non commutative de la varictc lorentzienne modclisant I'espace-temps. En introduisant la non- 
commutativite au niveau meme de la structure de I'espace-temps, cette approche permet d'appre- 
hender I'impossibilite de la continuite de I'espace-temps suggeree par la mecanique quantique et 

la limite intrinseque que constitue la longueur de Planck Ip = IQ-^^ cm. Cette approche a 

notamment permis d'unifier, au niveau classique, les trois interactions du modele standard avec la 
gravitation, et d'interpreter geometriquement le mecanisme de Higgs en physique des particules. 
L'objet central dans I'interface entre la GNC et la physique fondamentale est celui de triplet 
spectral, generalisation non commutative de la notion de variete riemannienne a spin, point de 
depart naturel pour I'elaboration de theories physiques. En considerant un triplet spectral dit 
"presque commutatif", c'est-a-dire un produit d'un triplet spectral commutatif (variete rieman- 
nienne compacte, modelisant I'espace-temps "continu") avec un triplet spectral de dimension nulle 
(une algebre matricielle) , on pent, a I'aide d'une fonctionnelle d'action particuliere sur le produit 
obtenu, appelee action spectrale de Chamseddine-Connes, retrouver le modele standard et la re- 
lativite gcncrale. Plus prcciscment, Taction spectrale S = Tr<I>(P/A) permet d'unifier au niveau 
classique les interactions electro-faible, forte et gravitationnelle [17,21-25,33,37,86,87,131,136]. 
Elle est definie a partir du spectre d'un operateur de Dirac D et correspond au nombre des valeurs 
propres de I'operateur de Dirac inferieures ou egales a une certaine echelle de masse A. En proce- 
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dant a une fluctuation de la metrique, c'est-a-dire, au niveau algebrique, a une transformation de 
jauge generalisee au groupe des unitaires de I'algebre du triplet spectral, il est possible d'obtenir 
le Lagrangien du modele standard couple au Lagrangien gravitationnel d'Einstein-Hilbert, en 
developpant cette fonctionnelle d'action en puissances de A. 

Dans cette these, nous nous sommes interesses a certaines questions mathematiques associees 
au calcul d'action spectrale sur certains espaces non commutatifs tels que le tore non commu- 
tatif et la 3-sphere non commutative SUq{2). Nous nous sommes aussi interesses a I'existence 
de tadpoles (termes lineaires associes au potentiel A de la fluctuation metrique dans Taction 
spectrale) dans le cas de geometries riemanniennes commutatives et a la construction d'un calcul 
symbolique global generant un produit de Wey-Moyal sur les sections rapidement decroissantes 
d'un flbre d'une variete avec linearisation. Dans tous ces travaux, I'outil fondamental a ete le 
calcul pseudodifl'erentiel, qu'il soit abstrait (sur un triplet spectral quelconque), ou symbolique 
(sur les varietes). 

Cette these est divisee en cinq parties. Void un resume de chacune de ces parties : 

1. Action spectrale sur triplets spectraux 

Ce chapitre, ainsi que le chapitre suivant, a fait I'objet de la publication Spectral action 
on noncommutative torus [53], qui est un travail en collaboration avec Driss Essouabri, Bruno 
lochum et Andrzej Sitarz. 

Un triplet spectral est la donnee d'une algebre involutive A representee fldelement par des 
operateurs borncs sur un espace de Hilbert Ti. et d'un opcrateur autoadjoint P sur Ti. a rcsolvante 
compacte. On demande d'autre part que les commutateurs de [2?,^] soient bornes. Afin de 
pouvoir construire un calcul pseudodifferentiel et une theorie de champ non commutative, il est 
utile d'introduire des hypotheses supplementaires sur le triplet (.4, 7^,P). On dit notamment 
que le triplet est de dimension n si les valeurs singulicres (A,), de I'operateur T? sont du type 
Xj = ©(j-i/n) et qu'il est roguUer si A et [V, A] sont dans Hfc Dom S^" , ou 5{T) := [\V\,T] (c'est a 
dire, qu'il est possible de "deriver" tout element de I'algebre). Afin d'avoir une theorie contenant 
un operateur de conjugaison de charge, il est necessaire d'introduire une notion de structure reelle 
sur le triplet spectral: il s'agit d'un operateur anti-unitaire J qui commute ou anticommute avec 
"D, selon la dimension du triplet: VJ = eJV, avec e G { 0, 1 }. Dans cet environnement, les bosons 
de jauge sont vus comme des fluctuations internes de I'operateur de Dirac (c'est-a-dire, au niveau 
classique, de la metrique): V — Da :='D + A + eJAJ~^, ou ici A est une 1-forme autoadjointe, 
c'est a dire une combinaison lineaire d'operateurs du type a[X', 6], ou a et 6 sont des elements de 
I'algebre A. 

Etant donne un triplet regulier {A,7i,V) avec structure reelle J, un point fondamental pour 
faire le lien avec la physique, est d'obtenir une fonctionnelle d'action. Le principe de Taction 
spectrale de A. Chamseddine et A. Connes dit que la fonctionnelle suivante 

5(P^,^>,A) :=TV($(PVA)) 

ou $ est une fonction de cut-off et A un paramctre d'cchelle de masse, est la fonctionnelle fon- 
damentale qui peut etre utilisee a la fois au niveau classique pour comparer differents espaces 
geometriques et au niveau quantique dans la formulation par integrale fonctionnelle, apres rota- 
tion de Wick a partir de la signature euclidienne. 
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Afin de pouvoir calculer precisement cette fonctionnelle en fonction de A et en retirer le maxi- 
mum d'information, il apparait fondamental de pouvoir developper un calcul pseudodifferentiel 
abstrait sur le triplet (AjTi-jV). 

En posant D := V + Pq, ou Pq est la projection orthogonale sur KerP, et 

OP° — {T : Ft{T) e C°°{m,B{H))}, 

Qpa .-^T . g OP°}, 

ou Ft(T) := e**l-^l Te^**l-^l, on peut introduire la definition suivante des operateurs pseudodifFe- 
rentiels, qui forment une algcbre Z-gradu6e, en tenant compte a la fois de la valeur absolue de 
I'operateur de Dirac, et de la structure reelle J : 

Definition. Soit T>{A) I'algebre generee par A, JAJ^^, V et Un operateur pseudodifferentiel 
est un operateur T tel qu'il existe d G Z tel que pour tout A/^ G N, il existe p G No, P G 'D{A) et 
R G OP-^ tels que P D-'^P G OP'^ et 

T = PD-^P + R. 

II se trouve que si le triplet spectral est simple, c'est dire si les fonctions s i— > (£{s) := 
Tr(P|iD|~'^), ou P est un operateur pseudodifferentiel d'ordre zero (la structure reelle J etant prise 
en compte), sont meromorphes sur C avec uniquement des poles simples, alors la fonctionnelle 
suivante (appelee integrale non commutative) 



ReSs=oTrP|£)| 



est une trace sur I'algebre des operateurs pseudodifferentiels. Etant donne qu'un developpement 
du type "noyau de la chaleur" (voir par exemple [37, Tlieorem 1.145]) implique 



0<keSd+ 



oil ^>fc = ^ <&(i) i'^/^-i dt et Sd~^ est la partie strictement positive du spectre de dimension de 
{A-i'H,V) (ensemble des poles des fonctions C,^), la principale difHculte est le calcul des termes 
j\DA\~^, Cda(O)- utilisant le calcul pseudodifferentiel precedent et le fait que I'intcgrale non 
commutative est nulle sur I'espace des operateurs dans C^iTL), on peut alors etablir les resultats 
suivants, en notant A := A + eJ AJ-^ , X := {A,V} + A^, V(r) := [V^,T], e(T) := V{T)D-^, 
9{S:r) := (f): 



n „ 
9=1 



k—p 



-1\Da\-^''-^'^ = -(-\D\-^''-''^ + Res /t(s,r,p) Tr(£^i(y)---£''^(y)|L>|-*) , 

p=l n,-- ,r-p=0 

h{s, r,p) := {-s/2)P / g{-sti,ri) ■ ■ ■ g{-stp, Vp) dt , 

JO<ti<-<tp<l 

N N-p 

Y^Y. Y ^'fiXp^' (XV^"-^ (• • • XV"' (X) • • • ))£>-2(|feK+P) modOP-^-^ 

p=l ki,--- ,kp=0 
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2. Action spectrale sur le tore non commutatif 

Nous avons applique ces resultats au tore non commutatif. II s'agit du triplet spectral non 
commutatif le plus simple possible. II est base sur I'algebre C°°(7q) representee par des fonc- 
tions rapidements decroissantes du type J^ieZ"- ^i^i (^0 ^ S{'L'^) et les elements Ui sont des 
unitaires verifiant la loi de commutation 

ou est une matrice antisymetrique de deformation. L'operateur de Dirac est de la forme 
V = —i^^^6f^, ou les 7^ sont les matrices gamma usuelles agissant sur C^'"''^' et S^{Uk) ■= ik^Uk- 
La fonctionnelle r(a) := uq ou a := ^iCiiUi genere un espace de Hilbert Ti. de type GNS a 
partir duquel un triplet spectral reel regulier de dimension n peut etre construit. Le calcul des 
integrales non commutatives precedentes fait intervenir des termes du type JAJ~^. II en resulte 
que nous sommes alors amenes a etudier des residus de series de fonctions zeta ponderees par des 
suites rapidement decroissantes et faisant intervenir une phase dependante de la ponderation. 
Plus precisement, nous avons a etudier du point de vue de I'analyse complexe, les fonctions du 
type 

oueie{ -1, 1 }, 6 G fa{s) := EUz"^ e^^*'"'". a G M" et P un polynome homogene 

de degre d. II apparait alors que nous pouvons connaitre precisement les poles de ces fonctions et 
calculer precisement les residus correspondants si nous faisons une liypotliese reliee a la theorie 
de I'approximation diophantienne sur la matrice de deformation Q. Plus exactement, on etablit 
que si est une matrice diophantienne, la fonction precedente g est meromorphe sur C, avec 
au plus un pole simple en s = d + n. Le residu en ce pole est (Theorem I2.4.4p 

Res gis) = {Y,m) I P(n) dS(n) = Yl bil)Ress=d+n fe j:" ,e.ki') 

OU Z := {I £ (Z")'^ : Yli=i^i^i — 0}- Finalement, nous obtenons grace a ces resultats, le 
theoreme suivant: 

Theoreme. Si est une matrice reelle antisymetrique diophantienne, alors le tore non com- 
mutatif (avec structure reelle) est un triplet spectral simple et son action spectrale est: 

(i) pour n = 2, 

S(Va, ^, A) = 4tt $2 + 0(A-2), 

(ii) pour n = 4, 

5(Pa,$,A) = 87r2$4A4-^ $(0)r(F^,Fn + O(A-'), 

(iii) de fagon generale: 

n 

oil c„_2(A) = 0, Cn-k{A) = pour k impair. En particulier, cq{A) = quand n est impair. 
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Lorsque n = 4, un terme de type Yang-Mills non commutatif apparait au niveau du terme in- 
variant d'echelle (en A°): T{F^^F^"'), ou F^^ := d^{At,)-6u (A^) — [A^, Ay\. La forme de Taction 
spectrale du tore non commutatif est done tres fortement similaire a celle du tore commuta- 
tif, a condition que la deformation G verifie une condition diophantienne. Nous ne savons pas 
cependant si cette condition, bien que suffisante, est effectivement necessaire pour obtenir une 
telle action. Nous conjecturons que c'est bien le cas, comme le suggere un argument lieuristique 
(Remark EXll). 

3. Action spectrale sur SUq{2) 

Le troisieme cliapitre correspond a un travail en collaboration avec Bruno lochum et Andrzej 
Sitarz: Spectral action on SUq{2) [82]. 

L'objectif consiste a appliquer les techniques pseudodifferentielles vues precedemment au cal- 
cul de Taction spectrale sur le triplet spectral de D§,browski et al. [48] base sur le groupe quantique 
SUq{2). Ce groupe quantique (ou algebre de Hopf) pent etre vu comme une g-deformation de la 
3-spliere commutative. 

L'algebre A := A{SUq{2)) de ce triplet est definie comme etant Talgebre polynomialement 
engendree par deux elements a et 6 qui sont assujettis aux regies de commutation suivantes, ou 
0<q<l: 

ba = qab, b*a = qab*, bb* = b*b, a*a + q^b*b = l, aa* + bb* = l. 

On definit un espace de Hilbert 7i = ®'H'^ avec les bases orthonormales v^^^ et ou j G ^N, 

< m < 2j, < / < 2j 1 et vl^i est nul si j = ou / = 2j or 2j + 1. 

On represente alors A avec Tapplication vr initialement definie sur a, b et qui est donnee a la 
section 2.2. Cette representation faisant intervenir des coefficients assez compliques a^„, 
et non diagonaux, il apparait tres utile de definir une representation approximee vr telle que 

7r(a) := a_|_ -|- a_, 7r(6) := 6+ -|- 6_ 

ou on a pose (ici g„ := \/l — q^"-): 

a+ = Irn+l qi+i vC+i,i+i ' 

Cette approximation ne modifiera pas les calculs d'integrale non commutative puisque pour tout 
X £ A, tt{x) — n{x) G ICq ou K.q est un ideal inclus dans les operateurs de type 0P~°° . Autrement 
dit, 7r(x) — TL^x) est un operateur pseudodifferentiel regularisant. 

L'operateur de Dirac est defini de la fagon suivante: 'Dvj^i = [q''^^ 2j ^mi- possede done 
le meme spectre que l'operateur de Dirac associe a la structure spinorielle de la 3-spliere stan- 
dard. Cependant, l'operateur de Dirac sur SUq{2) possede une caracteristique tres particuliere 
qui n'existe pas sur la 3-sphere commutative: le signe de P, note F := commute mo- 

dulo OP~°° avec les elements de Talgebre A. Ceci a pour consequence que les 1-formes a[P,6] 
sont essentiellement equivalentes aux <5-l-formes a[|I?|,6] dans les calculs d'integrales non com- 
mutatives. On peut construire avec cet operateur de Dirac un triplet spectral (AjTi,!^) regulier 



m+l+l , j 



ml ' 



6_ v' , 



qi v: 



m,l—l ' 
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et de spectre de dimension {1,2,3} sur SUq{2). D'autre part, une structure reelle J peut etre 
construite sur ce triplet, avec la relation JV = VJ. Cette structure reelle est definie par 

En utilisant une decomposition de type Poincare-Birkhoff-Witt sur les 5-1-formes pour calculer 
les integrales J nous avons ete amenes a etudier certains produits de series faisant inter- 

venir une inversion d'indice m ^ 2j — m (sections 2.4.4 et 2.8.C, 2.8.D). Ces resultats ont permis 
de montrer que la structure reelle ne modifie pas le spectre de dimension {1,2,3} de SUg{2), 
et que Taction spectrale du triplet 7^,P) qui tient compte de la structure reelle, c'est a dire 
associee a la perturbation V —>■ V + A + JAJ~^, est totalement determinee par les integrales 
suivantes (qui ne font plus intervenir la structure reelle J) 



A1\V\-P, l<q<p<3, 

ou As est une 6-1-foime. Afin de calculer precisement ces integrales, un calcul differentiel sur 
SUq{2) modulo un ideal TZ a ete defini. Get ideal est congu de telle sorte que tout operateur T dans 
TZ est invisible par integration non commutative avec |^?|~^, |^|~^: jT\V\~'^ =jT\V\~^ = 0. Le 
calcul d'integrale du type JA^II?!"^ est alors reduit a certains types particuliers de 5 — 1-formes 
A^. Par exemple, il est possible d'obtenir toutes ces integrales avec p = 1 k partir des integrales 
suivantes (Proposition 13.5. 16]) : 



/ 

j{bb*Tb* 5b\V\-^ =j{bb*y%6b* \V\-^ 



2 

l_g2n+2 ) 



5 ) aoa \u\ — (;^_g2n)2(i_g2n+2) 

An l-Dl-l - 6g2"+2_2g2"-2g2 2 



Ces resultats permettent finalement de retrouver toutes les actions spectrales possibles sur 
SUq{2). Nous avons constate, a I'aide de certains exemples, que les termes de Taction spec- 
trale n'ont pas toujours une limite finie lorsque q ^ 1, c'est a dire lorsque SUq(2) "s'approche" 
de la 3-sphere commutative S^. D'autre part, meme lorsque cette limite existe, le terme obtenu 
n'est pas egal au terme correspondant a la 3-sphere. II existe done un "mur" entre la q'-geometrie 
de SUq{2) et qui n'apparait pas au niveau des deformations du tore ou des plans de Moyal. 
Le calcul d'action spectrale sur d'autres geometries, telles que les spheres de Podles [43,46], le 
plan projectif [45], ou les g-spheres euclidiennes [44,47,96] pourrait faire Tobjet d'investigations 
futures. 



4. Tadpoles et triplets spectraux commutatifs 

Ce chapitre presente un travail fait en collaboration avec Bruno lochum: Tadpoles and com- 
mutatives spectral triples [83]. Nous nous sommes interesses a certaines questions concernant 
Tannulation d'integrales non commutatives apparaissant dans Taction spectrale de Chamseddine- 
Connes. Plus particulierement, nous avons etudie les integrales du type f AV~^ (lineaires en ^4, 
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ou A est une 1-forme) qui correspondent, en theorie des champs, a des tadpoles. Ici, est 
le propagateur fermionique de Feynman et AV~^ est un graphe a une boucle avec une ligne 
fermionique interne et une ligne bosonique externe : 

A 

Plus generalement, on definit un tadpole comme etant un terme lineaire en A apparaissant 
dans Taction spectrale S{'D + A, A). Si d est la dimension d'un triplet spectral {AjTi-V), on 
pent montrer que la partie lineaire en A du terme en A'^"'^ de Taction spectrale, que Ton note 
TadT>+A{d — k) (tadpole d'ordre k) verifie: 

Tadv+Aid-k) = -{d - k) j AV\V\-^'^-^'^-'^ , \/k ^ d, 

Tadx)+A(0) = -jAV-\ 

II apparait alors c|ue pour tout triplet spectral riemannien, c'est a dire du type (^A := 
C°°(M), H := L'^{M,S), V) ou M est une variete compacte sans bord riemannienne a spin 
de dimension d, H Tespace de Hilbert des spineurs de carre integrable et V Toperateur de Dirac 
associe a la structure spin, tons ces termes sont nuls. Cette propriete est basee sur le fait que ce 
triplet est reel et commutatif. La structure reelle de (^A := C°°(M), H := L'^{M, S), P) provient 
de Texistence de la structure spin, car celle-ci implique Texistence d'un operateur de conjugaison 
de charge J, qui est une isometrie antilineaire satisfaisant: 

JaJ~^=a*, yaeA. 

De fagon plus generale, on pent montrer, en utilisant le rcsidu de Wodzicki, que J B\'D\^^'^'^'^^\ 
ou B est un polynome genere par A et V, est toujours nul si la dimension est paire, alors que 
■f BT>~^^ est toujours nul en dimension impaire. Dit autrement, = pour tout q 

impair. 

Nous nous sommes aussi interesses au cas d'une variete de dimension paire compacte avec 
bord, et d'une condition au bord de type chirale, c'est-a-dire telle que Toperateur de Dirac 
perturbe V + A agit sur le domaine { s G C°°{y) : H-S^qm = 0} ou II-i- := ^(1 ± x)- Ici x est 
un operateur de chiralite sur le bord, c'est-a-dire tel que = 1 et 

{X,7'} = 0, [X,7l=0, VaG{l,--- ,d-l}. 

On obtient alors une condition au bord mixte naturelle sur Toperateur de type Laplace (V + A)'^: 

:= n_(L> + Afs\QM e n_s|aM ■ 

En se basant sur les formes explicites des coefficients du noyau de la chaleur dans le cadre des 
conditions aux bords mixtes [11,12], on pent alors montrer qu'aucun tadpole ne pent exister 
dans Taction Tr($((L' + A)^ JA^)), au moins jusqu'a Tordre 5. Nous nous attendons a ce que 
ceci se generalise a tons les ordres, et a d'autres types de conditions aux bords, notamment 
celles d'Atiyah-Patodi-Singer. Une approche de cette question, associee aux triplets spectraux 
commutatifs, fait Tobjet d'un travail en cours [84]. 
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5. Calcul pseudodifferentiel global sur varietes avec linearisation 

Le cinquieme et dernier chapitre presente la construction d'un calcul symbolique et pseudo- 
differentiel global sur les varietes avec linearisation. 

II a ete montre par Gayral et al. [59] que les plans de Moyal sont des triplets spectraux non 
compacts. En d'autres termes, les plans de Moyal peuvent etre vus comme des varietes a spin non 
compactes et non commutatives. Ce lien entre la theorie de la quantification par deformation et 
la geometric non commutative montre en particulier que le paradigme des triplets spectraux est 
adapte aux questions de quantification. Le produit de Moyal est defini sur I'espace de Sdiwartz 
(S(M^'*) des fonctions rapidement decroissantes 



ou e eR* et S = (°i^o")' 'ionne a ^(M^") une structure de pre-C*-algebre de Predict. Le 
triplet spectral decrit dans [59] est base sur cette algebre. L 'extension de cette construction 
remarquable a un fibre cotangent T*M d'une variete M non isometrique a M" reste un problcme 
ouvert. Nous proposons dans ce chapitre la construction d'un calcul pseudodifferentiel global afin 
d'obtenir un produit de Moyal plus general que celui defini sur (S(M^"). 

Le calcul pseudodifferentiel global [9, 49, 148, 149] permet d'etablir une notion globale de 
symbole total d'un operateur pseudodifferentiel, modulo I'algcbre rcsiduelle des operateurs rogu- 
larisant ^f^*^ (a noyau lisse). II est base sur la definition d'une connexion sur la variete (ou plus 
generalement, d'une linearisation [9]), et utilise I'application exponentielle, ainsi que le transport 
parallele sur les geodesiques associees, pour obtenir un isomorphisme global (modulo ^'~°°) entre 
les algcbres symboliques et operatorielles. 

Lorsque la variete M n'est pas compacte, il apparait utile, afin d'avoir une continuite de type 
L^(M) pour les operateurs d'ordre 0, de considerer des espaces de symboles qui controlent a la 
fois la variable x et la covariable 9. Ces controles ont ete utilises sur M" dans le cadre du calcul 
pseudodifferentiel de type SG (voir par exemple [124]). Nous avons etc amencs a dcfinir un tel 
calcul dans le cadre des varietes a linearisation, c'est a dire telles qu'il existe une application 
exponentielle abstraite (ou linearisation) exp : TM — ^ M etablissant un diffeomorphisme exp^. : 
TxM — > M en chaque point x G M. Ce cadre est suffisamment general pour contenir les varietes 
de Cartan-Hadamard, qui sont les varietes simplement connexes, completes, et de courbure 
negative. 

L'outil essentiel de la definition du calcul global dans le cadre des variet6s a linearisation est 
la combinatoire liee a la formule de Faa-di-Bruno a plusieurs variables [39]. Celle-ci s'exprime de 
la fagon suivante: si / G C°°{Rp) et g e C°°{W,Rp) alors pour tout n-multi-indice vj^O, 



ou les multi-indices , P appartenant a I'ensemble Ps{i^, A) verifient Ylj=i = ^et Ylj=i l^'' K'' — 

V. A I'aide de cette formule, il est possible de dcfinir, de fagon intrinscque et dans le cadre des 
varietes a linearisation, des espaces de Frecliet nucleaires de fonctions rapidement decroissantes 
(S(M), S{M X M), S{TM), S(T*M) pourvu que I'application exponentielle satisfasse une hy- 
pothese de controle a I'infini de type polynomial. Cette hypothese dit plus precisement que les 
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applications de changement de coordonnees normales ip^'z' '■— ^b^Wz ^ ^xp^/ L^/ (ou z, z' G M, 
b, b' bases de T^M, Tz'M et Lt, isomorphisme lineaire associe a b) sont dans I'espace OmO^"^,^^) 
des fonctions (avec leurs derivees) polynomialement dominees a I'infini. 

II est d'autre part possible de definir, sous ces conditions, des isomorphismes topologiques de 
quantifications Opx parametres par A E [0, 1] qui permettent de passer de I'espace des operateurs 
(plus exactement des noyaux) S' {M x M) a I'espace des "symboles" S'{T*M). Ces isomorphismes 
envoient S{M x M) dans S(T*M) et il apparait alors possible de definir un A-produit (ou produit 
de Moyal si A = |) sur S{T*M) simplement par transfert de la convolution de noyau dans 
S{M X M). Plus precisement, le produit 

a o, h (x, r/) = / d^,{i)d^{y) [ d^,l^Je, 6') g^^^^ e^^'<^^v^^^''''^ a{yi^, 9) h{ylr^ 6') 

oil les applications V, g, uj sont determinees (Proposition 15.3. fill par I'application exponentielle 
et la densite d/i consideree sur la variete, donne a S{T*M) une structure d'algebre de Frechet, 
et se reduit precisement au produit de Moyal classique lorsque A = ^ et M = R". 

Nous avons ensuite etudie I'extension du 5G-calcul sur les varietes a linearisation. Les es- 
paces de symboles 5''*" (ayant un controle separe en x et 9) peuvent etre definis si on ren- 
force I'hypothese precedente de controle polynomial sur les diffeomorphismes Plus preci- 

sement, si les applications V'^'^/ verifient (^i), c'est-a-dire si pour tout n-multi-indice a / (ici 
(x) := (1 + ||xf 

5-<'5(x) = 0((x)i-H), 

alors les espaces 5''™ de symboles a, definis par les estimations suivantes, pour tout systeme de 
coordonees normal (-z, b), 

9(-^)a(x,^)=0((x)H"l(^)--f), 

sont des espaces de Prechet homeomorphes aux espaces de 5G-symboles classiques sur M". 
A partir de ces espaces, on peut definir les operateurs pseudodifi'erentiels sur M en posant 
._ £)p^(5'.™) pourvu que cet espace ne depende pas du parametre de quantification A et 
qu'il stabilise a la fois S{M) et S'{M). Ceci a ete rendu possible par une analyse des espaces 
d'amplitudes a et des operateurs associes 

(Dpr(a),n):= f e^^'^'^'^^Tr (a(x,C,i9)r(u)*(x,C))(iCdi9dx 

ou r est un isomorphisme topologique de 5(M^"') verifiant certaines hypotheses de controle a 
I'infini (Proposition 15.4.141 [5XT71 et Lemma [EMH]) . 

La partie suivante est consacree a un resultat sur la composition des operateurs pseudodifi'e- 
rentiels. II est etabli (Theorem I5.4.47P sous une hypothese particuliere (C^) (Definition I5.4.37|) 
sur I'application exponentielle, que ^' := U/m^'''™ est une *-algebre sous la composition d'ope- 
rateurs et le symbole (pour A = 0) du produit de deux operateurs A, B satisfait la relation 
asymptotique 

ao{AB)z,^ ~ ^ C;3C^a^^;J(a(x,^)5f,(e2-<''''^-cK')>(a^,A)(x,C,C',^x,cW))^,=o)c=o 
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ou a := ao{A)z^bj b := (7o(-B)2. et les termes L, (p capturent la "courbure" liee a I'application 
exponentielle abstraite exp. Nous montrons en derniere partie que I'espace hyperbolique H de 
dimension 2 est une variete avec linearisation (I'application exponentielle etant celle venant de 
la structure riemanienne) verifiant I'hypothese de controle (SI). Ceci permet de definir de fagon 
globale et intrinseque les espaces de Schwartz >S(EI), 5(T*BI), 5(TEI) ainsi que les espaces de 
symboles 5j''"(r*M). 

L'analyse detaillee des A-produits sur S{T*M) (ou plus generalement sur 5(T*M), pour 
M avec C?M-linearisation) et les proprietes spectrales associees restent a etudier. II serait par 
exemple interessant de voir sous quelle condition les algebres {S{T*M),ox) peuvent generer un 
triplet spectral non compact. D'autre part, il est possible d'envisager de connecter ou d'etendre 
le calcul symbolique presentc ici avec les opcrateurs de Fourier integraux [42,117,118], les traces 
regularisees [110] et les espaces de Gelfand-Shilov [15]. 
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